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PREFACE 


In  a recent  signed  article  reviewing  two  books  on  Biochemistry, 
the  reviewer — one  of  the  foremost  of  British  physiologists — 
laments  the  fact  that  so  much  of  what  is  evidently  important  is 
veiled  in  mathematical  language.  He  says  : “ My  own  acquaint- 
ance with  Mathematics  is  not  deep  enough  to  be  able  to  criticise, 
and  I fancy  the  majority  of  physiologists  and  students  (even 
honours  students)  are  much  in  the  same  predicament.”  The 
time  is,  therefore,  ripe  for  a book  which  should  explain  to  the 
biological  student  those  portions  of  the  so-called  higher  mathe- 
matics which  are  now  being  utilised  in  the  study  and  investigation 
of  biological  problems.  The  present  work  is  meant  to  fill  this 
gap  in  biological  literature. 

The  book  is  designed  to  fulfil  a double  object.  It  aims,  in  the 
first  instance,  at  affording  the  reader  sufficient  mathematical 
knowledge  to  follow  intelligently  the  records  of  the  more  modern 
researches  in  the  various  fields  of  biological  science.  In  addition, 
it  is  hoped  that  a mastery  of  the  book  will  enable  the  laboratory 
investigator  to  make  use  of  the  principles  of  Mathematics  for  the 
purpose  of  co-ordinating  his  experimental  results.  From  the 
kindly  Introduction  by  Professor  Sir  William  M.  Bavliss,  it 
appears  that  I have  succeeded  in  achieving  both  of  these  aims. 

It  is  a great  pleasure  to  acknowledge  here  my  indebtedness  to 
the  following  gentlemen  for  various  kindnesses  shown  to  me 
either  in  connection  with  the  manuscript  or  during  the  progress 
of  the  book  through  the  press  : Professors  Sir  William  M.  Bayliss, 
D.Sc.,  LL.D.,  F.B.S.,  and  H.  E.  Roaf,  M.D.,  D.Sc.,  read  the  manu- 
script and  made  helpful  suggestions.  To  Sir  William  Bayliss,  I 
am  particularly  grateful  for  honouring  me  and  my  book  wdth  his 
learned  Introduction.  Sir  Walter  M.  Fletcher,  M.D.,  Sc.D., 
F.R.S.,  Secretary  of  the  Medical  Research  Council,  Sir  Sydney 
Russell-Wells,  M.D.,  F.R.C.P.,  M.P.,  ex-Vice-Chancellor  of  the 
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University  of  London,  and  Mr.  Fred  S.  Spiers,  O.B.E.,  B.Sc.,  etc., 
Secretary  of  the  Faraday  Society,  have  taken  great  trouble  with 
the  manuscript.  Professor  D’Arcy  W.  Thompson,  C.B.,  D.Litt., 
F.R.S.,  has  read  the  proofs  of  the  earlier  portions  of  the  book, 
and  Dr.  Major  Greenwood  and  his  colleagues  in  the  Statistical 
Department  of  the  Ministry  of  Health  have  taken  very  great 
pains  in  connection  with  the  proofs  of  the  chapter  on  Biometrics. 
Dr.  W.  A.  M.  Smart,  Demonstrator  of  Physiology  at  the  London 
Hospital  Medical  College,  supplied  me  with  the  proofs  of  a couple 
of  formulae ; these  are  acknowledged  in  the  text.  Dr.  A.  G. 
M’Kendrick,  F.R.S.  (Edin.),  Superintendent  of  the  Research 
Laboratories  of  the  Royal  College  of  Physicians  of  Edinburgh,  and 
especially  Sir  James  Crichton  Browne,  M.D.,  D.Sc.,  LL.D., 
F.R.S.,  have  shown  me  other  very  great  kindnesses  as  the  book 
was  passing  through  the  press.  Lastly,  I wish  to  pay  a tribute  of 
reverence  and  respect  to  the  memory  of  my  dear  friend,  Dr.  J.  W. 
Ballantyne,  who,  though  not  a mathematician,  took  a great 
interest  in  the  book. 


31,  New  Cavendish  Street,  W.  1. 
May,  1923. 


W.  M.  FELDMAN. 


INTRODUCTION 

BY 

Sir  WILLIAM  M.  BAYLISS,  M.A.,  D.Sc,  LL.D.,  F.R.S., 

Professor  of  General  Physiology  at  University  College,  London. 

At  the  present  day  it  is  scarcely  necessary  to  combat  the  old 
prejudice  that  the  application  of  mathematical  treatment  to  the 
biological  sciences  is  a serious  error.  No  doubt  caution  must  be 
used  in  the  process,  as  will  be  pointed  out  below.  But  in  many 
aspects  these  sciences  have  now  reached  a stage  in  which  the  use 
of  mathematics  has  become  not  only  profitable,  but  indispensable. 
So  far  ag  I am  aware,  there  is  no  book  in  the  English  language, 
or  for  that  matter  in  any  other  language,  which  fills  the  place  of 
this  work  by  Dr.  Feldman.  Mellor’s  “ Higher  Mathematics,” 
valuable  as  it  is  for  the  student  of  physics  or  chemistry,  contains 
more  than  the  biologist  needs  as  yet,  while  it  omits  matter  which 
is  of  importance  for  workers  in  the  domain  of  the  phenomena  of 
life.  Much  more  is  this  the  case  with  the  regular  text-books  of 
mathematics.  The  variety  of  knowledge  that  the  physiologist, 
for  example,  has  to  call  to  his  aid  is  so  vast  that  he  really  cannot 
spare  the  time  to  master  these  text-books.  The  present  work 
seems  to  me  to  have  succeeded  in  giving  just  what  is  likely  to 
be  useful.  It  frequently  happens  that  the  biologist  at  the  time 
in  his  career  when  the  value  of  mathematical  knowledge  forces 
itself  upon  him  finds  that  he  has  forgotten  much  of  what  he 
learned  when  a student,  since  he  has  had  little  or  no  occasion 
to  use  it  in  the  meantime.  Even  if  he  has  not  forgotten  his  early 
studies,  it  is  to  be  feared  that  but  too  often  he  would  realise  the 
uselessness  of  most  of  them.  He  has  probably  been  taught  too 
much  dull  and  unedifying  trigonometry  and  scarcely  anything 
of  the  fascinating  problems  of  the  calculus  of  continuous  changes. 
Dr.  Feldman  has  wisely  begun  at  the  beginning.  His  book 
will  be  useful  not  only  to  research  workers  who  wish  to  subject 
their  experimental  results  to  mathematical  treatment,  but  also 
to  those  who  merely  require  to  be  able  to  understand  the  expres- 
sions given  in  papers  which  they  read.  It  is  not  to  be  expected 
that  a book  of  this  kind  can  be  grasped  completely  by  reading 
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it  through  more  or  less  rapidly.  Each  step  should  be  mastered 
before  the  next  is  taken. 

We  may,  I take  it,  accept  the  statement  that  the  ultimate  aim 
of  all  science  is  to  express  in  a mathematical  form  the  discoveries 
that  have  been  made.  In  that  part  of  biology  with  which  I am 
most  familiar,  the  experimental  investigation  of  vital  processes, 
the  usual  course  may  be  described  as  follows.  We  first  of  all 
find  that  the  presence  of  some  particular  phenomenon  is  always 
associated  with  that  of  some  other,  so  that  when  we  arrange  that 
this  latter  shall  be  present,  we  know  that  the  former  will  show 
itself  also.  It  is  often  said  that  the  latter  is  the  “ cause  ” of  the 
former,  although  this  way  of  putting  it  may  be  philosophically 
incorrect.  Probably  all  that  we  are  justified  in  saying  is  that 
the  presence  of  the  one  always  involves  that  of  the  other.  It 
is  in  many  cases  of  biological  research  impossible  to  proceed 
further  than  this  first  stage,  at  least  up  to  the  present  time. 
But  it  must  not  be  supposed  that  discoveries  of  this  merely 
qualitative  kind  are  of  no  importance.  In  most  cases,  however, 
a further  step  may  be  taken  by  measuring  the  magnitude  of  the 
“ effect  ” in  relation  to  that  of  the  “ cause,”  if  we  may  be  allowed 
to  use  these  terms  for  convenience.  Suppose  that  we  determine 
the  degree  of  abolition  of  response  to  a constant  stimulus  as  this 
response  is  diminished  by  the  action  of  successive  known  doses 
of  a poison.  We  thus  obtain  two  sets  of  numbers,  one  set  being 
some  mathematical  function  of  the  other  set.  The  next  step  is 
to  find  out  what  function  this  is — in  other  words,  to  express  the 
results  in  a mathematical  formula.  As  would  be  expected,  this 
is  not  always  a simple  matter.  Help  is  often  obtained  by  making 
a “ graph,”  in  which  case  we  make  use  of  the  methods  of 
co-ordinate  geometry.  Inspection  of  this  curve  may  suggest 
various  formulae  to  be  tested.  In  the  case  mentioned  we  may 
find  that  a curve  belonging  to  the  family  of  parabolas  satisfies 
the  data.  But  if  we  proceed  to  affirm  that  this  shows  that  the 
phenomenon  is  one  of  adsorption,  we  begin  to  tread  on  dangerous 
ground  and  much  caution  is  required  if  we  are  to  make  real 
progress.  As  Dr.  Feldman  points  out  on  p.  89,  “ occasionally 
two  or  more  different  formulae  will  give  results  each  of  which  is 
in  agreement  with  observation.”  He  gives  cases  of  this.  Indeed, 
we  have  to  resort  to  further  experiment  in  order  to  test  whether 
our  interpretation  is  in  accordance  with  other  characteristics  of 
the  process  assumed  in  our  working  hypothesis. 

We  see  one  of  the  uses  of  the  application  of  mathematics  to 
our  experimental  data.  In  the  particular  example  given,  if  it 
had  not  been  for  the  form  of  the  curve,  we  might  not  have  sus- 
pected adsorption  as  a controlling  factor,  and  we  are  therefore 
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led  to  make  the  experimental  tests  necessary  to  find  out  whether 
it  is  so  or  not. 

Before  we  leave  this  example,  we  may  note  that  the  expression 
for  the  adsorption  isothermal  contains  two  arbitrary  constants, 
which  are  given  appropriate  values  in  any  actual  case.  This 
fact  gives,  as  is  clear,  a large  degree  of  flexibility  to  the  equation, 
and  necessitates  special  caution  in  drawing  conclusions  from  the 
fact  that  it  applies  to  any  particular  case.  The  same  statement 
may  be  made  as  to  the  Barcroft-Hill  formula  for  the  dissociation 
of  oxy-hsemoglobin.  This  can  be  interpreted  on  the  basis  of 
mass-action  formulae,  but  it  has  been  stated  that  the  data  can  also 
be  fitted  by  an  adsorption  formula. 

Mathematics  is  a powerful  tool,  and  may  do  damage  unless 
well  under  control.  But  under  such  control  it  will  do  what  no 
other  tool  can  do.  It  is  in  the  application  of  the  compound 
interest  law  to  physiological  phenomena,  or  rather  in  conclusions 
drawn  from  this,  that  it  seems  to  the  writer  that  unjustifiable 
statements  are  often  made.  As  is  shown  in  the  text,  there  are 
a number  of  phenomena  in  which  the  rate  of  further  change  is 
proportional  to  the  amount  of  change  which  has  already  taken 
place,  or  in  other  words  to  the  amount  of  material  actually  in 
process  of  change  at  the  moment.  One  of  these  cases  is  that  of 
those  simple  chemical  reactions  in  which  the  rate  of  change  is 
proportional  to  the  concentration  of  one  of  the  reacting  molecules. 
This  is  a direct  result  of  the  law  of  mass-action,  and  is  known  as 
the  formula  for  a unimolecular  reaction.  Now,  it  is  sometimes 
stated  that  when  a process  has  been  found  to  follow  this  law,  we 
may  conclude  that  it  is  a simple  chemical  reaction.  But  there 
are,  in  many  cases,  other  facts  that  show  that  the  process  as  a 
whole  must  be  much  more  complex  and  involve  physical  as  well 
as  chemical  changes.  Thus,  all  that  we  are  entitled  to  deduce 
from  obedience  to  the  unimolecular  law  is  that  the  slowest  of 
the  series  of  processes,  which  controls  the  rate  of  the  whole, 
may  be  a simple  chemical  reaction.  It  does  not  follow  that  this 
is  the  most  significant  or  most  controllable  part  of  the  phenomenon. 

Equal  caution  is  necessary  in  regard  to  conclusions  drawn  from 
temperature  coefficients.  Certain  experiments  on  the  rate  of  the 
heart-beat  gave  values  directly  proportional  to  the  absolute 
temperature,  just  as  if  it  were  a simple  physical  process,  like  the 
expansion  of  a gas.  Others  gave  the  usual  value  for  a chemical 
reaction.  Now  we  know  quite  well  that  the  contraction  of  the 
heart  muscle  is  neither  one  of  these  nor  the  other  alone.  It 
seems  as  if  under  some  conditions  the  physical  factors  were  in 
control  of  the  rate  ; under  others,  the  chemical  factors.  In  any 
case,  we  are  led  to  further  work. 
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It  will  be  clear  from  what  has  been  said  that  the  expression 
of  experimental  data  in  a mathematical  formula  may  have  two 
desirable  results.  It  may  serve  as  a suggestion  of  a nature  of  a 
process,  and  thus  lead  to  additional  experimental  tests  of  the 
validity  of  such  a hypothesis,  or  it  may  for  the  time  being  merely 
serve  to  control  the  accuracy  of  the  methods  used.  If  the  data 
fall  into  no  sort  of  regular  form,  it  may  reasonably  be  suspected 
that  the  way  in  which  they  were  obtained  was  not  free  from 
objection.  This  point  of  view  is  well  put  in  the  following  quota- 
tion from  the  lectures  by  Arrhenius  on  “ Immunochemistry  ” (p.  7). 
After  showing  that  the  process  of  immunisation  can  be  expressed 
by  a formula, 

1 

viz.  ; t — 77 — -i  ==  consti  + const2  . t. 

(concentration)  n~L 

Arrhenius  proceeds  : “ The  application  of  the  formula  of  Madsen 
teaches  us  much  more  ” (that  is,  than  that  the  quantity  of  anti- 
toxin in  the  blood  decreases  more  rapidly  in  the  early  stages 
than  later  on).  “ It  shows  that  the  phenomenon  is  a regular 
one,  and  we  are  impelled  to  seek  for  a cause  for  the  differences 
of  the  values  of  the  constants  n and  const2.  For  instance,  the 
different  values  of  const2  for  the  three  days  in  the  experiments 
of  Bomstein — are  they  really  different,  or  do  the  observed  differ- 
ences depend  only  on  experimental  errors  ? This  and  other 
questions  suggest  themselves  after  the  use  of  such  an  equation, 
and  they  lead  to  improvement  in  the  experimental  methods,  and 
to  very  sharp  and  well-defined  ideas  of  the  natural  phenomena 
themselves.  With  the  help  of  formulae,  which  may  be  empiric 
or  rational,  scientific  progress  will  be  much  more  rapid  than 
without  them  ; and  as  the  experimental  material  increases,  the 
empiric  formulae  will  probably  be  converted  into  rational  ones, 
i.e.,  we  shall  detect  new  laws  of  nature.  It  is,  therefore,  very 
much  to  be  regretted  that  efforts  have  been  made,  especially 
recently,  to  reject  the  use  of  formulae  in  the  treatment  of  questions 
of  serum-therapy.  These  efforts  may  be  regarded  as  a last 
desperate  struggle  against  the  stringent  conclusions  that  may 
be  reached  by  means  of  the  application  of  mathematical  treatment 
- — a struggle  that  cannot  be  greatly  prolonged.” 

There  appear  to  be  some  men  of  science  who  are  quite  satisfied 
to  see  their  experimental  results  expressed  in  the  form  of  a 
mathematical  expression,  even  when  this  is  merely  an  empirical 
one,  and  ask  for  nothing  more.  But  most  of  us  want  to  have 
some  mental  picture  of  what  is  actually  happening,  or  at  least 
to  know  the  meaning  of  the  factors  of  our  equations  in  terms  of 
other  known  phenomena.  Thus,  although  the  Barcroft-Hill 
haemoglobin  formula  was  at  first  only  the  equation  to  the  curve 
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of  experimental  results,  it  was  not  long  before  attempts  were 
made  to  find  the  meaning  of  the  constants — attempts  which  are 
still  in  progress.  We  see  indeed  how  the  formula  has  led  to  an 
immense  number  of  valuable  experimental  results.  The  want 
of  satisfaction  above  alluded  to  may  be  felt  more  especially  in 
relation  to  conclusions  drawn  from  thermodynamical  considera- 
tions. While  such  conclusions  are  always  valid  in  respect  to  the 
direction  in  which  changes  take  place  and  the  amount  of  such 
changes,  they  are  unconcerned  with  the  particular  way  in  which 
the  results  are  brought  about.  There  is  no  doubt,  on  the  other 
hand,  as  to  the  value  of  this  mode  of  treatment,  although  the 
mechanism  at  work  is  left  for  future  discovery. 

Dr.  Feldman’s  book  concludes  with  an  account  of  the  most 
important  statistical  methods.  This  will  be  welcomed.  In 
many  domains  of  biological  inquiry  this  is  clearly  the  only  way 
to  arrive  at  reliable  conclusions.  At  the  same  time,  and  without 
wishing  to  undervalue  the  method  in  its  proper  sphere,  I feel 
bound  to  enter  a word  of  protest  against  the  uncritical  use  of 
correlation  formulae  in  experimental  work  where  we  have  the 
conditions  under  control.  It  must  be  familiar  to  all  who  make 
such  experiments  that  some  of  them  are  obviously  of  little  or  no 
value,  while  others  are  so  good  that  their  results  far  outweigh 
a large  number  of  the  bad  ones.  Indeed,  it  sometimes  happens 
that  one  good  experiment  alone  is  sufficient  to  solve  the  problem. 
I assume,  of  course,  that  we  know  why  this  is  so,  and  that  we  do 
not  call  an  experiment  a bad  one  merely  because  it  gives  results 
contrary  to  what  we  had  expected  or  desired.  Claude  Bernard 
warns  us  “In  physiology,  more  than  anywhere  else,  on  account 
of  the  complexity  of  the  subjects  of  experiment,  it  is  easier  to 
make  bad  experiments  than  to  be  certain  what  are  good  experi- 
ments, that  is  to  say,  comparable  with  one  another.” 

In  what  criticism  I have  made  in  the  preceding  remarks,  it  is 
far  from  my  intention  to  detract  from  the  value  of  mathematics 
in  biology,  which  is  shown  to  be  sufficiently  evident.  To  make 
exaggerated  claims  or  an  inappropriate  use  of  the  powerful  tool 
at  our  disposal  seems  to  me,  however,  to  invite  opposition  from 
those  who  are  unsympathetic,  and  to  bring  discredit  on  an 
extremely  valuable  help. 

I would  conclude  by  strongly  recommending  all  those  who  wish 
to  follow  modern  work  in  the  biological  field  to  make  themselves 
familiar  with  the  contents  of  Dr.  Feldman’s  book. 


University  College, 
London. 


W.  M.  BAYLISS. 
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CHAPTER  I. 

INTRODUCTORY. 

Mathematics  is  the  science  and  art  of  rapid  and  accurate  com- 
putation, and  the  principal  object  of  its  application  to  any  depart- 
ment of  science  is  to  attempt,  as  far  as  possible,  to  construct,  out 
of  the  quantitative  results  obtained  in  the  laboratory,  a kind  of 
algebraical  picture — called  a formula— by  means  of  which  these 
results  can  be  co-ordinated  and  investigated.*  Biomathematies 
is  the  science  and  art  of  rapid  and  accurate  computation  applied 
to  the  study  and  investigation  of  biological  problems. 

Chemistry,  like  every  other  branch  of  natural  philosophy,  did 
not  become  an  exact  science  until  it  became  quantitative,  and 
until  such  time  as  the  results  obtained  by  the  biologist  are  capable 
of  being  subjected  to  the  same  mathematical  reasonings  and 
manipulations  as  are  those  of  astronomy,  physics  and  chemistry, 
biological  science — using  the  term  in  its  widest  sense — will  be  looked 
upon  as  a kind  of  Cinderella  by  the  people  who  worship  at  the 
shrines  of  those  sciences  which  are  universally  acknowledged  as 
exact. 

“ But  I assert,”  so  wrote  Kant  in  1786,  “ that  the  claim  of  any 
particular  branch  of  natural  philosophy  to  be  considered  as  a 
science,  can  be  assessed  only  on  the  basis  of  the  amount  of  mathe- 
matics employed  in  it.”  This  is  much  more  true  to-day  than  it 
was  when  it  was  written  some  140  years  ago,  and  it  may  be  said 
with  some  truth  that  the  modern  scientific  investigator  who  does 
not  also  possess  a knowledge  of  mathematics  is  like  a strong  man 
who  is  unarmed,  for  it  is  the  ability  to  measure  his  results  and 

* This  definition  of  Mathematics  is,  strictly  speaking,  incomplete,  but 
will  suffice  for  practical  purposes.  Mathematics  is,  of  course,  much  more 
than  a short  road  to  rapid  and  accurate  computation.  It  is  the  mode  of 
reasoning  the  special  kind  of  Logic  by  which  we  measure  and  compare  all 
manner  of  magnitudes,  all  quantitative  expressions  involving  number, 
size,  position  and  time ; and  by  which  we  learn  to  state  these  relations 
with  the  utmost  economy  of  words,  of  symbols  and  of  thought  itself. 
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to  co-ordinate  those  measurements  in  such  a way  as  to  enable  him 
to  foretell  with  confidence  the  quantitative  results  of  any  future 
experiments,  that  supplies  the  investigator  with  the  necessary 
ammunition  to  fight  his  battles  on  more  or  less  sure  ground. 

It  is  hardly  possible  to  pick  up  any  biological  journal  without 
coming  upon  some  polemical  article  or  correspondence.  Such 
differences  of  opinion  are  hardly  to  be  found  in  mathematical 
literature.  This  is  due  to  the  fact  that  whilst  a biological  statement 
not  mathematically  expressed  is  open  to  different  interpretations, 
each  of  which  can  be  correct  under  different  experimental  con- 
ditions— a mathematical  formula  can  either  be  wholly  true  or 
wholly  false  ; there  is  no  intermediate  position. 

For  some  years  now  a great  tendency  has  manifested  itself  to 
introduce  quantitative  measurements  into  the  investigation  of 
biological  problems.  This  is  a very  healthy  sign,  showing  as  it 
does  that  the  time  is  fast  approaching  when  the  fairy  slipper  of 
mathematics  will  be  fitted  to  the  dainty  foot  of  Cinderella,  and 
Biology  will  be  declared  a princess  amongst  the  exact  sciences. 

In  the  course  of  the  following  pages  it  will  be  my  endeavour  to 
give  a concise,  but,  I hope,  clear  and  adequate  exposition  of  those 
mathematical  principles  and  manipulations  a knowledge  of  which 
is  essential  for  an  intelligent  appreciation  of  the  records  of  the 
more  recent  investigations  in  the  various  fields  of  biological 
science.  I shall  as  far  as  possible  illustrate  each  important 
mathematical  process  by  means  of  examples  taken  from  one  or 
other  branch  of  biological  science.  This,  I hope,  will  help  the 
reader  to  follow  the  steps  of  the  various  mathematical  processes 
with  greater  interest  than  he  would  otherwise  do.  But  at  the 
same  time  it  is  necessary  to  point  out  that  although  I shall  do  my 
best  to  smooth  away  difficulties  it  will  also  be  necessary  for  the 
reader  who  is  totally  new  to  the  subject  to  set  himself  resolutely 
to  the  task  of  mastering  the  various  manipulative  steps.  It  would 
be  wrong  to  pretend  that  the  manner  in  which  the  matter  is  here 
treated  will  enable  the  reader  to  whom  the  subject  is  quite  new  to 
follow  easily  what  I have  to  say  ; but  I do  believe  that  with 
reasonable  application  and  concentration,  with  pen  in  his  hand  and 
paper  in  front  of  him,  any  non-mathematically  disposed  reader  of 
average  education  and  ability  will  be  able  to  overcome  the  diffi- 
culties which  are  bound  to  confront  him  every  now  and  again. 

The  word  accurate  in  our  definition  of  mathematics  requires  a 
little  further  elaboration.  Since  all  the  quantities  with  which  we 
have  to  deal  in  the  various  branches  of  biology  are  those  which 
have  been  obtained  as  the  result  of  weighing  and  measuring,  it  is 
clear  that  the  accuracy  of  our  calculations  must  necessarily  depend 
upon  the  accuracy  with  which  these  quantities  have  been  obtained, 
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But  no  measurements  can  ever  be  absolutely  exact,  however 
skilful  and  painstaking  may  have  been  the  observer  who  made 
them,  and  however  fine  may  have  been  the  apparatus  with  which 
the  observations  were  made.  For  example,  when  we  say  that  the 
height  of  an  individual  has  been  ascertained  to  be  5 ft.  6f  in.,  or 
5-5625  ft.,  we  mean  that  if  we  place  a measuring  rod  against  the 
individual  in  question,  a horizontal  bar  from  the  top  of  the 
person’s  head  will  meet  the  measuring  rod  at  the  division  marked 
5 ft.  6f  in.  But  if  we  were  to  examine  the  line  of  contact  of  the 
horizontal  bar  with  the  measuring  rod  by  means  of  a magnifying 
glass  we  would  see  that  this  point  does  not  exactly  coincide  with 
the  point  marked  5 ft.  6f  in.  Or  when  we  say  that  a cubic  milli- 
metre of  blood  is  found  to  contain  5,000,000  red  blood  corpuscles, 
we  do  not  of  course  mean  that  5,000,000  is  the  exact  number ; 
what  we  mean  is  that  the  number  is  correct  to  within  say  100,000 
corpuscles  above  or  below  that  figure.  Indeed,  no  ordinary 
measurements,  however  skilful  the  observer  who  made  them,  are 
correct  to  more  than  4 figures.  It  is  true  that  with  the  aid  of  very 
delicate  apparatus  it  is  possible  to  obtain  a far  greater  degree  of 
accuracy  than  that.  For  example,  A.  V.  Hill  has  described  an 
apparatus  which  can  detect  a difference  of  temperature  of  one 
hundred  millionth  of  a degree  Centigrade  (10-80  C.)  and  Tashiro 
has  studied  metabolism  in  nerves  with  an  apparatus  which  can 
detect  one  ten  millionth  of  a gramme  of  C02  (10 — ' 7 grm.).  Similarly 
a delicate  galvanometer  can  detect  a current  as  minute  as  one 
billionth  part  (10— 12)  of  the  initial  current  in  a conductor ; whilst 
Sir  Jagadis  Bose’s  crescograph,  which  he  used  in  the  study  of 
growth  of  plants,  is  so  delicate  that  it  is  claimed  by  its  inventor 
to  register  tou.ooo  in-,  which  is  the  increment  in  length  of  the 
plant  per  half  a second.  But  even  such  exceedingly  delicate 
instruments  as  these  do  not  give  absolutely  exact  measurements. 
Hence  it  is  clear  that  in  all  our  calculations  the  highest  accuracy 
we  can  and  need  so  far  attain  is  a result  which  is  accurate  to  about 
7 figures,  and  that  for  ordinary  purposes  an  accuracy  of  1 in  1000 
i.e.,  up  to  4 figures  is  sufficient. 

This,  however,  does  not  mean  that  the  mathematical  processes 
that  we  are  about  to  describe  are  merely  approximations.  What 
it  does  mean  is  that  our  mathematical  operations,  although  with 
data  which  are  absolutely  exact,  will  yield  results  which  are  also 
absolutely  exact,  need  not  be  carried  to  a higher  degree  of  accuracy 
than  up  to  a certain  number  of  significant  figures,  i.e.,  no  more 
than  the  number  of  figures  to  which  the  data  have  been  originally 
ascertained. 

Having  grasped  this  essential  fact  the  reader  will  understand 
that  if  we  are  confronted  with  such  a mathematical  operation  as 
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2-5968  X 1-7324  and  we  are  told  that  each  of  these  numbers  is 
correct  only  as  far  as  the  4th  significant  figure  (or  the  3rd  decimal 
place  in  this  particular  instance),  it  would  be  absurd  to  record  the 
product  to  8 decimal  places  (as  the  product  carried  out  by  the  ordi- 
nary  arithmetical  methods  would  yield).  Indeed  the  product,  as 
we  shall  see,  will  only  be  correct  to  3 figures.  Hence  one  of  the  first 
things  with  which  we  shall  have  to  deal  in  these  pages  is  the 
method  of  approximation — it  being  understood  that  the  approxi- 
mation can  be  carried  as  near  exactness  as  we  like  or  are  entitled  to 
carry  it. 

Degree  of  Accuracy  in  Calculation.— One  often  speaks  of  calcu- 
lations carried  to  so  many  decimal  places.  Such  a statement  gives 
no  idea  of  the  accuracy  of  the  calculation.  Thus  supposing  the 
result  of  a certain  computation  to  be  0-000019.  This  goes  to  6 
decimal  places,  and  yet  an  error  of  1 in  the  last  figure  would  mean 
an  error  of  1 part  in  19  or  about  5 per  cent.  If,  on  the  contrary, 
the  result  be  3572-42,  this  only  goes  to  2 decimal  places,  yet  an 
error  of  1 in  the  last  figure  would  mean  an  error  of  no  more  than 
1 in  357242,  or  about  3 in  a million,  i.e.,  0-0003  per  cent.  To  take 
concrete  examples  : When  we  say,  for  instance,  that  the  width  of 
a microscopic  object  such  as  of  a bacillus  is  0-00004  in.,  it  is 
important  that  the  last  figure  be  accurate,  since  0-00003  or 
0-00005  in.  is  25  per  cent,  below  or  above  the  real  width.  But 
when  one  speaks  of  the  distance  of  the  sun  as  92,700,000  miles, 
an  error  of  a couple  of  hundred  thousand  miles  is  of  no  conse- 
quence ; and  whilst  an  error  of  10  million  miles  in  the  sun's 
distance  would  be  very  considerable,  the  same  error  would  be 
negligible  in  the  distance  of  Sirius,  which  is  more  than  500,000 
times  that  of  the  sun.  Hence  we  see  that  the  degree  of  accuracy 
depends  not  so  much  on  the  number  of  decimal  places  as  the 
number  of  significant  figures  to  which  the  result  is  carried.  The 
result  -000019  goes  as  far  as  2 significant  figures,  whilst  3572-42 
goes  to  6 significant  figures.  And  whenever  we  have  to  do  any 
calculation  it  is  never  justifiable  to  state  the  result  to  more  than  the 
number  of  figures  in  the  given  data. 

Note. — By  the  term  “ significant  figures  ” is  understood  the  figures  which 
are  definitely  known,  counting  from  the  right,  irrespective  of  the  decimal 
point.  Thus  *00001937  and  193-7  have  each  4 significant  figures.  If  it  is 
known  that  the  next  figure  is  0,  e.g.,  -000019370  . . . and  193-70  . . each 
has  5 significant  figures. 

When  we  say  that  a measurement  is  correct  to  4 significant  figures,  we 
mean  that  the  first  three  are  absolutely  correct  and  the  last  one  is  nearest  the 
truth.  Thus  both  32-174  and  32-166,  if  given  to  4 significant  figures  would 
be  32-17,  because  32-166  is  nearer  to  32-17  than  to  32-16,  and  32-174  is  nearer 
to  32-17  than  to  32-18. 

Similarly,  by  common  convention  32-165  would  also  be  given  as  32-17  to 
4 significant  figures.  Hence  we  see  that  when  we  say  that  32-17  is  correct 
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to  4 significant  figures  we  mean,  strictly  speaking,  that  the  number  is  less 
than  32-175  and  not  less  than  32-165.  In  other  words,  the  possible  error  in 
the  number  is  not  more  than  0-005  “ in  excess  or  in  defect,”  i.e.,  not  more 
than  d:  0-005. 

The  limits  of  error,  therefore,  of  32-17  when  described  as  known  to  4 
significant  figures  are  i 0-005.  The  actual  error  may,  of  course,  have  any 
value  between  these  extremes. 


CHAPTER  II. 


SIMPLIFIED  METHODS  IN  ARITHMETIC. 

Let  us  take  the  numbers  2-5968  and  1-7324  again.  Supposing 
them  to  represent  the  sides  of  a rectangle  and  that  each  is  known 
to  be  correct  to  5 significant  figures  or  4 decimal  places.  What  is 
the  area  of  the  rectangle  and  to  how  many  places  is  the  area 
correct  ? 

If  we  multiply  the  two  numbers  in  the  ordinary  way  we  get  the 
product  = 4-49869632. 

Now,  to  how  many  places  is  this  product  correct  ? 

In  order  to  answer  this  question  we  must  bear  in  mind  what 
we  have  said  in  the  last  chapter  (last  paragraph).  When  we  say 
that  2-5968  is  correct  to  4 decimal  places  we  mean  that  the  true 
measurement  lies  between  2-59675  and  2-59685.  In  other  words, 
2-5968  lies  between 

(2-5968  - -00005)  and  (2-5968  + -00005). 

Similarly  1-7324  lies  between 

(1-7324  - -00005)  and  (1-7324  + -00005). 

Hence  the  correct  product  cannot  be  less  than 
(2-5968  - -00005)  (1-7324  - -00005) 
nor  more  than 

(2-5968  + -00005)  (1-7324  + -00005). 

Now  we  know  that  if  a,  b,  and  c represent  any  numbers  then 
(a  — c)  (b  — c)  = ab  — c (a  + b)  + c2 
and  (a  + c)  (6  + c)  = ab  + c (a  + b)  + c2 
(2-5968  - -00005)  (1-7324  - -00005) 

= 2-5968x1 -7324- -00005  (2-5968 + 1-7324)  + -0000000025  . (1) 

Similarly  (2-5968  + -00005)  (1-7324  + -00005) 

= 2-5968  x 1-7324  + -00005  (2-5968 + 1-7324)  + -0000000025  . (2) 

Therefore  the  true  value  of  2-5968  x 1-7324  lies  between  the 
values  of  (1)  and  (2).  But  these  differ  only  in  the  middle  term, 
viz.,  -00005  (2-5968  + 1-7324), 

i.e.,  -00005  X 4-3292  or  -00021646. 

Hence  the  product  of  2-5968  x 1-7324  (each  of  which  is  correct 
to  4 places)  is  correct  to  3 places  only,  but  the  error  in  the  4th 
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place  is  not  greater  than  2.  Hence  we  say  that  the  limit  of  error  is 
± *0002. 

Now,  since  our  product  can  be  correct  only  to  3 places,  it  is 
obvious  that  to  multiply  the  two  numbers  in  the  ordinary  way  and 
get  an  answer  to  8 places  and  then  disregard  the  last  5 places  is 
absolute  waste  of  time  and  labour.  Hence,  whenever  one  has  to 
do  a multiplication  of  this  kind  (and  the  same  applies  to  division) 
one  adopts  some  contracted  method  which  will  give  the  answer  to 
no  more  than  the  number  of  places  required.  The  simplest,  best 
and  most  general  method  is  by  means  of  logarithms,  although  the 
ordinary  methods  of  contracted  multiplication  and  division  dealt 
with  in  elementary  arithmetic  books  are  frequently  very  useful. 


LOGARITHMS. 


The  simplest  and  most  generally  useful  method  of  abbreviating 
arithmetical  work  is  the  logarithmic  method.  In  order  to  under- 
stand clearly  the  meaning  and  use  of  logarithms,  it  is  necessary 
to  refresh  one’s  memory  with  regard  to  the  meaning  and  laws  of 
Indices. 

Indices. — The  expression  am  means  the  product  of  m factors 
each  of  which  is  equal  to  a.  Thus  am  = a x a X a . . .to  m 
factors.  The  letter  m is  called  the  index  of  the  power  to  which  a 
is  raised,  and  a is  called  the  fundamental  number  or  base, 
e.g.,  101 * * 4  = 10  X 10  x 10  x 10  (i.e.,  to  4 factors). 

Laws  of  Indices. — The  following  laws  are  universally  true 
whether  a,  m and  n be  positive  or  negative,  integral  or  fractional. 

(1)  am  x an  = am  + n (e.g.,  104 *  x 103  - 107  - 10,000,000). 


(2) 


am 

an 


= am 


= 100). 


(3)  (a»)n  = a ™ (e.g.  (103)4  - 1012  = 1000,000,000,000). 

1 m 

(4)  (am)n  = an  (e.g.  (10002)*  = 10005  - 100. 

1 1 

The  meaning  of  a fractional  index,  such  as  in  a«. 

Since  by  the  1st  law  of  indices  am  x an  = am  + n 

.*.  cd  x ah  — ah  + 4 = ah  = a. 

But  V a x V a —a 

.*.  ah  — V a 

Similarly  a^  = V a 

i _ 

and  generally  an  — V a 
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i.e.,  a fractional  index  of  the  power  of  any  number  means  some 

i 

root  of  that  number  and  a « means  the  nth  root  of  a. 

E.g.,  101  or  100'5  = VlO  = 3-1623 

105  or  100'333  = vT6  = 2-1547 
101  or  10025  = VlO  = C3T623  = 1-7783, 

and  so  on. 


m 

Corollary. — From  this  it  follows  that  an  means  that  a is  to  be 
raised  to  the  mth  power  and  is  then  to  have  the  nth  root  of  the 
result  extracted. 

E.g.,  101  or  10'75  = VW  = tlOOO  = 5-623 

101  or  101'333  = VTO4  = VTonOO  = 21-547, 

and  so  on. 

The  meaning  of  a zero  index  such  as  0 in  a0. 


Since 


am 

an 

am 


■=  am 


— n 


m 


But 


a 
am 


— Qm  — m 


= a1 


a 


a L 


m 


= 1. 

- 1. 


i.e.y  any  number  raised  to  zero  power  is  equal  to  1. 

In  order  to  realise  the  exact  meaning  of  a 0 and  why  it  is  equal 
to  1,  let  us  take  the  nth  root  of  such  a number  as  10,  where  n 
is  some  large  number. 

Thus,  since  101  or  10°‘5  = V 10  = 3-1623 

104  or  10°'25  = % O-lr.23  = 1-7783 

104  or  10°'125  = Cl-7783  = 1-3336 


and  so  on 


10*  or  100'0625  = a/  1-3336  = 1-1548 
10*  or  10°-°3175  = V 1-1548  = 1-0756 


10*  or  100  015875  = a/ I- 0746  = 1-0366 
lOik  or  100’007938  = VF0366  = 1-0183 
10/fe  or  10°-°°3969  = x/1-0183  = 1-009, 


1 


In  other  words,  as  the  fractional  index  — becomes  less  and  less, 

n i 

or  as  n becomes  larger  and  larger,  so  does  the  value  of  10»  become 
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nearer  and  nearer  1,  but  it  never  becomes  absolutely  equal  to  1, 
except  when  n becomes  infinitely  large,  i.e.,  when  — becomes 

infinitely  small,  i.e.,  when  — becomes  = 0. 

n 

Indeed  lOipoo  = 1-0002 

l 

lOmooo  = 1-00002 
i 

10i,ooo,ooo  = 1-000002, 
and  so  on. 

Hence  10°  = 1. 

Similarly,  if  instead  of  10  we  take  any  other  number  we  get  the 
same  result. 

a0  = 1,  whatever  number  a stands  for. 

Still  another  way  of  looking  at  it  is  this  : 

cim  =1  x a x a x a ...  (a  being  repeated  m times). 

.*.  a 3 =1  x a x a x a ...  (a  being  repeated  3 times). 

*.  a 0 =1  not  multiplied  by  a any  times). 

= 1. 


The  meaning  of  a negative  index,  such  as  —m  in  a_w. 


a 


Since  — — = — = a0  ~ m — 


a 


m 


a 


m 


a 


m 


a 


m 


a 


m 


e-g • 1°  - 1 = yqJ  10  “ 2 = etc> 

Logarithms. — We  know  of  course  that  all  numbers  which  are 
composed  of  factors  of  10  only,  or  of  the  reciprocals  of  factors  of 
10  only,  can  be  represented  as  some  integral  power  (positive  or 
negative)  of  10,  thus  : 

-L  = lO-2;  jt  = 10-i;  1=100;  10  = 101 ; 100  = 102 ; 
1000  = 103,  etc. 

We  have  also  seen  that  other  numbers,  not  so  composed,  can  be 
represented  as  some  fractional  power  (pure  or  mixed)  of  10,  thus  : 

1-3336  = 10125;  21-547  = 101'888,  etc. 

Now  it  can  be  proved  that  all  conceivable  numbers,  whether 
integral  or  fractional,  can  be  represented  as  being  some  power  of  10 
such  as  10m,  where  m is  either  a positive  or  negative  integer,  or 
pure  or  mixed  fraction  or  decimal. 


10 


BIOMATHEMATICS. 


Thus,  to  take  one  example,  we  can  show  in  the  following  manner  that 
2 = 100-3010. 


For  we 

have  seen  that  10°  23 
and  IO0  062" 
,-.  100-25  x 10°'0625 

i.e., 

j q0'3125 

Also 

jqO-0079 

jqOOOIO 

jqO-0119 

100-3125 

i.e. 

jqO-0119 

IqO‘3019 

= 1-7783]  , Q. 

— M548 1 8) 

= 1-7783  X 1-1548 


= 2-0510 


1-018  1 
1-009  ) 


(P-  8). 


= 1-018  X 1-009 
= 1-027  . . . 


2-0540 
T02 T 

= 2. 


(a) 


. . ( b ) 

(Q.E.D.) 


Now,  supposing  we  had  to  multiply  3-1623  by  2-154.  We  know 
from  actual  multiplication  that  the  result  is  6-812.  . . . But 
supposing  we  were  told  beforehand  that  3-1623  = 10°'° ; that 
2-154  = 10°'333  and  that  100'8333  ==  6-8  1 2,  we  could  have  reduced 
our  labour  very  greatly  because  we  could  have  performed  our 
multiplication  as  follows  : 

3-162  x 2-154  - IO0'5  x IO0’33  = 10°'833  - 6-811. 

Hence  we  see  that  by  knowing  the  index  of  the  power  to  which 
the  number  10  has  to  be  raised  to  produce  any  given  number  we 
can  convert  a tedious  multiplication  into  a simple  addition. 

3-162 
2-154 


Similarly  an  operation  like 


could  be  performed  as  follows  : 


3-162 

2-154 


10°-^ 
10° 33 


_ io0'167 


and  if  we  knew  that  10°'167  = 1-468,  we  could  say  at  once  that 


3-162  10°'5 

2-154  " = iO0'88 


= 100-167  ==  1468. 


So  that  a complicated  and  troublesome  division  could  in  this  way 
be  converted  into  a very  simple  subtraction. 

In  general,  if  we  express  any  2 numbers  as  10w  and  10n  respec- 
tively, then  if  we  also  know  what  10w  + n and  10m  ~ n are  equal  to, 
we  can  by  simple  addition  of  m and  n or  by  simple  subtraction  of 
n from  m perform  the  operations  of  multiplying  the  two  numbers 
together  or  dividing  one  number  by  the  other. 

Now,  when  we  express  any  number  a in  the  form  10>n  (e.g.,  when 
we  express  3*162  as  10'5)  we  say  that  m is  the  logarithm  of  a to  the 
base  10  (e.g.,  0-5  is  the  logarithm  of  3-162  to  the  base  10;  0-33  is 
the  logarithm  of  2-154  to  the  case  10,  and  so  on). 
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Similarly,  we  can  represent  any  number  as  some  power  of 
2,  3,  4,  etc.,  since  22  = 4,  24  = 16,  2%  — V2  = 1*412,  etc.  ; 
31  = 3,  32  = 9,  33  = 27  ; 3*  = 1*73,  etc. 

Indeed,  we  see  that  any  quantity  b can  be  represented  as  some 
power  of  any  other  fundamental  number  or  base  a,  i.e.,  we  can 
always  write  b = am. 

Hence  we  arrive  at  the  following  definition  : 

Definition  of  Logarithm. — Whenever  we  have  an  expression  like 
cim  = b we  say  that  m is  the  logarithm  of  b to  the  base  a.  In  other 
words  : The  logarithm  of  any  number  b to  a given  base  a is  the 
index  of  the  power  to  which  the  base  a must  be  raised  to  produce  the 
given  number  b. 

Thus,  since  31*623  = 101'5,  we  say  that  the  logarithm  of  31*623 
to  the  base  10  is  1*5. 

Similarly,  since  1*412  = 20'5 

the  logarithm  of  1*412  to  the  base  2 is  0*5. 

The  symbolical  way  of  writing  logarithms  is  m = loga  b,  which 
is  read  : “ m is  the  logarithm  of  b to  the  base  a.” 

Common  Logarithms. — For  ordinary  purposes  of  calculation 
logarithms  are  used  to  the  base  10.  The  advantages  of  this  base 
will  be  seen  later  (p.  79).  Hence,  when  we  say  that  the  logarithm 
of  a number  b is  m,  we  mean  that  b — 10OT,  and  instead  of  writing 
m = logio  & we  simply  write  m = log  b,  the  base  10  being  under- 
stood. Such  logarithms  are  called  Common  logarithms. 

Advantages  of  Logarithms. — Now,  logarithms  not  only  save 
much  tedious  labour  in  cases  of  complicated  multiplications  and 
divisions,  but  they  become  of  still  greater  use  when  we  have  to 
raise  a number  to  a certain  power,  and  especially  if  we  have  to 
extract  the  root  of  any  number.  Thus,  supposing  we  have  the 
following  tasks  to  perform  : 

(1)  What  is  (3*  162) 3 ? 

(2)  What  is  v/3*162? 

By  logarithms  we  do  these  operations  quickly  and  simply  as 
follows : 

(3-1623)3  - (100  5)3  = 1005  x 3 = 101'5  = 31*623 

«/(M62)  = (3-162)8  = 10T  = 10°'166  = 1*468. 

Hence  we  arrive  at  the  following  rules  for  working  with 
logarithms  : 

(i.)  The  logarithm  of  a product  is  equal  to  the  sum  of  the 
logarithms  of  its  separate  factors,  or  log  ab  = log  a + log  b. 

(ii.)  The  logarithm  of  a quotient  is  equal  to  the  difference  between 

_ a 

the  logarithm  of  the  dividend  and  that  of  the  divisor,  or  log  = 

log  a — log  b. 
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(iii.)  log  an  = n log  a. 


(iv.)  log  ^/a  or  log  an  = ^ log  a. 


Example. — Find  the  value  of 


41-6  \/  7-67  X (1-4)2 
5/19-41  X 1-7832  X 4-62 


Let  value  = x 

.*.  log  x = log  41-6  + 4 log  7-67  + 2 log  1-4 

- [i  (log  19-41  + 2 log  1-783)  + log  4-62] 
= 1-6190  + i x 0-8848  + 2 X 0-1461 
-(JX  1-2880  + f X 0-2512  + -6646) 

= 2-2061  — 1-2614  - -9447 

— log  8-805 

x = 8-805. 


Explanation. — (i.)  The  logarithm  of  the  fraction  is  equal  to  the  logarithm 
of  the  numerator  minus  the  logarithm  of  the  denominator  (rule  (ii.)  ). 

(ii.)  The  logarithm  of  the  numerator  is  equal  to  the  sum  of  the  logarithms 
of  its  separate  factors  = log  41-6  + log  N/  7-67  + log  (1-4)2  (rule  (i.)  ). 

But  log  5/7-67  = 4 log  7-67  (rule  (iv.)  ). 

and  log  (1-4)2  = 2 log  (1-4)  (rule  (iii.) ). 

.*.  logarithm  of  numerator  = log  41-6  -j-  4 log  7-67  -f-  2 log  1-4. 

Similarly  with  the  denominator. 

Origin  of  the  Term  “ Logarithm .” — The  series  of  numbers  10,  100,  1000, 
etc.,  is,  as  we  shall  see  on  p.  63,  Chapter  VI.,  a geometrical  progression,  i.e.,  a 
series  in  which  each  term  bears  a constant  ratio  to  the  one  immediately 


etc. 


10). 


i . .x/  100  1000  10,000 

preceding  it  (e.g.,  — = — = l000  ’ 

Hence  1 which  = 10°  is  the  common  ratio  raised  to  the  power  0 
10  ,,  = 101  ,,  ,,  ,,  1 

100  „ - 102  „ „ „ 1 

3-1623  „ - 1015  „ „ „ 1-5 

and  so  on. 

So  that  in  the  expression  b = 10w,  the  index  m denotes  the  number  of 
times  the  common  ratio  10  must  be  taken  as  a factor  to  produce  b.  Hence 
0 is  the  ratio  number  or  logarithm  ( Aoyos  = ratio,  apiOjxos  — 


number)  of 


1 

10 

100 

3-1623 

b 


1 

x 99  99  9 

9 

" 99  99  9 

1*5 

m ,,  ,,  ,; 

Hence  the  name  “ Logarithm.” 

Characteristic  and  Mantissa. — The  integral  part  of  any  logarithm 
is  called  the  characteristic  ; the  decimal  portion  is  called  the 
mantissa.  Thus,  if  logio  15*2  = 1*1818,  then  1 is  the  characteristic 
and  0*1818  is  the  mantissa. 

Since  log  10  = 1 and  log  100  — 2,  it  is  clear  that  any  number 
intermediate  between  10  and  100  must  have  a logarithm  lying 
between  1 and  2.  Hence  the  characteristic  of  all  numbers  between 
10  and  100  must  be  1,  although  the  mantissa  is  different  in  each 
case.  Thus  log  11  = 1*0414  ; log  66  = 1*8195  ; log  99  = 1*9956, 
and  so  on 
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Similarly  the  characteristic  of  every  number  between  100  and 
1000  is  2 ; that  of  every  number  between  1000  and  10,000  is  3, 
and  so  on  ; whilst  all  numbers  between  1 and  10  have  no  “ charac- 
teristic ” at  all,  or  have  zero  characteristic.  Hence  logarithm 
tables  leave  out  the  characteristic  and  only  give  the  mantissa  of 
the  logarithm  of  any  number.  Thus  the  logarithm  of  9458,  for 
instance,  is  given  as  0-975799,  it  being  understood  that  since  9458 
lies  between  1000  and  10,000  the  characteristic  is  3,  and  that, 
therefore,  the  full  logarithm  is  3-975799,  and  so  on  for  any  number. 

Now  consider  the  number  9458  again.  Its  logarithm  = 3-9758. 

1D3-9758  IQ3'9758 

This  means  that  103'9758  = 9 4 58.  Hence  =945-8;  1A9 — 

10  10- 


94-58  ; 


103-9758 

"To 3“ 


= 9-458  ; 
104 


10m 

But  loir  = (e-9 


}0.3 -97  58 

To4 
10000 
to2  “ Too 


- = 0-9458,  etc. 
= 100  = 102 


104-2) 


I 03-9758 

To~ 

103-9758 

Ho2- 


102-9758 

101-9758 


103’9758 

To3 

103-9758 

“TO^ 

103-9758 

105 

Hence 


100-9758 
100-9758-1 
100-9758  — 2^  etc. 


] 03-9758 

= 9458 

and 

log  9458 

= 3-9758 

102-9758 

= 945-8 

5 9 

log 

945-8 

= 2-9758 

1Q1-9758 

= 94-58 

99 

log 

94-58 

= 1-9758 

100-9758 

= 9-458 

9 9 

log 

9-458 

= 0-9758 

100-9758-1 

= 0-9458 

9 9 

log 

0-9458 

= 0-9758 

- 1 

100-9758-2 

0-09458 

9 9 

log 

0-09458 

= 0-9758 

- 2 

etc.  etc. 


Hence  we  see  that  all  the  numbers  which  contain  the  same 
significant  figures  in  the  same  order,  but  only  differ  in  the  position 
of  the  decimal  point,  have  the  same  mantissa  in  their  logarithms, 
but  different  characteristics.  Now  this  is  a very  convenient  fact, 
since  once  we  know  the  logarithm  of  any  number  we  can  at  once 
write  down  the  logarithm  of  the  same  number  multiplied  or 
divided  by  any  power  of  10.  This  fact  only  holds  good  when  the 
base  is  10,  and  hence  is  in  itself  a sufficient  reason  why  logarithms 
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for  'practical  purposes  are  calculated  to  the  base  10.  Thus,  supposing, 
for  instance,  logarithms  were  calculated  to  the  base  8,  then  since 
82-3333  = 82  X 8V8  = 64  x 2 = 128,  log  128  = 2-3333,  but 
log  12-8  is  not  1-3333,  because  81'3333  = 8 x 8^  = 8 X 2 = 16, 
and  not  12-8  ; nor  would  log  1-28  = 0*3333,  because  80'3333  = 2 
and  not  1-28. 

Another  fact  that  we  learn  from  the  above  table  of  logarithms 
is  that  there  is  a great  convenience  in  writing  the  mantissa  in 
the  form  of  a positive  decimal.  Thus  we  write  log  0-9457,  0-97581 
— 1 and  not  — 0-02409,  because  in  the  form  0-97581  — 1 the 
mantissa  is  the  same  as  in  log  9457  or  log  945-7,  etc.  But  instead 
of  writing  the  logarithm  of  a fractional  number  in  the  form, 
say,  0-9758  — 1 one  writes  it  as  follows  : 1-9758.  Similarly 
log  0-09457  = 2-9758  ; the  negative  sign  being  placed  over  the 
characteristic  instead  of  in  front  of  it  to  show  that  it  is  only  the 
characteristic  and  not  the  whole  of  the  logarithm  that  is  negative. 
Thus,  while  - 2-9758  = - 2 - 0-9758,  2-9758  = - 2 + 0-9758. 

Napierian  Logarithms. — But  whilst  for  ordinary  purposes  of 
computation  we  use  logarithms  to  the  base  10,  or  Briggsian 
logarithms,  as  they  are  called  (having  been  first  calculated  by 
Briggs  in  1617),  in  the  higher  mathematics,  for  reasons  which  will 
become  clear  presently  (see  p.  80),  it  is  convenient  to  use  the 
incommensurable  number  2-71828  . . . (generally  denoted  by 
the  letter  e or  e)  as  the  base.  This  system  of  logarithms  is 
called  the  Napierian  system,  because  Napier,  the  inventor  of 
logarithms,  calculated  his  logarithms  to  this  base  (in  1614) 
(Chapter  VI,  p.  80). 

Antilogarithm. — By  antilogarithm  is  meant  the  number  corre- 
sponding to  a given  logarithm.  Thus,  if  the  logarithm  of  2 is 
0-30103,  then  the  antilogarithm  of  0-30103  is  2. 

Exponential  Equation. — An  exponential  equation  is  one  in 
which  the  unknown  quantity  occurs  as  the  index  or  exponent  of 
a power.  They  are  most  easily  solved  by  the  aid  of  logarithms  : 

Example. — Find  x from  the  equation  2X  = 9. 

Since  2X  = 9,  therefore  x log  2 = log  9. 

log  9 -9542  0 _ _ 

••  log  2 -3010 

Example. — Solve  the  following  equation  : 

g 5 — Sx  __  2^  + 2. 

Taking  logarithms  (5  — Sx)  log  5 = (x  -f-  2)  log  2, 

i.e.,  -699  (5  — Sx)  = -301  (x  + 2), 
x = 1-206. 


whence 
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EXAMPLES. 


(1)  Find  the  logarithms  of  5,  20,  25,  1-25,  it  being  given  that 


log  2 


•30103. 


Log  5 = log 


10 


log  10  — log  2 (p.  11). 


= 1 — -30103  = -69897. 
log  10  + log  2 = 1-30103. 

= 2 x -69897. 
= 1-39799. 


log  20 

log  25  = log  (5)2  =2  log  5 


53 


Find  the  value 


log  1-25  = log  ^ = 3 x -69897  - 2. 

= 0-09691. 

(2)  Given  that  log  317  = 2-5011  and  log  318  = 2-5024. 
of  log  317-2. 

The  method  adopted  is  that  of  “ Proportional  Parts.” 

Thus  log  317  = 2-50106. 
log  318  = 2-50243. 

A difference  of  1 in  the  number  gives  a difference  of  -00137  in  the 
logarithm. 

A difference  of  0 2 in  the  number  will  give  a difference  of  -00137  X 0-2 
in  the  logarithm. 

log  317-2  = 2-50106  + -000274. 

= -50133. 

The  student  is  earnestly  recommended  to  become  familiar  with  the 
method  of  proportional  parts,  as  it  is  very  frequently  utilised  in  practical 
work. 

(3)  The  following  formula  has  been  found  to  express  the  influence  of 

temperature  upon  the  velocity  of  a chemical  reaction,  viz.,  n — 

(see  p.  238), 

where  V*  = Velocity  at  temperature  t. 

Yt  + n — >>  t + n. 

and  x = increase  in  velocity  j)er  1°  C. 

In  the  case  of  the  tadpole  HertAvig  found  that  when  the  developing  ovum 
Avas  kept  at  10°  it  took  3^  times  as  long  to  reach  a certain  stage  of  develop- 
ment as  when  kept  at  20°.  Find  the  increase  in  rate  of  growth  (x)  per 
1°  C.,  assuming  the  above  formula  to  hold  good. 

Putting  n = 10  in  the  above  formula  we  get 

V20 


n 


z10  = 


V10 


= 3-33. 


.-.  10  log  x — log  3-33  = 0-5224. 
log  x — -05224. 

x — 1-128  (from  the  tables  of  logarithms). 

(4)  In  the  case  of  the  pea,  Miss  Leitch’s  figures  for  the  rate  of  growth  in 
rootlets  at  various  temperatures  (as  modified  by  D’Arcy  Thompson)  are  as 
follows  : 

At  10°  the  rootlet  grows  0-41  mm.  per  hour. 


14° 

20° 

24° 


99 

9 9 
99 


99 

99 

99 


0-61 

1-01 

1-43 


99 

99 

99 


99 

99 

99 
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Find  the  values  of  x for  the  temperature  intervals  10°  — 20°  and  14°  — 
24°,  (assuming  the  formula  given  in  the  last  question  to  hold  good). 


V20 

101 

.*.  10  lOg  Xy 

V10  = 

•41  - *l10 

= log  2-46  = 

•3909 

.‘.Xy  — 1-094. 

V24 

1-43 

.'.  10  log  x2 

= log  2-34  = 

Vu~ 

•61  -^10 

•3692 

r.,  = 1-089. 

(5)  Robertson  found  that  the  decay  of  memory  traces  for  meaningless 
syllables  committed  to  memory  is  expressed  by  the  equation 

N — n = 1-733  £0'056 

where  N = number  of  syllables  originally  committed  to  memory,  and 
n = number  of  syllables  remembered  after  t hours. 

If  N = 13,  find  after  what  time  all  the  syllables  will  be  completely 
forgotten  (assuming  the  formula  to  be  true  for  all  values  of  t). 

When  all  syllables  are  forgotten  n = 0. 


N = 1-733*0'056, 
i.e.,  13  = l-733f0'056. 

log  13  = log  1-733  + 0-056  log  t, 
or  1-113943  = -238799  + 0-056  log  t,  ' 
or  -875144  = 0-056  log  t. 


log  t = 


875144 

•056 


15-62757. 


But  -62757  = log  4-242. 

• 15-62757  — log  4-242  x 1015  (p.  13). 
t = 4242  x 1012  hours 
4242  x 1012 
= ~ 24  x 365  yearS 
= 484  x 109  years  ! 

In  other  words,  memory  traces  are  never  completely  wiped  out.  This  is 
an  interesting  calculation  from  the  point  of  view  of  hypnosis  and  allied 
conditions,  since  it  shows  that  although  a person  may  be  entirely  unconscious 
of  certain  memories  during  his  waking  state,  still  the  memories  exist  in  the 
subconscious  mind,  and  when  the  resistance  to  the  passage  of  impulses 
through  certain  cerebral  areas  is  lowered,  as  in  hypnosis,  these  memory 
traces  reveal  themselves. 

(6)  The  viscosity  coefficient  (77)  of  water  at  any  temperature  (t)  is  given 
by  the  formula 

v = 2-989  (t  + 38-5) -1*4. 

Find  n when  t — 20. 

Here  77  = 2-989  X (58-5)  — 1-4 

.-.  log  77  = log  2-989  — 1-4  log  58-5. 

= -475526—  1-4  X 1-767156. 

= -475526  — 2-474018. 

= 2-001508. 

77  = -0100. 

(7)  Dreyer  found  the  following  relationship  between  W (weight  in  grams) 
and  A (sitting  height  in  centimetres)  of  a person  : 

1 

W - (-038025a)0'319. 
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Find  the  sitting  height  of  a person  weighing  89-78  kilograms. 

Log  89780  = (l°g  0-38025  + log  a), 

i.e.,  4-953180  = (1-580012  + log  A). 

.-.  log  a - 4-95318  X 0-319  - 1-580012 
= 2. 

A = 100  cm. 

(8)  The  following  equation  (Dubois)  represents  the  relationship  between 
the  surface  area  of  the  body  (S)  and  its  height  (H)  and  weight  (W)  : 

S - 71-84  W0'425  . H0-725. 

Sq.  cm.  ' — . s — - — " 

Kilograms.  Centimetres. 

Find  the  surface  area  when  W = 60  kg.  and  H = 150  cm. 

Log  S = log  71-84  + 0-425  log  W + 0-725  log  H 

- 1-85637  + 0-425  X 1-77815  + 0-725  X 2-17609 
= 4-1917  - log  15550. 

.-.  area  = 15,550  sq.  cm.  = 1-555  sq.  metres. 

(9)  The  population  of  a certain  country  doubles  itself  in  100  years. 
Find  rate  of  growth  per  annum  assuming  it  constant.  If  the  population  is 
a million  at  the  beginning  of  the  century,  find  what  it  will  be  in  twenty,  fifty 
and  eighty  years,  respectively,  from  the  beginning. 

l 

= population  after  100  years  (see  p.  64) 

= 2P. 

= 2. 

= log  2 

- 0-30103. 

= 00030103. 

= log  1-007. 

- 0-7 

= 7 per  1,000  per  annum, 
at  twenty  years’  population 

= (1-007) 20  = a. 

20  log  (1-007)  = log  x. 

i.e.,  0-060206  = log  x — log  1-1487. 

population  = 1,148,700. 

The  student  can  work  out  for  himself  the  population  at  fifty  and  eighty 
years  respectively.  [Answer,  1,414,200;  1,741,100.] 

(10)  Find  the  value  of 

2 V 2 V^V  2 V 2 V 2 ....  to  infinity. 

Let  the  value  of  this  expression  = x. 

Now  the  expression  can  also  be  written  as  2%  x 2*  X 2^  x 2 A ....  to 
infinity. 


If  P = population,  ther 
P (i+JL)100 

V ioo ) 


! , r \ioo 
' 100  ) 


100 


( 

!°g  ( 

iog  ( 


r 

loo 


) 


1 4-  — ) 

^ 100  / 


100 


i.e. 


= 0-007. 


rate  of  growth 


B. 


0 


is 
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Hence  x — 2^  X 2i  X 2§  X 2xs  ....  to  infinity. 

log  x — \ log  2 -f-  i log  2 -f-  -g-  log  2 -j-  ....  to  infinity 

— (i  + i + i + tb-  • • • •)  l°g  2. 

But  | + i + s + Ar  + • • • - to  infinity  =1.  (See  p.  68.) 

log  x = log  2, 

whence  x — 2. 

We  might  have  arrived  at  the  answer  in  a somewhat  different  and  equally 
pretty  way  : 

X — s/ 2\//' 2 V 2 V2  ...  . to  infinity. 

• x2  — 2 s/ 2\// 2 V 2 V2  ....  to  infinity 

= 2x. 

x2  - — 2x  — 0 or  x {x  — 2)  = 0. 
x = 2. 

Similarly  V^3  V^3  V 3C3  ....  to  infinity  = 3 

and  generally  ^ n V n V n . . . . to  infinity  = n. 


EXERCISES. 


(1)  If  the  number  of  persons  born  in  any  year  is  of  the  whole  popula- 
tion at  the  beginning  of  the  year,  and  the  number  of  those  who  die  of  it, 
in  how  many  years  will  the  population  be  doubled,  given  log  181  = 2-5768  ? 

[Answer,  125  years.] 


(2)  Evaluate 

(3)  The  volume 
r = radius,  and  h - 


101-4  x (0-2891) 
(0-00854)4  x 7694' 


[Answer,  4-814.] 


of  a cylinder  is  given  by  the  formula  v = 7r r2h  (where 
= height).  Find  v if  r = 0-5,  h — 12-76  and  tv  = 3-142. 

[Answer,  10.] 


(4)  Meeh’s  formula  for  the  surface  of  the  human  body  is  S = K y7W2. 
where  S = surface  in  sq.  decimetres,  W = weight  in  kilograms  and  K is  a 
constant  (which,  in  case  of  children  = 10-3).  It  has  been  found  by  Benedict 
and  Talbot  that  if  l = length  of  an  infant,  then  the  amount  of  heat  produced 


by  it  in  24  hours  is  0-1265£K  ^/W2.  Calculate  the  theoretical  amount  of 
heat  produced  by  an  infant  weighing  3-63  kilograms  and  measuring  52  cm. 
in  length. 

[Answer,  log  x — log  0-1265  + log  52  + log  10-3  + f log  3-63  = 2-2038. 
x — 160  calories.] 


• t —f—  7X  • 

(5)  Using  the  formula  — y- — = xn  (see  p.  15),  find  the  value  of  this 

quotient  for  n = 10  (called  the  temperature  coefficient)  for  the  inversion 
of  cane  sugar,  given  V25  = 0-765,  V55  = 35-5). 

[Answer,  ^^-10  = 3-6.] 

(6)  Prove  that  \/ 2\/2  ^2v3/2  . . . . to  infinity  = V 2.  (See  example  10.) 


MECHANICAL  AIDS  TO  CALCULATION. 

(a)  The  Slide  Rule. — A simple  apparatus  of  very  great  service 
for  the  purposes  of  rapid  multiplication,  division,  squaring  and 
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extraction  of  square  roots  in  cases  where  no  greater  accuracy  is 
required  than  that  of  three  significant  figures  is  the  slide  ride,  the 
principle  of  which  will  be  readily  understood,  once  the  idea  of  * 
logarithms  has  been  firmly  grasped. 


70  90 

1 2 3 4 5 6 7 8910  20  30  40  5060  80  100 


C 


D 


E 


Fig.  1. — Logarithmic  Scale  of  Slide  Rule. 


AB  (Fig.  1)  is  a ruler  upon  which  is  a scale  marked  as  follows  : 
Suppose  the  portion  CE  to  be  two  units  long  (e.g.,  10  in.,  the  unit 
length  being  5 in.).  The  length  CE  is  divided  into  two  equal 
parts  at  D,  and  D is  marked  10.  Each  of  the  equal  parts  CD  and 
DE  is  divided  into  ten  parts,  which  are  not  equal  but  proportional 
to  the  logarithms  of  the  numbers  between  1 and  10.  Thus  the 


7 3-85  a 


B 

A, 

1 1 ’42 

Fig.  2. — Mode  of  using  Slide  Rule  for  Multiplication. 


point  C or  the  zero  point  is  marked  1 ; * the  point  2 is  put  at  a 
distance  from  C equal  to  log  2 ; the  point  3 is  placed  at  a distance 
log  3 from  C,  and  so  on.  The  point  D,  being  at  a distance  of  one 
unit  from  C is  marked  10  because  log  10  = 1.  Also  the  point  E, 
being  at  a distance  of  two  units  from  C is  marked  100,  because 
log  100  = 2.  The  point  20  is  placed  at  a distance  of  log  20  from 


A 

B, 

1 1 ’62  8’55 


Fig.  3. — Mode  of  using  Slide  Rule  for  Division. 


C,  or  of  log  2 from  D (since  log  20  = 1 + log  2),  and  so  with  the 
other  numbers  30,  40,  etc.  The  intermediate  spaces  are  further 
similarly  subdivided.  Now  supposing  we  have  another  ruler, 

* Because  log  1=0. 


2 *52.ro9>  znu  r5JZ=Z-5Z.  V'%JT5~Z-5Z 
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AjBu  the  same  length  as  AB, 
graduated  in  exactly  the  same  way 
as  AB,  then  we  can  use  the  two 
rulers  to  find  the  product,  or 
quotient  of  any  two  numbers,  as 
follows  : 

(1)  To  Multiply  One  Number  by 
Another  (say,  3-85  by  142). — Place 
the  two  scales  alongside  each  other 
and  in  such  a way  that  the  zero 
point  of  the  lower  scale  AjBi  ( i.e 
the  point  marked  1),  is  situated 
exactly  under  the  point  correspond- 
ing to  the  division  3-85  of  the 
upper  scale  AB  (Fig.  2),  and  note 
the  number  a on  the  upper  scale 
which  lies  exactly  above  the  number 
142  on  the  lower.  The  number  a 
so  found  is  the  product  3-85  x 142. 
For  the  distance  Aa  is  equal  to  the 
sum  of  the  distances  A3-85  -f-  3-85a 

- A3-85  + Ajl42, 
i.e.,  log  a = log  3-85  + log  142. 

.*.  a = 3-85  x 142. 

Indeed,  a will  be  found  to  be  very 
nearly  5-5  on  the  scale  (the  exact 
product  being  547  to  two  decimal 
places). 

(2)  To  Divide  One  Number  by 
Another  (say,  8-55  by  1-62). — Place 
the  point  of  the  lower  scale  corre- 
sponding to  the  divisor,  viz.,  1*62, 
exactly  under  the  zero  point  of  the 
upper  scale  (Fig.  3),  and  note  the 
number  a of  the  upper  scale  corre- 
sponding to  the  dividend,  viz.,  8-55 
of  the  lower  scale.  The  number 
a so  found  is  the  required  quotient. 

For  the  distance 

A a = A^-BB  - AJ-62, 
i.e.,  log  a = log  8*55  — log  1-62. 

_ 8-55 

•**  a ~ 1-62* 
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Indeed,  a will  be  found  to  be  as  near  as  possible  5*28  (which  is 
the  correct  quotient).  The  student  is  recommended  to  procure 
a slide  rule  (obtainable  at  about  4s.)  and  use  it  for  the  purposes 
indicated  above.  A slide  rule  10  in.  long  gives  an  accuracy  of 
up  to  0-25  per  cent.  Longer  ones  give  greater  accuracy. 

For  the  use  of  the  slide  rule  for  involution  and  evolution  the 
reader  is  referred  to  special  books  on  the  subject. 

( b ) Calculating  Machines.— The  expert  mathematical  investi- 
gator will  need  an  elaborate  calculating  machine,  which  is,  how- 
ever, too  costly  for  the  ordinary  student. 

(For  other  methods  of  simplifying  arithmetical  work  see  pp.  23, 
38,  39  and  52.) 


CHAPTER  III. 


A FEW  POINTS  IN  ALGEBRA. 

I assume  that  the  reader  is  familiar  with  the  solutions  of 
simple  algebraical  equations,  such  as  x + 3 = 6,  giving  x = 3 ; 
and  with  the  addition  and  subtraction  of  fractions  such  as 

when  the  fractions  have  to  be  reduced  to  a 

x + 1 x — V 

common  denominator  (x  + 1)  (x  — 1)  and  added,  thus  : 

1 , 1 (*-1)  , . (x  ± 1) 

X + 1-  x — 1 (x  + 1)  (x  — 1)  (x  + 1)  (x  — 1) 

2x  __  2x 

(x  + 1)  (x  — 1)  ~~  (x2  — 1 )’ 

Having  refreshed  our  memories  with  regard  to  these  simple 
matters  I should  like  to  introduce  the  reader  to  two  simple 
points  which  have  a very  great  importance  in  higher  mathe- 
matics. These  two  matters  are  : 

(1)  The  distinction  between  an  equation  and  an  identity. 

(2)  The  meaning  of  the  term  partial  fractions . 

(1)  Equation  and  Identity. — Whilst  an  equation  like  x + 3 = 6, 
or  x2  + 4x  + 4 = 9 is  a statement  to  the  effect  that  two  alge- 
braical expressions  are  equal  for  certain  particular  values  of  the 
quantities  used  in  the  expressions — these  particular  values  being 
called  the  roots  of  the  equations — an  identity  is  a statement  that 
two  algebraical  expressions  are  equal  for  all  values  of  the  quantities 
used  in  the  expressions. 

Thus  x + 3 = 6 expresses  the  fact  that  if  you  substitute 
3 for  x,  the  two  expressions  on  either  side  of  the  equality  sign  ( = ) 
become  alike,  i.e.,  3 + 3=6. 

Similarly  x2  + 2x  + 4 = 9 is  only  true  when  x — + 1 or  — 5 ; 
thus  if  x = 1 we  have 

1 + 4 + 4 = 9, 

and  if  x = — 5 we  have 

25  - 20  + 4 = 9. 

But  x + 3 = 6 is  not  true  if  we  put  x = 1,  or  2,  or  any  other 
value  except  3 ; and  x2  + 4x  + 4 = 9 is  not  true  if  we  give  x 
any  value  other  than  + 1 or  — 5. 
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If,  however,  we  take  such  an  expression  as 

x 


or 


x 


x 


3=2. 


2 


11  1 

~^x  fi-  qpa?  ^ _1“  3 


or  (x  — 1)  ( x + 1)  = x 2 — 1, 

such  statements  are  identities,  because  whatever  value  you  give 
x in  any  of  these  expressions  the  result  is  always  true. 

The  following  identities,  which  the  student  can  verify  by  actual 
multiplication,  must  be  committed  to  memory,  and  should  be 
familiar  each  way  : 


(a  + b)2  = a2  + 2 ab  + b2 (1) 

(a  — b )2  = a2  — 2 ab  + b2  ......  (2) 

a2  — b2  = (a  + b)  (a  — b) (3) 

a3  — b3  = (a  — b)  (a2  + ab  + b2)  . • - . (4) 

a3  + b3  = (a  + b)  (a2  — ab  + b2)  . . . . (5) 

Another  important  identity  with  which  we  shall  deal  later  is 

the  binomial  theorem  (see  p.  64),  viz.  : 


(a  + b)n  = an  -h  nan  ~ lb 


n(n  — 1) 

TTY 


-a 


n 


~2b2 


+ 7 t)(”  ~ 2V  - 36^ 


+ 


1.2.3 
n(n  — 1) 


1.2 


a2 bn  ~ 2 + nabn  ~ 1 + b 


n 


These  identities  will  not  only  crop  up  continually  in  the  course 
of  our  manipulations,  but  they  are  sometimes  of  considerable 
use  for  the  purpose  of  simplifying  arithmetical  operations. 

E.g.,  (1)  22-92  - 22-12  = (22-9  + 22-1)  (22-9  - 22-1)  by  (3) 

= 45-0  x -8  = 36-00. 


(2)  Find  the  square  of  1-00013  correct  to  6 significant  figures. 

(1-00013)2  = (1  + 0-00013)2  = l+2  x 0-00013  + (0-00013)2by  (1) 

= 1-00026. 


(0-00013)2  being  equal  to  0-00000169  does  not  affect  the  6th 
significant  figure,  and  may  therefore  be  ignored. 

(3)  Find  the  value  of  1-0013  x 0-9987.  This  can  easily  be 
put  into  the  form  (a  + b)  (a  — b)  = a2  — b2. 

Thus  (1  + -0013)  (1  - -0013)  = l2  - -000169 

= 0-009891. 

Note . — The  student’s  attention  is  particularly  directed  to  identities  (1) 
and  (2)  which  are  of  fundamental  importance  in  the  solution  of  quadratic 
equations.  It  will  be  observed  that  if  an  expression  of  the  second  degree  is 
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a complete  square,  then  the  coefficient  of  the  third  term  is  the  square  of  half 
the  coefficient  of  the  middle  term  provided  the  coefficient  of  the  first  term 
is  unity.  Thus  in  the  given  identities,  the  coefficient  of  a%  is  1,  and,  there- 


fore, coefficient  of  62  is 


EXAMPLES. 


(1)  Prove  the  following  identities  : 

(1)  x (x  + 1)  (x  -f  2)  (x  -f-  3)  + 1 = (x2  + 3a;  + l)2- 

(2)  x (x  -j-  2)  (x  + 4)  (x  + 6)  + Hi  = or2  + 6a;  -f-  4)2. 

Hence  evaluate 

(a)  V 999,993  X 999,994  x 999,995  X 999,996  + T" 

(b)  ^9997993^  999,995  X 999^997_xH99;999^TG. 

(1)  (x  + 1)  (x  + 2)  = a;2  + 3a;  + 2. 

x (x  + 1)  (x  + 2)  (x  3)  = x (x2  -f-  3a;  + 2)  ( x + 3) 

= {x2  + 3a;  + 2)  (a;2  -f-  3a;) 

= { (a;2  + 3a;  + 1)  + l}{(a;2  + 3a;  + 1-)  — 1 } 
= (. r 2 + 3a;  + l)2  - 1. 

x(x  + 1)  (a?  + 2)  (a;  + 3)  + 1 = (x2  + 3a;  + l)2 

(2)  Similarly 

(x  + 2)  (x  + 4)  = a;2  + 6a;  + 8. 
x(x  + 2)  (x  + 4)  (x  + 6)  = (x2  + 6a;  + 8)  (x2  + 6a;) 

= | (x2  + 6a;  + 4)  + 4 } { (x2  -j-  6a;  + 4)  — 4 } 
= ( x 2 + 6a;  + 4)2  — 16. 

x(x  + 2)  (a?  + 4)  (x  + 6)  + 16  = (x2  + 6a;  + 4)2. 

(а)  If  we  put  x — 999,993  and  use  identity  (1),  we  get  — expression  under 
square  root  sign 

= (999,9932  + 3.999,993  + l)2. 
value  of  expression  = 999, 9932  + 3.999,993  + 1 

= (106  — 7)2  + 3.(106  — 7)  + 1 
= 1012  — 14.106  + 49  + 3.106  — 21  + 1 
= 1012  — 11. 106  4-  29  = 999,989,000,029. 

(б)  By  putting  x — 999,993  and  using  identity  (2)  we  get  expression 
under  V 

= (999, 9932  4-  6.999,993  + 4)2. 

.*.  value  of  expression 

= (999, 9932  4-  6.999,993  + 4) 

= (106  — 7)2  4-  6.(106  — 7)  4-  4 
= 1012  — 14.10°  + 49  4-  6.106  — 42  4-4 
= 1012  — 8.106  4-  11 
- 999,992,000,011. 

Exercise. — Evaluate  V 9991  X 9994  x 9997  x 1000  4-  81. 

[Answer,  99,910,009.] 
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This  introduces  us  to  another  important  point,  viz.,  the  fac- 
torisation of  a complicated  algebraical  expression. 

Law  of  Factors. — If  an  expression  like 

Axn  + Bx™-1  + Bxn — 2 + . . . Khr  + m 

contains  (x  — a)  as  a factor,  then  when  in  the  given  expression  x 
is  put  = g,  the  expression  must  become  = 0. 

This  is  almost  obvious.  For  if  (x  — a)  is  a factor  of  the  expres- 
sion, we  must  have 

Axn  -f  Bxn~l  + . . . + B.x  + m _ n 
(x  - a)  = 

where  Q is  the  quotient, 

.*.  Q (x  — a)  = Axn  + Bxn~1  + . . . -f  Kx  + m. 

This  being  an  identity  is  true  for  all  values  of  x. 

it  is  true  also  when  x — a. 

Put  x = a,  and  we  get 

Q x 0 = A -f-  B an~^  A . . . -|-  Kg  -f-  w. 

Aan  + Bg^-1  + . . . + Kg  + m = 0, 

i.e.,  if  Axn  + Bxn~1  + . . . + Kx  + m vanishes  when  x = 0,  then 
x = a contains  x — a as  a factor. 

EXAMPLES. 

(1)  Find  the  factors  of  x°  — 3a;2  — 10a;  -f  24. 

Put  x — 1 and  the  expression  becomes 

1 _ 3 _ 10  + 24  = 12. 

As  when  x is  made  = 1 the  expression  does  not  vanish. 

x — 1 is  not  a factor. 

Put  x — 2 and  the  expression  becomes 

8 — 3-4  — 10-2  + 24  = 8 — 12  — 20  + 24  = 0, 
x — 2 is  a factor. 

Divide  xS  — 3a;2  — 10a;  — 24  by  x — 2 and  the  quotient  is  a;2  — x — 12, 
the  factors  of  which  are  (x  + 3)  and  (x  — 4). 

Hence  x3  — 3a;2  — 10a;  + 24  = (x  — 2)  (x  + 3)  (x  — 4). 

Or  we  might  have  tested  for  a factor  x + 3 by  putting  x — — 3,  when 
the  expression  becomes 

— 27  — 27  + 30  + 24  = 0. 

.•.  x + 3 is  a factor. 

Similarly  bv  making  x = 4,  the  expression  becomes 

64  — 48  — 40  + 24  = 0. 

.'.  x — 4 is  a factor 

(2)  Find  the  square  root  of  x 4 + 4a;6  -f  10a;2  -f  12a;  + 9. 

x/a;4  + 4a;6  + 10a;2  + 12a;  -f-  9 = (a;2  + ax  -f-  3)2. 
a;4  + 4a:3  + 10a;2  12a;  + 9 = (a;2  -f-  ax  + 3)2. 

= x4  + 2«a;3  + (6  + a2)x2  12a;  + 9. 


Let 
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This  being  an  identity  the  coefficients  of  like  powers  of  x must  be  equal  to 
one  another. 

4x 2 = 2 ax°,  whence  a = 2. 

.*.  the  required  root  = x2  + 2x  + 3. 

(3)  Find  the  factors  of  a2(b  — c ) + b2(c  — a)  + c2(a  — b). 

By  putting  b — c,  the  expression  becomes 

0 + b2{b  — a)  + b2(a  — b)  — 0. 

.*.  (b  — c)  is  a factor. 

Similarly  (c  — a)  and  ( a — b)  are  factors. 

.*.  a2(b  — c)  + b2(c  — a)  -(-  c2(a  — b)  = K (a  — b)  (b  — c)  (c  — a)  . . . (1) 
where  K is  the  remaining  factor. 

Now  (1)  being  an  identity  is  true  for  all  values  of  a,  b,  and  c.  Put  a = 0, 
then  we  get 

0 + b2c  -j-  c2b  — K(  — b)  (b  — c)  c 
or  bc(b  — c)  — — K bc(b  — c). 

.-.  K = — 1. 

.•.  Required  factors  are  — (b  — c)  (c  — a)  (a  — b). 

Partial  Fractions. — Whenever  we  have  a fraction,  the  denomi- 
nator of  which  consists  of  the  product  of  two  or  more  factors, 
then  that  fraction  can  always  be  expressed  as  the  algebraical  sum 
of  a number  of  fractions,  each  of  which  has  as  its  denominator 
only  one  of  the  factors  of  the  original  denominator.  For  example, 
we  have  seen  that 

2 x 1 1 

x2  — 1 X + 1 x — 1* 


The  component  f ractio  ns 


and 


of  which  the  original 


x + 1 x — 1 

fraction  — , j is  composed , are  called  the  partial  fractions  of 


1 


x2  - r 


Now,  whilst  it  is  easy  to  add  together  several  simple  fractions 
to  get  a single  more  complicated  fraction,  the  reverse  process  of 
splitting  up  a complicated  fraction  into  its  simpler  constituents 
or  its  partial  fractions  is  not  always  so  easy,  although  it  can 
always  be  done.  In  the  higher  mathematics  such  splitting  of  a 
fraction  into  its  partial  fractions  is  very  often  necessary  (see 
pp.  148,  208  and  254),  and  we  shall  therefore  take  a few  typical 
cases  to  show  how,  by  making  use  of  the  properties  of  an  identity 
such  a splitting  can  be  effected. 


Example. — Supposing  we  did  not  know  what  the  partial  fractions  of 
Qcc 

T were.  How  can  we  set  about  to  find  them  ? 
x 2 f 

The  first  thing  we  have  to  do  is  to  discover  what  are  the  factors  of  the 
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denominator  of  the  given  fraction.  In  our  case  the  denominator  is  a2  — 1, 
and  we  know  that  (a2  — 1)  = (a  + 1)  ( x — 1),  so  that 

2x  2x 


a;2  — 1 (x  H-  1)  (x  1) 


Hence  we  know  that  our  fraction  must  consist  of  two  simpler  fractions, 
the  denominators  of  which  are  (x  + 1)  and  (x  — 1)  respectively.  The  only 
thing,  therefore,  that  remains  to  be  discovered  is,  What  are  the  respective 
numerators  of  these  component  or  partial  fractions  ? 

Call  these  numerators  A and  B,  and  we  get 


2x 


ix 


A 


+ 


B 


3-2  — ^ (a;  + 1)  (a- — 1)  x + 1 1 x — 1' 

If  now  we  perform  the  addition  of  these  partial  fractions  in  the  ordinary 
way  we  get 

A B A(x  — 1)  + B (x  + 1) 


X -f-  1 X — 1 

and  this  must  be  equal  to 


(a  + 1)  (a  — 1) 


2x 


(x  + 1)  (X  - 1 )• 

2x  _ A(a — 1)  + B(a  + 1) 


X 


• • (x  + 1)  (a  — 1)  {x  + 1)  (x 1)  * 

2x  = A(x  — 1)  -f-  B(a  + 1). 

This  being  an  identity  is  true  for  all  values  of  x ; let  us  therefore  put 
— 1,  when  we  shall  get 

2 = A(1  — 1)  + B(1  + 1)  = 2B. 

B = 1. 

Similarly  by  putting  x = — 1 we  get 

— 2 = — 2A 

A = 1. 


giving 


2x 


(x  + 1)  {x—  1) 


which  = 


A 


{x  + 1) 

1 

(x  + .1) 


+ 


B 


+ 


x — 1 

1 


X 


r 


EXAMPLES. 

(1)  Find  the  partial  fractions  of 

3a:  + 2 


x“  — 6ar  + 11^  — 6 


?2  — 6a:2 

We  first  find  the  factors  of  the  denominator  by  using  the  method  employed 
in  example  (1),  p.  25.  In  that  way  we  find  that 

a:3  — 6a:2  + 11a:  — 6 = [x  — 1)  (x  — 2)  (x  — 3). 

We  therefore  put  3~  --  3x  + 2 A , B . C 


Afa: 


x 
2)  (x 


6^2 


+ 


}x“  -p  11a;  — 6 x — 1 x 
3)  -f  B(.r  — 1)  (a;  — 3)  + C(a: 


2 x—3 

1)  (x  — 2) 


arJ  — 6a4  -(-  11a: 


3a’  + 2 = A (a 


:3  — 

2)  (a 


6 


3)  + B (a  — 1)  (a  — 3) 

+ C (a  — 1)  (a  — 2), 
an  identity  which  must  therefore  be  true  for  all  values  of  a. 
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By  putting  x — I we  get 

3 + 2 = A(—  1)  ( — 2)  + 0 
- 2A. 

• A — - 

By  putting  x — 2 we  get 

B = - 8 

and  by  putting  x — 3 we  get 

r =11 
Vy  3 * 

3a;  + 2 5 8 


+ 


11 


a;3  — 6a;2  + 11a;  — 6 2 (a;  — 1)  (x  — 2)  3 (x  — 3) 

The  importance  of  partial  fractions  will  be  realised  when  we  come  to  deal;  wi th 
differentiation  (p.  148,  Chapter  IX.)  and  integration  (Chapter  XVII.,  p.  254\ 

(2)  Resolve  into  partial  fractions 

s3  + 3a;  + 1. 

(1  — a;)4 

In  cases  like  this  where  the  denominator  contains  a power  of  a single 
factor  (called  a repeating  factor),  we  employ  a very  useful  artifice  or  dodge 
which  simplifies  our  operations  very  considerably. 

We  say,  let  1 — x — z 

.'.  x — 1 — z. 


Hence 


x3  + 3a;  +1  (1  - zf  + 3(1  - z)  + 1 


(1  - a;)4 


3 z + 3 z 


z 

9.  3 


+ 3 - 3z  + 1 


5 — 6z  + 3z"  — 


5 


6 3 

A ~2 

z 


6 


+ 


(1  — x )4  (1  — a;)3  (1  — xy  1 — * 


EXERCISES. 

(1)  Resolve  into  partial  fractions 

4a;2  + 2a;  — 14 


x6  + SaC  — x — 3 


(2)  Resolve  into  partial  fractions 

3a;3  — 5a;2  + 4 


f Answer,  — -\ ttvI 

L x -f-  1 x — 1 a;  + 3J 


[ 


Answer, 


(x  - l)3  (x2  + 1) 

1 3 


+ 


+ 


3(1  —2a;). 


(x  - 1 )6  2(x  - 1 y (x  - 1)  2(x*  + 1) 


] 
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SURDS. 

Definition. — A surd  is  the  root  of  an  exact  number  which 
cannot  be  exactly  determined,  and  which  cannot  therefore  be 
expressed  by  an  integer  or  by  a finite  fraction. 

E'ff-t  2j2  or  V5,  etc. 

Surds  frequently  occur  in  mathematical  work,  and  in  order  to 
reduce  the  labour  of  calculation  to  a minimum,  certain  artifices 
may  have  to  be  employed. 

Fa  V5  “I 

9 " vs  + r 

If  we  had  to  find  the  value  of  this  expression  by  first  extracting 
the  square  root  of  5,  which  is  2-2361,  and  then  performing  the 
various  operations,  the  work  would  be  laborious,  thus  : 

2-2361  - 1 _ 1-2361 
2-2361  | 1 ~ 3-2361 

= 0-38195. 

But  by  remembering  that  ( a + 5)  (a  — b)  — a2  — b2,  we  can 
simplify  our  work  very  greatly  by  rationalising  the  denominator 
as  follows  : 

Vs"  - 1 _ (a/5  - 1)  (V5  - 1)  _ (V5  - l)2 

V 5 + 1 ~ W%+  l)  (V5-  1)  ~ (\  5)2  - l 

= 5 - 2\/5  + 1 6 - 2 V"5 


1 


V'5 


2-2361 


•7639 


0-38195. 


Leaving  out  the  unessential  steps  the  work  would  appear  as 
follows  : 


V'5  - 1 = (V5  - l)s 
V5  + 1 _ i 


y'5 


2 

■7639 


= 0-38195. 


Find  the  value  of 


EXERCISE. 


V7  6 — V2 


_ given  V 2 


1-4142  and  a/3  = 1-7321. 

[Answer,  0-9C6.] 
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Irrational  Numbers. — All  surds,  as  well  as  incommensurable 
numbers  such  as  7 r,  or  e (p.  72),  which  cannot  be  expressed  in  the 
form  of  an  integer  or  simple  fraction,  are  called  irrational  numbers. 

Imaginary  Quantities. — Since  the  square  of  every  number, 
whether  positive  or  negative,  is  always  positive,  e.g.,  (+  a)2  = 
-f  a2,  and  ( — a)2  = + a2,  therefore  there  is  no  real  quantity 
known  whose  square  is  negative.  Hence,  's/  — 1,  or  y — 2,  or 
\/  — a can  only  be  imaginary,  since  their  squares  produce  nega- 
tive quantities,  thus : 

(V'7rl)2  = 7 1;  (a/77"^)2  = -2;  (a/77^)2  = - a. 

Definition. — An  imaginary  quantity  is  the  square  root  of  a 
negative  quantity. 

Such  imaginary  quantities  frequently  occur  in  mathematical 
analysis,  and  it  is  therefore  necessary  to  say  a few  words  about 
them  here. 

Notation. — V — 1 is  indicated  by  the  letter  i. 

Therefore  a/  — 2 = is/  2. 

V — 3 = i\/  3. 

V — 4 = i' y/  — 4 = 2 i. 

• • • • • • • • 

V7  — a = ia. 

Properties  of  Imaginary  Numbers. — 

(1)  Powers. — (i.)  i1  = i ; (ii.)  i2  = — 1 ; 

(iii.)  ft  = i2  x i — — 1 x i = — i ; 

(iv.)  i 4 = i2  x i2  — (—1)  X (—  1)  = 1. 

After  this  the  results  recur,  viz.,  i5  = i ; r6  = — 1,  and  so  on. 

(2)  If  a -f  hi  = c + df,  then  a = c and  = d.  For  {a  — c)  = 

( d — 6)f,  and,  therefore,  unless  a = c and  b — d,  when  each 
side  = 0,  we  shall  have  (a  — c)  which  is  real,  equal  to  (d  — b)i 
which  is  imaginary. 

EQUATIONS  AND  THEIR  SOLUTION. 

The  degree  of  an  equation  is  determined  by  the  index  of  the 
highest  power  of  the  unknown  quantity  in  the  equation. 

Thus  ax  + b is  an  equation  of  the  first  degree  (or  simple). 

ax 2 + bx  + c is  an  equation  of  the  second  degree  (or 
quadratic) . 

ax 3 + bx2  + cx  + d is  an  equation  of  the  third  degree  (or 
cubic). 

axn  + bxn  “ 1 + cxn  ~ 2 + ....  + lx  + m is  an  equation 
of  the  wth  degree. 
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Simple  Equations.— It  is  assumed  that  the  reader  is  familiar 
with  the  method  of  solving  a simple  equation  with  one  unknown, 

, 7 , b 

such  as  ax  + b — 0,  when  x = . 

’ a 

Quadratic  Equations. — The  solution  of  quadratic  equations  is 
very  important.  There  are  three  methods  of  dealing  with  such 
equations,  viz.  : 

{a)  Factorisation. — E.g.,  if  2a:2  — 5a;  — 3 = 0,  then  by  fac- 
torisation (2x  -f  1)  (x  — 3)  = 0. 

either  2x  + 1 — 0,  giving  x = — J, 
or  x — 3 = 0,  giving  x — 3. 

(b)  Application  of  the  Identity  (x  + A)2  = a;2  + 2Ax  + A2 

(p.  23).  If  the  factors  cannot  be  easily  detected,  then  we  proceed 
to  convert  the  equation  into  the  form  (x  + A)2  as  follows  : 

Let  equation  be  ax 2 + bx  + c = 0. 

.'.  x2  + ^~x  + ^ = 0. 

Cl  tv 


The  expression  is  divided  throughout  by  a in  order  to  make 
the  coefficient  of  x2  unity. 

Now  transfer  the  last  term  to  the  other  side,  thus  : 


x2  + - x = 
a 


c 

a 


If  now  we  add  to  each  side  the  square  of  half  the  coefficient  of  x, 
b\2  b2 


i. e.,  ^2 or  |^2  > then  Hie  left-hand  side  will  become  a perfect 
square  (see  note,  p.  23), 


thus 


x2  H — x + 


a 


or 


x + 


X 


b2 
T^2 
b\2 
2 a 

b 

h 2a 


c b2  b2  — 4 ac 
a ^ 4a2  ~ 4 a2 

b2  — 4 ac 


4a2 


x — 


+ A /b2  — 4 ac 
2 a ' 

— b -±:  Vb2  — 4 ac 


2 a 


Thus  in  the  example  given 

2x2  — 5a:  — 3 
a = 2,  b = — 5,  C 

5 ± a/25  + 24 


x = 


0 

- 3. 

5 + 7 


5-7 


or 


= 3 or  - i. 
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The  expression  x 


- b ± V& 


4 ac 


2 a 


for  the  roots  of  a 


quadratic  equation  lead  to  the  following  conclusions  : 

(1)  If  b2  = 4 ac,  then  the  expression  under  the  square  root  sign 

- b + 0 . 

— 2^ — j t.e.,  the  two  roots  are  equal. 


vanishes,  and  therefore  x 


(E.g.,  in  equation  4a;2  + 12a:  + 9, 

- 12  ± VIST1 


36-4 


x 


8 


i.e.,  the  two  roots  are  each  equal  to 


- 3 


(2)  If  b 2 > 4 ac,  then  the  expression  under  the  square  root  sign 
is  positive,  and  therefore  the  equation  has  two  real  roots. 

(E.g.,  in  equation  2a;2  + 5a;  + 3 = 0, 

5 ± \/ 25  - 24  5 + 1 


x — 


= ^-0I  -Lj 

(3)  If  b2  < 4 ac,  then  the  expression  under  the  square  root  sign 
is  negative,  and  therefore  the  equation  has  only  imaginary  roots. 
(E.g.,  in  equation  7a;2+5a;  + l=  0, 

- 5 ± V25  - 28  - 5 ± v • \ 


X 


14 


14 


- 5 ± W 3 
' 14 

(c)  Graphical  Methods  (see  p.  117). 

Higher  Equations. — All  equations  higher  than  quadratic  are 
best  solved  graphically  (see  p.  117),  unless  it  is  possible  to  deal 
with  them  by  the  method  of  factorisation. 

Example. — In  a problem  on  Biochemistry  (see  p.  223),  the  following 
equation  occurs  : 


(1  — n)  (A  — n) 

Find  the  value  of  a in  terms  of  A. 

Multiplying  out  we  get 

n2  — 4A  — 4A?i  — 4 w + 4?i2 

3a2  — 4w(A  + 1)  + 4A  - 0. 


or 
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This  is  a quadratic  equation  in  n similar  in  form  to  ax 2 -f-  bx  -j-  c,  except 
that  the  coefficients  are  different,  viz.  : 

a = 3 ; b = — 4(A  + 1)  ; c = 4A. 

11  = 2^  ( — b ± v b2  — 4a6) 

= g [4(A  + 1)  ± Vl6(A  + l)2—  48A] 

1 r . 

= g L4(A  + 1)  ± 4 V'A2  + 2A  + 1 — 3A] 

= t[2(A  + 1)  ± 2 Va2  - A + 7] 

= |(A  + 1 ± V'  A2  — A + 1). 

Simultaneous  Equations,  or  equations  with  more  than  one 
unknown  quantity. 

The  following  example  will  illustrate  a method  of  dealing  with 
such  equations  : 

Solve  12x  + 11  y = 12 (i.) 

42t  + 22  y = 40-5 (ii.) 

Multiply  the  1st  equation  throughout  by  2,  thus  : 

2ix  + 22  y = 24. 

Subtract  this  from  (ii.)  as  follows  : 

42x  + 22 y = 40*5 
24a?  + 22  y = 24 

18jc  ^"HKi 

_ 16-5  _ 11 

.*.  a?  - -qg-  - 12* 


If  now  we  substitute  this  value  of  x in  either  of  the  original 
equations  ( e.g in  (i.)  ),  we  get 

11 


or 


12  x + 11  y = 12 

11  + 11  y = 12. 
ll?y  = 1. 

1 

y = ir 


Hence  the  solution  is  x = y 

Yu 


i 

ii 


[Generally,  if  ax  + by  + c = 0 and  a'x  + b'y  + c'  — 0, 


then 


b’c  - 

X = 7j~- 

a b - 


be'  ac' 

w and  y = m 


a'c  “1 

W J 


D 
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Simultaneous  equations  can  also  be  solved  graphically  (see 
p.  117). 

Simultaneous  equations  occur  frequently  in  the  analysis  of 
curves. 

Example.- — How  much  bread,  cheese  and  butter  are  required  to  supply 
100  grm.  of  protein,  100  grm.  of  fat  and  500  grm.  of  carbohydrate  ? The 
following  being,  in  round  numbers,  the  percentage  compositions  of  those 
articles  of  diet. 


Protein. 

Fat. 

Carbohydrate. 

Bread 

8 

1 

50 

Cheese 

30 

20 

1 

Butter 

2 

80 

1 

Let  there  be  required 

x grm.  of  bread, 
y grm.  of  cheese, 
z grm.  of  butter. 

We  then  have  the  following  equations  : 


Protein  = 

= 0-08.r  + 0-3  y + 0-022 

= 100 

grm.  . . 

• • (i.) 

Fat  = 

= 0-OL-r  + 0-2  y + 0-802 

= 100 

grm.  . . 

. . (ii.) 

Carbohydrate  = 

= 0-5a;  + 0-01y  -j-  0-012 

= 500 

grm.  . 

. . (iii.) 

Multiplying  (ii.)  by 

8 we  get 

0-08#  + 1 -6y  + 6-4  z — 

800 

Subtract  (i.) 

0-08.r  -j-  0-3 y + 0-022  = 

100 

id  get 

1-3  y + 6-382  = 

700 

• • • • 

. . (a) 

Similarly  (iii.) 

0-5x  + 0-01y  + 0- 

012  = 

500 

(ii.)  X 50 

0-5x  -f  10  y + 40 

2 = 

5000 

By  subtraction 

9-99y  + 39- 

992  = 

4500 

in  round  numbers 

lOy  + 40 

2 = 

4500 

i.e.,  y + 4z  — 450  ( b ) 


Now  from  (a)  we  have 

1-3  y + 6-382  = 700 
Subtract  (6)  x 1-3  1-3 y + 5-2  z — 585 

M82  = 115 

2 = 97-5  grm. 

Substituting  this  value  of  2 in  ( b ) we  get 

y -f-  390  = 450. 

y = 60  grm. 

Substituting  these  values  of  y and  2 in  (iii.)  we  get 

0-5x  + -6  + -98  = 500 
0-5*  = 500  — 1-6  = 498-4. 

x — 996-8  grm. 

In  round  numbers  there  are  required 

1,000  grm.  or  2 lb.  3 oz.  of  bread, 

60  grm.  or  2-2  oz.  of  cheese, 

and  100  grm.  or  3-5  oz.  of  butter. 
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EXERCISES. 

(1)  How  much  cane  sugar  (C12H22011)  and  dry  albumen  (containing  15 
per  cent.  X and  53  per  cent.  C)  are  required  in  a mixed  dietary  to  furnish 
30  grm.  N,  and  350  grm.  C.  ? 

[Answer.  If  x — amount  of  sugar  and  y — amount  of  albumen  we 
have  0-15y  = 30.  y — 200.  Also,  formula  for  sugar  shows  it  to 
contain  42  per  cent,  carbon.  -42#  -f-  -53 y — 350  or  -42a;  + 106 
244 

= 350.  x = = 581.  Hence  581  grm.  of  sugar  and  200  grm. 

of  albumen  are  required.] 

(2)  Find  the  amount  of  bread,  meat,  suet,  butter  and  potatoes  required 
by  a man  doing  an  ordinary  amount  of  work  (i.e.,  to  supply  4 oz.  of  protein, 
3 oz.  of  fat,  16  oz.  of  carbohydrate),  given  the  following  composition  : 


Protein. 

Fat. 

Carbohydrates. 

Salts. 

Beef 

15 

8-4 

— 

1-6 

Bread  . . 

8 

1 

50 

1-5 

Salt  butter 

— 

80 

— 

3-0 

Potatoes 

2 

0-2 

21-84 

1-0 

[Answer.  1 lb.  beef,  5-2  oz.  bread,  1-42  oz.  butter,  3-8  lb.  potatoes.] 


CHAPTER  IV. 


A FEW  POINTS  IN  ELEMENTARY  TRIGONOMETRY. 


Trigonometry  has  to  do  with  the  relations  between  the  sides  of 
a right-angled  triangle,  the  other  angles  of  which  are  known. 

The  student  will  notice  that  if  one  of  the  other  two  angles  of  a 

right-angled  triangle  is  known,  then  the 
remaining  angle  is  also  known. 

For  in  any  right-angled  triangle  ABC 
(Fig.  4),  if  / B = 90°,  then  /s  A + B 
also  = 90°. 

(Since  the  sum  of  the  three  angles 
= 180°) 

if,  say,  angle  A is  known,  then  B 
is  also  known,  since  / B = 90°  — A. 

Thus  if  / A = 30°,  then  / B = 90° 
- 30°  = 60°. 

The  Trigonometrical  Ratios. — Supposing 
we  fix  our  attention  on  the  angle  A in 
the  right-angled  triangle  ABC,  then 

(i.)  the  side  BC,  which  is  opposite  the  angle  A,  is  called  the 
'perpendicular  ; 

(ii.)  the  side  AC  which  is  opposite  the  right  angle  is  called  the 
hypotenuse ; 

(iii.)  the  third  side  AB  which  is  adjacent  to  the  right  angle  and 
the  angle  A is  called  the  base. 

From  these  three  sides  we  can  form  six  different  ratios  as 
follows  : 


C 


Fig.  4. — Right-angled 
Triangle. 


A, 


BC  perpendicular 
L or  hypotenuse 
and  is  written  sin  A. 


is  called  the  sine  of  the  angle  BAC  or 


AB  base 
'U*'  AC  °r  hypotenuse 
and  is  written  cos  A. 


is  called  the  cosine  of  the  angle  BAC  or 
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...  BC  perpendicular.  „ _ . . _ . _ . 

(m.)  or is  called  the  tangent  of  the  angle  BAC 

or  A,  and  is  written  tan  A. 

..  AC  hypotenuse  . . _ 

iv.  or  t- — 1 — 1S  called  the  cosecant  of  the  angle 

BC  perpendicular  & 

BAC  or  A.  and  is  written  cosec  A. 


. . AC  hypotenuse  . „ , ^ ^ ^ 

(v.)  or  ^pag€r — r 1S  called  the  secant  of  the  angle  BAC  or 

A,  and  is  written  sec  A. 

-A.j3  focLSO 

(vi.)  gp  or  peII,endicillaT.  is  called  the  cotagent  of  the  angle 
BAC  or  A,  and  is  written  cot  A. 


The  important  ratios  to  remember  are  the  first  three,  viz., 
sin  A,  cos  A and  tan  A.  The  other  three  ratios  are  formed  by 
inverting  or  taking  the  reciprocals  of  the  first  three.  Thus, 


cosec  A ==  . 

sm  A 


sec  A = 


_1_ 

cos  A ’ 


cot  A = 


1 

tan  A' 


The  Powers  of  Trigonometrical  Ratios. — If  we  have  to  write 
the  square,  cube,  or  any  other  power  of  any  of  these  ratios,  e.g.} 
the  square  of  sin  A,  we  cannot  write  sin  A2  because  this  would 
mean  the  sine  of  the  angle  A2.  Hence  it  would  be  necessary  to 
write  it  as  (sin  A)2,  involving  the  use  of  brackets.  A simpler  way 
of  writing  it  is  sin2  A.  We  therefore  write  : 

Sin2  A instead  of  (sin  A)2,  or  sinwA  instead  of  (sin  A)n, 

Cos2  A instead  of  (cos  A)2,  or  cosw  A instead  of  (cos  A)n, 

Tan2  A instead  of  (tan  A)2,  or  tannA  instead  of  (tan  A)n, 
and  so  on. 


Note. — It  is  very  important  that  the  student  should  distinguish  between 
the  meanings  of  the  terms  geometrical  tangent , which  means  the  line  touching 
a curve  at  one  point  only,  and  the  trigonometrical  tangent  of  an  angle  which, 

perpendicular 

as  we  have  just  seen,  means  the  ratio  - — of  the  right-angled 

oase 

triangle  of  which  the  angle  is  the  angle  at  the  base  (and  opposite  the  per- 
pendicular). 

The  following  relations  between  the  various  ratios  are  most 
important : 

u)  S 'in2  A + cos2  A = 1,  whatever  the  angle  A may  be.  This 
is  almost  obvious  from  Fig.  4. 
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For 


. , BC2  j - i AB2 

sm2  A = and  cos2  A = 


sin2  A + cos2  A = 


AC2 

BC2 


AC2* 


AB2  AC2 


AC2  AC2 
Corollaries.-  -Sin2  A — 1 — cos 2 A ; cos 2 A 
sin  A 


1.  (Q.E.D.) 

1 — sin2  A. 


(ii.)  Tan  A = 


For 


cos  A' 

.inA-ganicA-g. 

sin  A AT)  BC 

- = BC  -+  AB  = -ps  = tan  A. 

cos  A AB 


(Q.E.D.) 


(iii.)  Similarly,  cot  A = *^-4. 

SXTb  jCX 

(iv.)  Sec2  A = 2 + tan2  A. 

1 sin2  A + cos2  A 


For 


sec2  A — 


cos2  A 


cos2  A 


(see  (i.)  ), 


sin2  A ^ cos2  A 
~ cos2  A cos2  A 
— tan2  A + 1 . 

(v.)  Similarly  cosec2  A — 1 -f  cot2  A. 


(Q.E.D.) 


Inverse  Ratios . — When  we  wish  to  say  that  A is  an  angle  whose  sine,  cosine 
or  tangent,  etc.,  is  equal  to  m,  we  write  as  follows  : 


or 


A — sin— 1 m ; or  A = cos— 1 m ; or  A = tan— 1 w,  etc.. 
A = arc  sin  m ; A = arc  cos  m ; A — arc  tan  m,  etc. 


Use  of  Trigonometrical  identities  for  Simplification  of  Arithmetical 
Operations. — Familiarity  with  a couple  of  trigonometrical  identities  occa- 
sionally affords  one  a ready  means  for  greatly  reducing  the  labour  involved 
in  some  complicated  arithmetical  operations.  The  identities  which  most 
readily  lend  themselves  to  such  use  are 


(1)  sin2  0 = 1 — cos2  0 ) 

(2)  sec2  0 = 1 + tan2  0-  i 


(See  also  p.  52.) 


By  means  of  the  first  of  these  identities  a difference  of  two  squares  is  reduced 
to  one  square  number,  and  by  means  of  the  second,  a sum  of  two  squares  is 
reduced  to  one  square  number. 


E.g.,  find  the  value  of 


A/(l  + x)  + a/1  — x , 

— /.  .. — . when  x 
Y 1 + x — V 1 — x 


■6202. 


Rationalising  the  denominator  by  multiplying  the  numerator  and  de- 
nominator by  V 1 Y x + y/ 1 — x (see  p.  29),  we  get 
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( V7 1 + x + V 1 — x )2 
( v7 1 + x — V7 1 — x)  ( V 1 + x + Vl  — x) 

= (1  + a;)  + 2 V7 1~^T2  + (1  ~ y) 

(1  + *)  — (1  — a:) 

_ 2 -j-  2 V1  — x 2 
2# 

1 4*  ^ 1 - — #2 

x 

_ 1 + V'l  _(-6202)2 
" -6202 

Now,  bearing  in  mind  the  identity  sin2  0 = 1 — cos2  9,  we  can  put 
•6202  = cos  0,  _______ 

and  then  * 1 — (-6202)2  becomes  V 1 — cos2  9 — sin  9. 

Now,  by  referring  to  a table  of  natural  cosines  we  find  that  an  angle  whose 
cosine  is  -6202  is  51°  40'. 

sin  9 = sin  51°40,  which  is  found  from  the  table  of  natural  sines 
to  be  -7844. 

our  expression  becomes 

1 + -7844  _ 1-7844  _ 

•6202  “ 0-6202 


Example  on  the  use  of  the  identity  sec2  9 = 1 -f-  tow2  9 
Find  the  value  of  (11  -782  + 5-672)  ~ 

11-782  + 5-672  = ll-782fl  + — 17 

\ 11-782/ 

= 11-782(1  + tan2  9)  (if  we  put 
= 11-782  sec2  9. 


tan  9 


(11-782  + 5-672)  = (11-782  sec2  9)  ~ * 

1 

” (11-782  sec2  9)i 
1 

“ 11-78  sec  9 
cos  9 
= lT-78' 

= °'4812- 

tan  9 = 0-4812.  9 — 25°  42'  (from  the  tables), 

cos  9 — cos  25°42  = 0-901 1 . 
cos0  _ -9011  _ 

1F78  “ IP78  “ 

(11-782  + o-672)-*  = -076; 


Now 
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(1) 


Prove  that 
tan  A -j-  cot  A _ 
tan  A — cot  A 

tan  A -f-  cot  A = 


EXAMPLES. 


1 

1 — 2 cos2  A 
sin  A cos  A 
cos  A sin  A 


_ sin2  A + cos2  A __  1 

sin  A cos  A sin  A cos  A 

. , . sin  A cos  A 

tan  A — cot  A = . — — — 

cos  A sin  A 

sin2  A — - cos2  A _ sin2  A -j-  cos2  A — 2 cos2  A 
sin  A cos  A sin  A cos  A 


1 - — 2 cos2  A 
sin  A cos  A 

tan  A -f  cot  A __  I .1  — 2 cos2  A 
tan  A — cot  A sin  A cos  A sin  A cos  A 

1 _ 

1 — 2 cos2  A 


(Q.E.D.) 


(2)  Prove  that  cos4  A — sin4  A = 2 cos2  A — 1 

(cos4  A — sin4  A)  = (cos2  A + sin2  A)  (cos2  A — sin2  A) 
= 1 x (cos2  A — sin2  A) 

= 2 cos2  A — sin2  A — cos2  A 
= 2 cos2  A — (sin2  A + cos2  A) 

= 2 cos2  A — 1.  (Q.E.D.) 


EXERCISES. 

Prove  the  following  identities  : 

( 1 ) tan  A . cosec  A = sec  A 

(2)  sin  A = 


tan  A 


Cl-)-  tan2  A 

On  the  Measurement  of  Angles. — In  the  same  way  as  logarithms 
are  used  to  one  of  two  bases,  viz.,  10  or  € (=  2*71828  . . .),  so  are 

angles  measured  in  one 
of  two  ways,  viz.  : 

(i.)  The  rectangular 
measure  — - with  the 
right  angle  as  the  unit. 

(ii.)  The  circular 
measure  — with  the 
radian  as  the  unit. 
Definition  of  Radian. 
A B = Length  of  radius  ■ — If  0 is  the  centre 

Fig.  5. — The  Radian  or  Circular  Unit  of  semicircle  ABC 

an  Angle,  (Fig.  5),  and  the  arc  AB 
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is  equal  in  length  to  the  radius  OA  or  OB,  then  the  angle  AOB 
is  called  a radian. 

Whilst  the  rectangular  measure  is  used  in  all  numerical  trigo- 
nometrical calculations,  the  circular  measure  is  used  in  all  theo- 
retical trigonometrical  analysis. 

The  Divisions  of  a Right  Angle.— -Each  right  angle  contains 
90  degrees  or  90°. 

Each  degree  contains  60  minutes  or  60'. 

Each  minute  contains  60  seconds  or  60". 

An  angle  68°  15'  36-7"  means  an  angle  containing  68  degrees, 
15  minutes  and  36*7  seconds. 

The  reason  why  the  circular  measure  is  used  in  higher  trigono- 
metry is  because  the  various  trigonometrical  ratios  can  be  cal- 
culated by  using  the  radian  as  the  unit — in  the  same  way  as  the 
various  logarithms  can  be  calculated  by  using  e as  the  base. 
Thus  we  shall  see  that 

sin  6 (where  0 is  expressed  in  radians) 

<93  05 


0 


cos  0 — 1 


tan  0 — 6 


1 . 2 . 3 + 

1.2^1  .2.3.4 

03 


1 . 2.3 .4.5 


6 6 


0 5 07 


+ 


1 .2. 3. 4. 5. 6 

. (see  p.  190). 


3 1 5 7 

To  convert  an  Angle  from  one  Measurement  into  Another. — 

The  whole  length  of  the  circumference  of  a circle  = 27rf.  Where 

22 


r = length  of  radius  and  ir  = 3-14159  or 


7 ‘ 


But  a radian  is  an  arc  whose  length  = length  of  radius. 

The  whole  length  of  the  circumference  = 2:7t  radians. 

Also  the  whole  circumference  contains  four  right  angles  = 360°. 
2-n-  radians  = 360°. 

360° 


Radian  — 


^7T 


180°  ion  7 

,7T  180  x 22 


= 57-296°. 

- 57° 17' 45-6" 

Conversely,  4 right  angles  = 277-  radians 


77* 

A right  angle  = ^ radians. 


and 


7 r 


1°  = 0/.  radians. 

ioU 


Hence,  by  calculating  a table  of  trigonometrical  ratios  by  means 
of  the  formulae  given  above,  one  can  easily  convert  them  into 
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the  rectangular  measure  by  multiplying  0 in  the  series  by  jgQ,  in 

the  same  way  as  one  can  reconvert  Napierian  into  common 
logarithms  by  multiplying  by  the  modulus. 

Angular  Velocity. — If  a wheel  makes  75  turns  per  minute,  this 
means  that  it  makes  1*25  turns  per  second.  This  again  means 
that  any  point  on  the  circumference  moves  through  an  angle  of 
360°  x 1-25  = 450°  in  one  second  But  360°  = 6-282  radians, 

PC 

therefore  450°  or  360°  x T = 6-282  x . = 7-8525  radians.  Hence 

4 4 

we  say  that  the  angular  velocity,  i.e.,  the  number  of  radians 
described  by  the  point  per  unit  of  time  is  7-8525  radians  per  second. 

Simple  Harmonic  Motion.— Let  a particle  P starting  from  A 
move  uniformly  round  the  circumference  of  a circle,  of  radius  r, 
in  the  direction  indicated  by  the  arrow  (i.e.,  anticlockwise) 


Fig.  6. — Harmonic  Motion. 


(Fig.  6).  Imagine  also  that  while  P is  moving  on  the  right  semi- 
circumference it  is  being  illuminated  by  parallel  rays  of  light 
falling  upon  it  from  the  right,  and  when  moving  on  the  left  semi- 
circumference it  is  illuminated  by  parallel  light  falling  upon  it 
from  the  left.  A shadow  of  P will  then  be  thrown  upon  the  dia- 
meter CD  at  M,  and  with  each  change  of  position  of  P upon  the 
circumference  there  will  be  a corresponding  change  of  position 
of  M upon  the  diameter.  Similarly,  if  the  shadow  of  P be  pro- 
jected upon  the  diameter  AB  at  N,  there  will  be  a corresponding 
change  in  the  position  of  N with  each  movement  of  P.  The 
motion  of  M or  N along  their  respective  diameters  is  a simple 
harmonic  motion. 
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Definition. — A simple  harmonic  motion  ( S.H.M .)  is  the  motion  of 
the  projection  upon  a diameter  of  a point  moving  uniformly  in  a 
circle. 

Let  co  — angular  velocity  of  P. 

Then  angle  AOP  = cot  (where  t = time  taken  for  P to  move 
from  A to  P).  And  the  distances  of  M and  N from  the  centre  0, 
will  be  given  by  OM  = y — r sin  at 

and  ON  = x = r cos  o ot. 

The  maximum  distance  of  either  projection  from  the  centre  is 
called  the  amplitude  and  is  equal  to  r. 

The  period  or  periodic  time  (T)  of  the  S.H.M.  is  the  time  taken 

2iTr 

by  N to  pass  from  A to  B and  back  again.  T = — . 

The  frequency  (/)  of  the  vibration  is  the  reciprocal  of  the  periodic 

. . r 1 CO 

time  so  that  j = = = 9 • 


The  Trigonometrical  Ratios  of  Certain 
Angles. — In  the  same  way  as  logarithm 
tables  give  the  logarithms  of  all  the 
numbers  from  1 to  100,000,  so  do 
trigonometrical  tables  give  the  values 
of  the  sines,  cosines,  tangents,  etc.,  of 
all  the  angles  from  1°  to  45°.  The 
method  of  finding  these  values  does  not 
concern  us  here.  There  are,  however,  a 
few  angles  the  trigonometrical  ratios 
of  which  can  be  easily  found. 

To  find  sin  45° ; cos  45° ; tan  45° 
(Fig.  7). 


C 


Fig.  7. — Isosceles  right- 
angled  triangle. 


If 

But 


A = 45°  then  C must  — 45°. 
AB  = EG. 

AC2  - AB2  + BC2 


- 2AB2  or  2BC2  . 


AC  = ABv2or  BC  </2. 


sin  A which 


cos  A 


BC  BC 
AC  BC  V 2 
AB  _ AB 
AC  ""  A I!  v 2 


1 

vr2 


V'2 

( V7  2 ) 2 

V 2 

2 


x/2 

2 ” 


tan  A 


BC 

AB 

V2 

T 


= 1 

; cos  45° 


V2 


tan  45°  — 1 . 


> • 


sin  45° 
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Similarly  it  can  be  easily  proved  that 
sin  60  = 


V ° 1 

; cos  60  = 0 ; tan  60  = v 3 ; 


sin  30  = ~ ; cos  30  = — - ; tan  30  = = 

2 2 V 3 

Also,  sin  90  = 1 ; cos  90  = 0 ; tan  90  = go  , 
sinO  = 0 ; cosO  = 1 ; tanO  = 0. 

EXAMPLES. 

(1)  Find  0 from  the  equation  4 sin  9 = cosec  9. 

(assuming  that  9 is  less  than  a right  angle.) 

Cosec  9 = -J— -. 

sm  9 

„ . 1 

4 sm  9 = — 
sm  6 

i.e.,  4 sin2  0 = 1. 

2 sin  0 = 1. 

1 


V_3 

3 ‘ 


sin  9 = + 


2 » 


The  value  of  9 which  makes  sin  9 = — ~ is  greater  than  a right  angle. 


we  take  only 


sin  9 


2 

1 

2 ’ 

9 = 30°. 


wnence 

(2)  Find  9 from  the  equation  tan  0 = 3 cot  9. 

(assuming  that  9 is  less  than  a right  angle.) 


Cot  9 = 
tan  9 = 


1 


tan  9' 
3 


Ignoring  tan  9 


tan  9' 

tan2  0 = 3. 
tan  0 = dr  V 3. 

\/  3,  we  get  tan  0 = \/  3. 
0 = 60°. 


5 


(3)  Find  0 from  the  equation  cos2  0 + 2 sin20  — ^r-sin0  = 0. 

u 


Cos2  0=1  — sin2  0. 


equation  becomes 


5 


or 


1 + sin2  0 — g sin  0 = 0 
sin2  0 — 77  sin  0+1=0. 
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Making  the  left-hand  side  of  the  equation  a complete  square  by  adding 
9 

jg  (see  p.  31,  we  get 


^5 


sir  0 — „ sm  9 + ^ 


2 

or  ( sin  6 


16 


9^ 

16 

3\  2 


sin  9 


D - ®- 

5 = ± 3 
4 


1 


sin  9 = g or  2,  whence  0 


4 

30°. 


The  equation  sin  9 = 2 is  an  impossible  one,  since  there  can  be  no  angle 
whose  sine  is  greater  than  1. 

EXERCISES. 


(1)  Simplify  cos4  A + 2 sin2  A cos2  A. 

[The  expression  ==  (cos2  A + sin2  A2)  — sin4  A 
= 1 — sin4  A.] 


Fig.  8. — Alteration  in  Angle  of  Pull  of  Muscle  during  Contraction. 
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(2)  Solve  the  equation  8 cos2  d — 8 cos  0 + 1=0. 

2 + v72  1 
Answer,  Cos  6=  — J 

Angle  of  Pull  of  Muscle. — The  amount  of  work  performed  by  a 
muscle  depends  upon  a number  of  factors,  viz.  : 

(1)  The  number  of  contracting  fibres. 

(2)  Their  arrangement. 

(3)  Their  degree  of  contraction. 

(4)  The  angle  they  make  with  the  bone  to  be  moved. 

The  angle  of  pull  keeps  on  altering  as  the  bone  keeps  on  moving. 

Thus,  if  A is  the  origin  of  a muscle, 
B is  its  insertion,  and  0 the  joint 
between  the  two  bones  (Figs.  8 and  9), 
it  is  seen  that  the  angle  of  pull  ABO 
keeps  on  altering  as  the  bone  OB,  or 
the  insertion  B,  moves  upwards  from 
Bi  to  B4.  Now,  the  effective  com- 
ponent of  the  contractile  force  F of 
the  muscle  is  the  component  BC 
acting  perpendicularly  to  the  moving 
bone  = F sin  0. 

Hence,  as  the  bone  OB  gets  pulled 
up  and  0 increases  from  0\  to  02>  the 
vertical  component  increases  from 
BCi  to  BC2.  When  the  moving  bone 
is  in  such  a position  OB3  that  63  is 
a right  angle,  then  the  whole  of  the 
force  of  the  muscle  is  spent  in  moving 
the  bone,  since  B3C3  then  coincides 
with  AB3.  When  OB  gets  pulled 
up  still  further  to  OB 4 §4  becomes 
greater  than  a right  angle  and  the  contractile  force  of  the  muscle 
becomes  resolvable  again  into  a vertical  and  horizontal  force,  so 
that  the  effective  pull  of  the  muscle  begins  to  decrease. 

The  maximum  force  of  the  muscle  upon  the  moving  bone  is 
therefore  obtained  when  0 — 90.  We  then  have  F sin  0 = F sin 
90  - F. 

Similarly,  the  minimum  force  of  the  muscle  exerted  upon  the 
bone  is  when  OB  is  parallel  to  the  axis  of  the  muscle  0 is  then  = 
0 and  F sin  0 — F sin  0 = 0. 

Force  of  Muscle. — The  force  which  a muscle  exerts  in  pulling 
its  insertion  to  its  origin  depends,  amongst  other  things,  upon 
the  direction  of  its  fibres. 

(a)  Direct  Prismatic  Muscle  ( e.g .,  Masseter,  etc.). — In  muscles 


Fig.  9. — Showing  increase  in 
Value  of  the  Effective  Com- 
ponent BC  with  increase  of 
Angle  of  Pull  of  Muscle  (up 
to  a right  angle). 
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of  this  type  (Fig.  10),  the  fibres  are  all  rectilinear,  parallel  to  one 
another,  and  are  attached  at  right  angles  to  the  lines  of  origin 
and  insertion.  (AB  = origin,  CD  = insertion.) 

Let  / = contractile  force  of  each  fibre  (of  which  ^ may  be  con- 

f 

sidered  to  pull  AB  towards  CD,  and  the  other  half,  |,  pulls  CD 
towards  AB). 

Let  n = number  of  fibres  and  F = total  force  of  muscle. 

F Ylf 

Then  clearly  F = nf  (of  which  half,  viz.,  or  acts  in  the 


Fig.  10. — Arrangement  of  Fibres 
in  Direct  Prismatic  Muscle. 


Fig.  11. — Arrangement  of  Fibres 
in  Rhomboid  Muscle. 


F Tbf 

direction  towards  CD  and  the  other  half,  or  ~9  acts  in  the  direc- 

Z Z 


tion  towards  AB). 

Also,  the  line  of  action  of  F will  be  where  E and  F are  the  middle 
points  of  AB  and  CD  respectively. 

(b)  Rhomboid  Muscles  (e.g.,  Intercostals,  Rhomboids,  etc.). — In 
this  group  of  muscles  the  fibres  are  also  rectilinear  and  parallel, 
but  they  are  attached  obliquely  to  the  lines  of  origin  and  inser- 
tion (Fig.  11). 

Here,  again,  F = nf,  acting  in  the  line  EF.  But  as  EF  is  oblique 
to  AB  and  CD  let  its  inclination  to  each  of  these  lines  be  = 0,  and 
let  each  half  of  this  resultant  force  F be  split  up  into  two  com- 
ponents, viz.  : 

(1)  EK  and  FM  acting  along  the  lines  of  origin  and  insertion 
but  in  opposite  directions — tending  to  make  the  muscle  pris- 
matic. 
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(2)  EL  and  FN  acting  perpendicularly  to  the  lines  of  origin  and 
insertion  and  pulling  the  insertion  towards  the  origin. 

F 

We  then  have  EK  = FM.  = cos  0 
EL  = FN  = sin  0. 

Hence,  total  force  tending  to  make  muscle  prismatic  = F cos  0 , 
and  total  force  tending  to  pull  the  origin  and  insertion  towards 
each  other  = F sin  0. 


Fig.  12. — Arrangement  of  Fibres  in  Penniform  Muscle. 

(c)  Penniform  Muscles  (< e.g .,  Mylohyoid,  Accelerator  Urinse, 
etc.). — In  muscles  of  this  type  the  arrangement  of  the  fibres  is 
as  shown  in  the  diagram  (Fig.  12). 

AB  and  A'B'  are  two  lines  of  origin  and  CD  is  the  line  of 
insertion. 

It  will  be  seen,  therefore,  that  such  a muscle  consists  practically 
of  two  rhomboid  arrangements  symmetrically  situated  with 
regard  to  the  line  of  insertion. 

The  total  force  pulling  CD  up  in  the  direction  of  the  arrow  due 
to  action  of  each  half  of  the  muscle  = F cos  0 (see  b (2),  above) 
resultant  force  R = 2F  cos  0. 

( d ) For  Fan-shaped  muscles,  see  p.  242. 
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EXAMPLES. 

(1)  The  hand  holds  a weight  of  10  lb.  The  forearm  is  inclined  at  45°  to 
the  horizontal,  and  in  this  position  the  angle  of  pull  of  the  biceps  is  75°. 
What  is  the  force  with  which  the  biceps  must  pull  in  order  to  hold  the 
weight  ? 


Fig.  13. — -Calculation  of  Effective  Component  KL  of  Biceps  Muscle  BK. 


The  effective  component  KL  of  the  force  F of  the  muscle  = F sin  75 
(see  Fig.  13). 

by  the  principle  of  levers 

F sin  75  x OK  = AC  X OC  = 10  X OA  cos45 


Fig.  14. — Calculation  of  Work 
of  Contraction  of  Penniform 
Muscle. 


= 10  X 12  X y 

= 60  V2  = 84-84  lbs. 
84-84  _ 84-84  _ 42-42 

OK  sin  75  2 sin  75  0-96593 

- 43  9 lb. 


(2) — (a)  Find  the  work  done  by  the 
contraction  of  a penniform  muscle. 
( b ) The  angle  made  by  the  fibres  of  the 
mylohyoid  with  the  central  raphe  is 
45°.  If  the  longest  fibre  contracts  by 
inch,  how  far  will  the  middle  point  of 
the  hyoid  bone  be  drawn  up  ? 

(a)  Work  is  measured  by  force  multi- 
plied by  the  distance  through  which  it 
acts  in  its  own  direction. 

Now,  fixing  our  attention  to  the  right 
side  of  the  penniform  muscle,  let  DB 
represent  one  fibre,  which  by  contraction 
pulls  the  point  B up  to  C.  The  fibre  DB 
will  therefore  have  contracted  to  DC. 


B. 


K 
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Now,  if  CE  is  dropped  perpendicular  to  DB  (Fig.  14),  then  BE  is  equal  to 
the  amount  of  shortening  of  DB  (since  DE  is  very  nearly  = DC),  and  BC  is 
the  distance  through  which  B has  been  moved. 

But  BC  = -5^  = BE  sec  0, 

cos  0 

and  the  component  of  the  complete  force  in  the  direction  BC  = 2F  cos  6. 

work  done  = 2F  cos  6 . BE  sec  0 
= 2F  . BE. 

But  2F  . BE  is  the  work  inherent  in  the  muscular  fibres  if  arranged  in  a 
prismatic  manner. 

work  done  by  penniform  muscle  = that  done  by  prismatic  muscle  of 
the  same  length  of  fibre. 

( b ) From  formula  BC  = BE  sec  0, 

we  have  BC  = ,-7.  sec  45 


= -14  inch. 


(3)  In  a Hiifner’s  spectrophotometer,  the  extinction  coefficient  is  given 
by  the  formula  e — — log  cos2  (p,  where  <p  is  the  angle  through  which  a 
Nichol’s  prism  has  to  be  rotated  to  restore  equality  of  spectra.  Find  e,  when 
(j>  = 61°  52'. 

Log  cos2  (p  = 2 log  cos  (p  — 2 log  cos  61°  52" 

= 2 X (D6735)  (from  table) 

= 2 x 0-6735  — 2 
= 1-347  — 2 
— -653. 

e — — 2 log  cos  <p  — -653. 


The  Trigonometrical  Ratios  of  the  Sum  or  Difference  of  Two 
Angles. — The  following  identities  in  virtue  of  their  very  frequent 
occurrence  in  mathematical  work,  are  important : 


Sin  (A  + B)  = sin  A cos  B + cos  A sin  B 

Sin  (A  — B)  = sin  A cos  B — cos  A sin  B 

Cos  (A  + B)  = cos  A cos  B — sin  A sin  B 

Cos  (A  — B)  ==  cos  A cos  B + sin  A sin  B 


a) 

(2) 

(3) 

(4) 


Tan  (A  + B) 


tan  A + tan  B 
1 — tan  A tan  B 


(5) 


Tan  (A  — B) 


tan  A — tanB 
1 + tan  A tan  B 


(6) 


It  is  not  necessary  to  give  a complete  proof  of  each  of  these 
identities,  but  it  may  be  well  if  the  student  will  study  the  proof  of 
the  first  of  these  formulae  as  a type. 

Let  MON  = / A and  NCK  = /B  (Fig.  15). 
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15. To  show  the  Trigonometrical  Ratios  of  the  Sum  of  Two  Angles. 


Drop  NM  J_r  to  CM. 

Draw  NIC  J_r  to  CN  meeting  CK  in  K. 

Drop  ICD  J_r  to  CM  and  NP  ||  DM  meeting  ICD  in  P. 
Then 

KD  ICP  + PD  KP  + NM  KP 

sin  (A  + B)  = 

KP  _ . , 

; ana 


Now 

But 

and 


CK 
KP  . KN 


CK 


ICN  .CK 
KP 


CK 

NM  __  NM  . CN 
CK  CN7CK’ 


NM 

CK'  + CK* 


Also 

and 


ICN 

KN 

CK 

KP 

CK 

NM 

CN 

CN 


CK 

NM 


CK 


= cos  PKN,  i.e. , cos  A, 

« 

= sin  B. 

= cos  A sin  B. 

= sin  A, 

= cosB. 

= sin  A cos  B. 


• /A  -ox  , . 1 KP  NM 
sin  (A  + B)  which  = ^ 


= cos  A sin  B 9+  cos  B sin  A. 

(Q.E.D.) 


Note. — From  the  formula  tan  (A  -j-  B)  = 


tan  A + tanB  . 


1 


7T 


if  A = 45°  or  then 


, , T>\  1—1 

tan^  + BJ  = j— 


tan  A tan  B 

1 — tan  45  tan  B 1 + tan  B 
tan  45  tan  B — 1 — tan  B* 


it  follows  that 


IS  t 
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This  identity  as  well  as  the  identity  tan 


1 — tan  B 

x_  , 1 + tan  B 

are  also  of  use  for  simplification  of  arithmetical  manipulations. 

Example. — Without  performing  the  ordinary  arithmetical  operations,  find 
the  value  of  -3772 


Since  -3772  = 1 — -6228, 
fraction  becomes 


1-6228* 

1 — -6228 
1 + -6228* 


Call  0-6228  tan  6,  when  the  expression  becomes 


1 — tan  9 
1 + tan  9 


= tan  (45  — 6). 


But  the  angle  whose  tangent  is  -6228  is  31°55'  (from  the  table  of  tangents). 


•3772 

1-6228 


= tan  (45  — 31-55) 


= tan  13°5' 

= -2324.  Answer. 

The  sin  (A  + B)  and  cos  (A  + B),  etc.,  formulae  may  be  used 
to  calculate  the  numerical  values  of  the  trigonometrical  ratios 
of  15°,  75°,  etc. 

Thus 

sin  15  = sin  (45°  — 30°)  = sin  45°  . cos  30°  — cos  45°  . sin  30° 

y/2  V§  V2  1 

2  • 2 2 '2 

= ws  - 1). 

Similarly 

cos  15  = cos  (45°  - 30°)  = cos  45  . cos  30  + sin  45  sin  30 

_ V2  VS  , V2  1 

2 ’ 2 ' 2 * 2 

= A?(V3  + 1). 

Hence 

for,  ik  _ sin  15°  = V3  — 1 _ (a/3  — 1)  (a/3  — 1) 
dn  J _ cos  15  V§  + 1 _ (v/3  + 1)  (VS-  1) 

3 - 2VS  + 1 

(VS)2  - 1 

4 - 2 VS 
2 


= 2 - VS 


8» 
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Important  Corollaries  to  the  Sum  and  Difference  Formulae. 


By  adding  identities  (1)  and  (2)  on  p.  50,  we  get 

sin  (A  + B)  + sin  (A  - B)  = 2 sin  A cos  B. 

If  we  put  (A  + B)  = P 
and  (A  — B)  = Q, 

, * P + Q 

we  get 


and 


A 

B 


2 

P - Q 


• nr)  | • r\  o * (P  + Q)  (P  ~ Q) 

sm  P + sin  Q = 2 sin „ . cos „ — 


Similarly  sin  P — sin  Q = 2 cos 


(P  + Q)  • (P  — Q) 


sm 


2 


-p.  . 0 (P  + Q)  (P  - Q) 

cos  P + cos  Q = 2 cos v — jT — - cos v — = — - 


t>  r\  o • (P  Q)  . (P  — Q) 

cos  P — cos  Q = 2 sm ~ . sm 0 — - 


(а) 

(б) 
(o) 

(d) 


These  identities  are  of  very  great  importance  because  not  only 
are  algebraic  sums  converted  by  their  help  into  products  which 
are  amenable  to  logarithmic  computation,  but  they  come  in  very 
useful  in  various  trigonometrical  manipulations. 


CHAPTER  Y. 


A FEW  POINTS  IN  ELEMENTARY  MENSURATION. 

The  relation  between  area  and  volume  is  a matter  of  very 
great  importance  in  many  physiological  problems,  and  it  is 
therefore  necessary  for  the  student  to  refresh  his  memory  with 
regard  to  the  area  and  volume  of  a few  of  the  commoner  geo- 
metrical figures. 


Fig.  16. — Area  of  a Parallelogram. 


Area  of  a Parallelogram  ABCD  = DC  . AE  (Fig.  16)  (where 
AE  is  the  perpendicular  dropped  from  A to  DC). 

(a)  Hence,  area  of  a rectangle  AEFB  — AB  . AE,  i.e.,  area  of 
rectangle  = 'product  of  the  two  sides. 

(b)  Further,  if  the  four  sides  of  the  rectangle  are  equal  the 
rectangle  becomes  a square,  and  its  area  = a2  where  a = length 
of  one  of  the  sides. 

Area  of  a Triangle  DEC  = ^ DC  . BF  (where  BF  is  the  per- 


pendicular dropped  from  the  apex  to  the  base  DC  or  to  the  base 
DC  produced  in  Fig.  16). 

(a)  If  two  sides  DC  and  DB,  as  well  as  their  included  angle  D 
is  known,  then, 


since 


BF 

DB 


= sin  A,  or  BF  = DB  sin  A, 


area  of  triangle  = ~ DC  . DB  sin  A, 
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i.e.,  area  of  a triangle  = half  the  product  of  two  sides  and  the  sine 
of  the  included  angle. 

1 

(6)  Area  of  Right-angled  Triangle  BDF  (Fig.  16)  = BF  . BF. 

u 


(c)  Area  of  Equilateral  Triangle  ABC 

= \ BC  . AB  sin  B (Fig.  17), 

1 


= 2 BC2  sin  60, 

^ -Bt  . 2 


BC2 


V3 

4 • 


Area  of  a Circle  = m2  (Fig.  18). 

Where  r = radius,  and  rr  = relation 
between  length  of  circumference  and 

22 

diameter  = 3*1416  or  -=-. 


A 


Fig.  17. — Area  of  Equi- 
lateral Triangle. 


(a)  Area  of  Annulus,  or  Circular  Ring  (Fig.  19). — In  the  dia- 
gram it  is  seen  that  the  area  of  the  circular  ring  is  equal  to  the 


difference  between  the  areas  of  the  two  concentric  circles  or 
radii  rx  and  r2  respectively. 


area  of  annulus 


7 xr-p- 

7r(f  2 


- r22) 

= 7r(ri  + r2)  (rl  - r2). 

E g.,  if  r1  = 10  in.,  and  r2  = 9 in.,  then 

area  of  the  annulus  = 7r(10  + 9)  (10  — 9) 

==  19?r  . = 59*7  sq.  in. 
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(b)  Area  of  a Sector  of  a Circle  AOB  (Fig.  20) .-—If  0 be  the  value 
of  the  angle  of  the  sector  in  radians,  then 

area  of  sector  0 

total  area  of  circle  2V 

(9 

area  of  sector  = „ - X area  of  circle 

£7T 


Fig.  20. — Area  of  a Sector 
of  a Circle. 


" 2tt  • 
= 2 r 


Fig.  21. — Volume  of  Cube. 


Volume  of  Cube  = a3  where  a — length  of  one  of  the  sides. 

Surface  of  Cube  = 6a2  (Fig.  21). 

surface  of  cube  6a2 


volume  of  cube 


6 

a 


Corollary. — If  side  of  cube  is  of  unit  length,  then  the  extent  of 

6 V 


its  surface  is  six  times  its  volume  ( since  — — ^ 


V a 1 

If  a = 2 units,  then  extent  of  its  surface  is  three  times  its 

volume  ( since  5 = ~ = 3^) . 

\ a 2 / 

If  a = l unit,  then  extent  of  its  surface  is  twelve  times  its 

L. i ' 

volume  f since  — = ~ = 12  ) . 

\ a 0*5  / 
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Hence  (a)  As  a cube  increases  in  volume , its  surface  relatively 
diminishes. 

(b)  As  a cube  decreases  in  volume  its  surface  relatively  increases. 


Sphere.— 


Volume 


Surface  = &7r  r2. 

surface  of  sphere  inr2 
volume  of  sphere  ~~  4 


3r 


Hence,  as  in  the  case  of  the  cube, 

(a)  As  the  sphere  increases  in  volume,  its  surface  relatively 
diminishes. 

(b)  As  the  sphere  diminishes  in  volume  its  surface  relatively 
increases.  ( Cf . table  in  example  5,  p.  325.) 

Prism  (rectangular). — If  a,  b,  c,  be  the  lengths  of  the  sides  of 
prism  (Fig.  22)  then, 


Area  = 2 (ab  + be  -j-  etc). 
Volume  = abc. 

Diagonal  BE  = -\/EG2  + GB2 

= VEG2  + GC2  + BC2 

= V c2  + a2  + b2. 


F E 


Fig.  22. — Volume  and  Area  of  Rectangular 

Prism. 


Fig.  23. — Volume  and 
Area  of  Cylinder. 


Cylinder  (Fig.  23). — 

Area  of  curved  surface  = circumference  of  base  X height. 

= 27 rrh. 

Volume  = area  of  base  x height. 

■ 7 rr2h. 

Total  area  = area  of  curved  surface  + areas  of  two  ends. 
= 2-n-rh  + 27 rr2. 

— 2t rr(r  + h). 
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Cone  (Fig.  24). — Volume,  V 


Curved  surface,  S = 7 rrl  = 7 rrs/h2  -V  r2. 

Total  surface  = area  of  curved  surface  -f-  area  of  base. 

= 7 rrl  + 7 rf2  = 7t/(£  + f). 


Fig.  24. — Volume  of 
Cone. 


Ellipse  (Fig.  25). — If  2a  and  2 b denote  the  lengths  of  the  major 
and  minor  axes,  then  circumference  = n(a  -f-  b)  approximately, 
and  area  ~ 7 rah. 


EXAMPLES. 

(1)  Find  the  radius  of  a circle  equal  in  area  to  that  of  an  ellipse  whose 
axes  are  10  and  8 ft. 

If  r = radius  of  the  circle,  then  its  area  = -nr2. 

10  8 

But  area  of  ellipse  = ir  X V X 2 = ^7r  scb 

.".  7 r?'“  = 20n- 
r2  = 20 

whence  r = v 20  = 2 V5 

= 4-472. 

(2)  It  has  been  found  that  the  average  diameter  of  an  adult’s  pulmonary 
air-cell  = 0-2  mm.,  whilst  that  of  an  infant’s  air-cell  (at  birth)  = 0-07  mm. 
Assuming  that  these  air-cells  are  spherical,  and  that  the  total  volume  of  the 
lungs  = 1,617  c.c.  in  the  adult,  and  67-7  c.c.  in  the  new-born  infant,  find  the 
total  number  of  air-cells  and  their  total  surface  in  the  adult  and  in  the  new- 
born infant. 

4 

Volume  of  single  air-cell  in  adult  = -7r(0-2)0  cub.  mm.  (p.  57) 

= 0-004  cub.  mm. 

4 O 

= x7r(0-07F  cub.  mm. 
o 

= 0-00018  cub.  mm. 


Volume  of  single  air-cell  in  new-born 


A FEW  POINTS  IN  ELEMENTARY  MENSURATION. 


59 


total  number  of  air-cells  in  adult  = 


1617  X 103 * *  1617  X 106 


0004 


404  X 106, 


And  total  number  of  air-cells  in  new-born  — x , 


000018 
677  X 107 


18 


= 376  x 106, 

i.e.,  the  number  is  approximately  the  same  at  birth  as  in  the  full-growth 
adult,  viz.,  about  4 x 108. 

Surface  of  single  air-cell  in  adult  = 47r(0-2)2  = 0-125  sq.  mm. 

/0-07\2 

Surface  of  single  air-cell  in  new-born  = 47r(  — — ] = 0-0154  sq.  mm. 

total  surface  of  air-cells  in  adult  = 4 X 108 * * *  X 0-125  sq.  mm. 

= 0-5  X 106  = 500,000  sq.  cm, 

= 50  sq.  metres. 

And  total  surface  of  air-cells  in  new-born  = 0-0154  X 4 x 108  sq.  mm. 

= 6 sq.  metres. 

total  surface  of  air-cells  in  new-born  is  -g  that  in  the  adult. 


Hence  we  see  that  whilst  the  volume  of  the  infant’s  lungs  is  only  about 

1 1 
that  in  the  adult,  the  total  surface  of  their  alveoli  are  as  much  as  Q that 

in  the  adult — showing  that  the  gaseous  exchange  is  very  active  in  young 
infants,  i.e.,  about  three  times  as  active  as  in  the  adult.  (See  W.  M.  Feldman, 
“ Principles  of  Ante-Natal  and  Post-Natal  Child  Physiology,”  Longmans, 
1920.) 


(3)  The  following  has  been  found  to  be  the  percentage  composition  of 

ordinary  bacteria  : water,  85  per  cent.  ; solids  15  per  cent.,  of  which  1 part 
in  a thousand  consists  of  sulphur. 

Assuming  that  the  weight  of  a molecule  of  any  element  = M X 8-6  X 

10  mgm.,  where  M = molecular  weight  of  the  element,  how  many 

molecules  of  sulphur  does  a micrococcus  of  diameter  0-15y  (y  ='Jqqq  mm.) 

contain  ? 

Assuming  the  micrococcus  to  be  spherical,  its  volume 

= ~7r(0-075^)3 

= 18  X 10~13  cub.  mm. 

Taking  its  sp.gr.  = 1, 

then  its  weight  = 18  X 10“ 13  mgm. 


60 


BIOMATHEMATICS, 


Now,  weight  of  sulphur  molecule 

= 32  X 8-6  X 10“  22  (since  mol.  wt.  of  S = 32) 
= 275  X 10~~22mgm. 

15  1 

But  micrococcus  contains  — X part  of  sulphur 


= 15  X 10  5 part  of  sulphur, 
total  weight  of  sulphur  in  micrococcus 

= 15  X 10“5  X 18  X 10“13  = 27  X 10”17  mgm. 


But  weight  of  one  molecule  of  sulphur  = 275  x 10— 22  mgm. 
number  of  molecules  of  sulphur  in  one  micrococcus 


27  X 10-17  v ilAAAA 

o o — about  10,000. 

275  X 10~22 


(4)  Mode  of  Action  of  Renal  Glomeruli. — Brodie,  by  measuring  the  calibre 
of  the  tubules  of  the  kidneys  and  the  application  of  Poisseuille’s  law  for 
the  passage  of  fluids  along  narrow  tubes,  finds  that  the  pressure  necessary 
to  drive  the  fluid  along  the  tubules  is  comparable  to  that  existing  in  the 
glomerular  capillaries.  Hence  he  believes  that  the  pulsation  of  the 
glomerulus  does  not  account  for  the  flow  of  urine  in  the  tubules  and,  accord- 


ngly,  attributes  a secretory  action  to  the 

glomerular  surface. 

The  following  are  his  calculations  : — 

Data. 

Length. 

Cm.  u. 

Diameter. 

[i.e.,  rdoo  mm-) 

(1)  Proximal  convoluted  tubule 

1-2 

12 

Loop  of  Henle — 

Descending  limb 

0-9 

10 

Ascending  limb  . . 

0-9 

9 

Distal  convoluted  tubule 

0-2 

18 

Collecting  tubule 

2-2 

16 

(2)  Diuresis  (i.e.,  rate  at  which  urine  was  being  discharged  from  one  of  the 
kidneys  at  the  time  of  the  experiment)  = 1 c.c.  per  min. 

(3)  Poisseuille's  law,  which  gives  the  pressure  head  of  fluid  that  must  have 
existed  within  each  capsule  in  order  to  drive  fluid  out  of  the  kidney,  is 


SlrjV 

tt/4 


dynes  per  sq.  cm.  (see  p.  212), 


where 

l = length  of  tube  in  cm., 

7]  — coefficient  of  viscosity  of  water  at  35° 

= 719  X 10  “ 5, 

V = flow  in  c.c.  per  second, 
r — radius  of  tube  in  cm. 


Hence 


V 


8 X 719  X 1 “5  1 


7 r 


1 i a16  1 . 

60  ’ 142000  ' .4  dynes  per  sq.  cm.  (where  r 


is  expressed  in  /u) 

8 X 719  X 7 


l 


~ 22  X 6 X 142  x 1333-2  * 10  ' r4  mm*  Hg* 

i 1 

= 1-611  x 104  ^4  mm.  Hg. 
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Consequently,  for  a flow  of  1 c.c.  per  minute, 

p,  per  centimetre  of  tubule,  when  r is  4-5  /x  = 39*29  mm.  Hg. 

r is  5 n — 25*78  „ 

r is  6 n = 12*43  „ 

r is  8 ix  — 3*93  „ 

r is  9 /x  = 2 46  ,, 

Hence  pressure  head  required  for  : 


Proximal  convoluted  tubule 
Descending  limb 
Ascending  limb 
Distal  convoluted  tubule 
Collecting  tubule 


= 1*2 
= 0*9 
= 0*9 
= 0*2 
= 2*2 


X 12*43  = 14*916  mm.  Hg. 
X 25*78  = 23*212 
X 39*29  = 35*361 
X 2*46  = 0*492 
X 3*93  = 8*646 


Total  pressure  head  = 82*627  ,, 

As  the  mean  aortic  blood  pressure  was  120  mm.  Hg.,  and  the  loss  of  pres- 
sure head  between  aorta  and  glomercular  capillaries  is  about  35  mm.  Hg., 
B.P.  within  glomerular  capillaries  was  probably  about  85  mm.  Hg. 

In  other  words,  practically  the  whole  of  the  blood  pressure  is  required  to 
set  up  a pressure  head  in  the  fluid  within  the  capsule  sufficient  to  drive  the 
secreted  fluid  down  the  tubules. 

(N.B. — The  bulk  of  opinion  is  against  Brodie’s  conclusions.  For  criticism 
of  the  inference  drawn  from  this  calculation,  see  Cushny,  4 4 The  Secretion  of 
Urine,”  p.  57,  Longmans,  1917.) 

(4)  The  average  diameter  of  a human  capillary  is  mm.  ; the  linear 
velocity  of  blood  in  it  is  ^ mm.  per  second. 

Find  the  volume  of  outflow  from  a capillary  per  second. 

Volume  of  outflow  = linear  velocity  X cross  section. 


2 X 3 14  X 40,000 ' 

= *00004  cub.  mm.  per  second. 

(5)  Experiments  on  animals  have  shown  that  the  circulation  time  is 
equal  to  28  heart-beats.  Assuming  this  to  hold  good  for  man,  and  also 
assuming  the  total  volume  of  blood  in  the  body  to  be  4,000  c.c.,  find  the 
number  of  capillaries  in  the  human  body,  using  the  data  of  the  last  example, 
and  assuming  the  pulse  rate  to  be  72  per  minute. 

Since  circulation  time  = 28  heart-beats, 
and  since  72  beats  = 1 minute  = 60  seconds, 


circulation  time 


28 

72 


X 60  = 23*3  seconds. 


But  volume  of  capillary  outflow  = 0- 00004  cub.  mm.  per  second. 

total  volume  of  outflow  from  one  capillary  in  the  circulation  time  = 
23*3  X 0*00004  = *000932  cub.  mm. 

/.  if  n = number  of  capillaries  in  the  body  (filled  with  blood)  we  must 
have  0*000932w  = total  volume  of  blood  in  body  = 4,000,000  cub.  mm 


n — ■■ 


4 x 106 

9321(^~X~— 6 = 4‘3  X 1()9- 


(See  W.  M.  Feldman,  Proc.  Physiol.  Soc.,  1912.) 
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SERIES. 

A succession  of  quantities,  each  of  which  is  formed  in  accord- 
ance with  some  fixed  rule  or  principle,  is  called  a series.  Each  of 
the  successive  quantities  in  a series  is  called  a term , and  the  fixed 
rule  in  accordance  with  which  each  term  is  formed  is  called  the 
law  of  the  series. 

There  are  very  many  different  kinds  of  series,  with  some  of 
which  we  shall  have  to  deal,  e.g.,  the  series  e (p.  75),  the  exponen- 
tial series  (p.  78),  the  logarithmic  series  (p.  79),  the  various 
trigonometrical  series  (p.  189),  etc.  The  best  known  types  are 
the  arithmetical  and  geometrical  progressions. 

An  arithmetical  progression  (A.P.)  is  a series  in  which  each 
term  differs  from  its  immediate  predecessor  by  a constant  quan- 
tity called  the  common  difference  (C.D.)  Thus 

1,  3,  5,  7,  9 

6,  3,  0,  — 3,  — 6 . 

are  arithmetical  progressions  ; the  C.D.  in  the  first  being  2 (3  — 1 
= 5—3,  etc.,  = 2),  and  that  in  the  second  — 3 (3— 6=0  — 3, 
etc.,  = — 3).  The  most  general  form  of  an  A.P.  is 

a,  a + d,  a -f-  2d,  a + 3d 

where  a is  the  first  term,  and  d is  the  common  difference  (whether 
+ ve  or  — ve,  and  whether  integral  or  fractional). 

Whenever  any  quantity  grows  in  such  a way  that  its  increase 
(or  decrease)  in  value  during  any  equal  intervals  of  time  is  always 
a constant  proportion  of  its  original  value,  then  the  successive 
values  attained  by  it  at  the  ends  of  these  intervals  of  time  form  the 
terms  of  an  arithmetical  progression. 

The  best  example  of  such  a form  of  growth  is  money  lent  at  a 
fixed  rate  of  simple  interest. 

Thus,  if  £100  be  invested  at  10  per  cent,  simple  interest  per 

annum,  then  each  year  the  capital  increases  by  of  its  original 

value,  viz.,  £10,  and  the  amounts  to  which  the  capital  has  grown 
at  the  beginning  of  each  successive  year  are  the  terms  of  the 

A.P. 


100,  110,  120,  130 
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Hence  we  can  say  that  the  law  of  an  arithmetical  'progression  is 
analogous  to  the  law  of  simple  interest. 

A geometrical  progression  (G.P.)  is  a series  in  which  each  term 
bears  a constant  ratio — called  the  common  ratio  (C.E.)  to  its' 
immediate  predecessor.  Thus 

3,  6,  12,  2d,  48 

1 1 1 1 

l’  3’  9’  27’  81  

are  geometrical  progressions ; the  C.R.  in  the  first  being  2 


/6  _ 12 
\3  ~ 6 ’ 


and  that  in  the  second  beim 


1 

3 


The  most  general  form  of  a G.P.  is 
a,  ar,  ar 2,  ar 3 . . . . 


where  a is  the  first  term,  and  r is  the  common  ratio  (integral  or 
fractional,  + ve  or  — ve). 

Whenever  any  quantity  grows  in  such  a way  that  its  increase  (or 
decrease)  in  value  during  any  equal  intervals  of  time  is  propor- 
tional not  to  its  original  value,  but  to  its  value  at  the  beginning  of 
that  interval,  then  the  successive  values  attained  by  it  at  the  ends 
of  these  intervals  of  time  form  the  terms  of  a geometrical  pro- 
gression. 

The  best  example  of  such  a form  of  growth  is  money  invested 
at  a fixed  rate  of  compound  interest. 

Thus,  if  £100  be  invested  at  10  per  cent,  compound  interest  per 

annum,  then  the  interest  during  the  first  year  = jq  X 100  = £10. 

This,  being  added  to  the  capital,  makes  the  new  capital  at  the 
end  of  the  first  or  beginning  of  the  second  year 

= 100  + ~ . 100  = £100  (l  + jjj). 

The  interest  during  the  second  year  = ^ x 100  (l  + 

which,  when  added  to  the  increased  capital,  makes  the  new  capital 
at  the  end  of  the  second  or  beginning  of  the  third  year 

= 100  (J  + ro)  + re  x 100  (!  + to) 

= 100  i1  + n>)  (>  + s>)  = £10°  i1  + wT 

1 / 1 \2 

The  interest  during  the  third  year  = ^ x 100  ( 1 + Jq  ) 
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which,  when  added  to  the  further  increased  capital,  makes  the 
new  capital  at  the  end  of  the  third  or  beginning  of  the  fourth  year 


m(l  + lY  + ±xlO0h+ff 


= 100  f1  + mfi1  + m. 


£100  1 + 


IV 

10/  5 


and  so  on. 

So  that  the  amounts  to  which  the  capital  has  grown  at  the 
beginning  of  each  successive  year  are  the  terms  of  the  G.P. 

1 


100,  100  1 + 


.10, 


ioo(i  + i)2,ioo  (i  + iL)3 


• * • • 


or  100,  100  (1-1),  100  (M)2,  100  (1-1)3  ....... 

Hence  we  can  say  that  the  law  of  a geometrical  progression  is 
analogous  to  the  law  of  compound  interest. 

We  shall  return  to  the  compound  interest  law  presently  (see 
p.  84). 

The  Binomial  Theorem. — A most  important  and  interesting 
series  is  obtained  by  raising  a binomial  expression  (i.e.,  an  expres- 
sion containing  two  terms,  like  ( a + h),  etc.)  to  any  power  n. 
Newton’s  Binomial  Theorem  states  that  for  any  value  of  a,  h , 
and  n, 

/ 7,  U >7  n(n  — 1) 

(a  + b)n  = an  + j an~lb  + \ 2 an~^ 


n(n  — 1)  In  — 2)  Q7Q 

_!_  / a7i- 353 


1.2.3 


+ 


+ 


n (n  — 1)  (n  — 2)  OT  . , n(n  — 1)  07 

' v ~a3bn~3  + \ 'a2bn~2 


1.2.3 


1.2 


n 


f Yabn-1  + bn. 


The  right-hand  side  of  this  identity  is  called  the  expansion  of 
(a  + b)n. 

There  is  no  need  to  give  here  a very  rigid  proof  of  this  theorem. 
It  will  be  sufficient  for  our  purpose  if  we  verify  the  theorem  for 
several  different  values  of  n. 

Thus  we  know  from  actual  multiplication  that 

(< a + b )2  — a 2 -f-  2 ab  + 62,  which  is  the  same  as 


o 2 0 17  2(2  - 

u-1  -j-  y a2  lb  + y~2 


1.2.3 


2)  2 


a2' 


* 


% 
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1 


<2,2-15  = 2 ab 


2(2  - 1) 


^-252 


2.1 


1.2  ~ ~ 1.2 

2(2  - 1)  (2  - 2) 


a°b 2 


1.2.3 


A2-353 


and  the  subsequent  terms  are  all  =0,  because  they  contain  the 
factor  (2—2)  which  = 0], 

Similarly,  actual  multiplication  gives 

(a  + b): 3 = a3  + 3 ab  + 3 a2b2  + b3,  which  is  the  same  as 


ac 


ac 


,6  + 3_q  - 1)  as-2J2  + 3i3 


1.2 


1)  (3  — 2) 


1.2.3 


a- 


3b3. 


All  the  subsequent  terms,  containing  as  they  do  (3  — 3)  as  a 
factor,  vanish,  and  so  on,  for  any  value  of  n. 

The  Factorial  Notation. — It  is  customary  to  denote  the  pro- 
duct of  the  1st  n consecutive  integers 

1 . 2 . 3 . 4 . . . (n  — 2)  (n  — 1 )n  as  jwmr  n ! 
which  is  read  factorial  n. 

Thus  |1  or  1 ! = 1 

[2_  or  2!  = 1 . 2 = 2 
|3_or  3!  = 1 . 2 . 3 = 6 
[4_or  4 ! = 1 . 2 . 3 . 4 = 24, 

and  so  on. 

Hence,  the  binomial  theorem  is  written  as 

/ 7s  w -7  nln  — 1) 

(a  + b)n  = an  H — y\an  ~ Lb  -\ — - an  ~ 2b2 


+ 


n(n  — 1) 

2 ! 


n 


a2bn  -2  _j_  abn  ~ 


+ bn. 


EXAMPLES. 

Use  the  binomial  theorem  for  finding  the  values  of  the  following 

(i)  vw  = ysm  = y»(i  + 5)  = V1  + s 

= 3-1623. 


B. 


F 
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(2) 


= V7^1  + 3 


2d  +-IU 


!_2  i + 

"A  '34  18*  16  H 


■-) 


= 2-1547, 


(3)  4/1-006  = (1  A -006)±  = 1 + i X -006 


1-0015,  correct  to  four  places  of  decimals. 


(4)  (1-006)4  = 1 + 4 X '006  -f  ^'-2  (-006)2  + . . . = 1-024,  correct  to 
three  decimal  places. 

From  the  last  two  examples  we  learn  that  if  a is  very  small 
compared  with  unity,  then 


(1  + a)n  = 1 + na. 

1 Qj  

(1  + a)n  = 1 -) — , i.e.,  Vl  + & = 1 -f- 

n 


a 

n’ 


(1  + a)~n  = 1 — na,  i.e.,  — = 1 


1 

1 + a 


na. 


/i  ^~l  a ■ nil 

(1  + a)  n = 1 , i.e.,  kJ  = — - — 

v ’ n v 1 + a 


1 


a 

n 


Similarly,  if  a and  b be  very  small  compared  with  unity,  then, 
since  (1  Hh  u)  (1  b)  =1  A^  a A;  b A-  Eb, 

we  may  for  purposes  of  approximation  write 

(1  A~  a (1  A~  b)  — 1 A a A b. 

Thus  (1-0003)  x (1-0006)  - 1 + -0003  + -0006 

- 1-0009. 

Also  (1  + a)m  (1  + b)n  = (1  + nia)  (1  + nb) 

= 1 + ma  A-  nb. 


E.g.,  if  t is  small  \J  1 A-  ^3  — ("l  + 


273. 


1 + 


546' 


(1)  Find  3/998." 

^998  = 


EXAMPLES. 


1] 1,000(1  — -002)  = 10(1  — -002)^ 

-10(1-^)- 


993 
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(2)  Find  the  value  of 


985  X 5-08 
1004 


The  expression 


1000(1  — -015)  X 5(1  4-  -016) 
1000(1  + -004) 

5(1  — -015)  (1  + -016) 

1 + 004 

= 5[1  — -015  + -016  — -004] 

= 4-985. 


(3)  Similarly, 


1-0015  x 2-063  X 0-998 
(•997)2 


= (1  + -0015)  X 2(1  + -0315)  (1  — -002)  (1  — -003)“2 
= 2[1  + -0015  + -0315  — -002  — -006] 

= 2-074. 


EXERCISES. 

(1)  Find  a/2.  [Answer,  1-413.] 

(2)  Prove  that  ^26  = 2-9625. 


There  are  many  other  types  of  series  with  which  we  shall  have 
to  deal  in  this  hook,  e.g.,  the  exponential,  the  logarithmic  (pp.  78 
and  79),  the  various  trigonometrical  series  (p.  190),  and  the  various 
series  that  result  from  the  expansion  of  binomial  expressions 
The  one  which  occurs  with  the  utmost  frequency  in  the  higher 
mathematics  is  : 

! , 1 | 1 | 1 | 1 , 

' I 1 1. 21. 2. 31. 2. 3. 4^ 

1,11,1 

or  1+r!  + 2T  + 3!  + 4!+'-- 


This,  as  we  shall  see  later  is  a series,  the  successive  terms  of 


which  represent  the  successive  terms  in  the  expansion 
when  n is  infinitely  large  and  is  called  the  series  e. 


n 


Sum  of  a Geometrical  Progression. — The  sum  of  a geometrical 
series  is  important  from  our  point  of  view,  and  we  therefore 
proceed  to  find  a formula  for  it. 

Let  S = a + + ar2  + ar3  4-  • • • . +arn  ~ 1 

where  arn  ~ 1 is  the  wth  term. 


Sr  = ar  4-  ^2  + &r3  + ar4  . . . + arn. 


P 2 
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by  subtraction  we  get 

Sr  — S = arn  — a (all  the  intermediate  terms  cancelling  them- 
selves out), 

i.e.,  S(r  — 1)  = a(rn  — 1) 

. q _ a(rn  ~ 1) 

••  b r - 1 ' 

If  r <C  1,  then  the  sum  is  written  as 

O «(!  - r") 

^ -J  • 

1 — r 

Corollary. — Since  when  r < 1,  r00  = 0 (see  p.  9). 

a 

when  r < 1,  the  sum  to  infinity  = . 

1 — r 


EXAMPLES. 


(1)  The  sum  to  10  terms  ofl  + 2 + 4 + 8 + . • • is 


210  — 1 
2 — 1 


= 1023. 


(2)  The  sum  to  infinity  of  1 + ^ i \ + . 

Z 4 8 


The  sum  of  a series  is  sometimes  denoted  by  writing  the  G-reek 
letter  S in  front  of  the  general  term.  Thus  2(1  + r2)  stands  for 
and  is  read  as  “ the  sum  of  such  terms  as  (1  + r2).”  By  placing 
small  letters  after  we  indicate  how  many  terms  are  to  be  taken, 

r = 50 

thus  2 (1  + r2) 

r = 1 v ' 


denotes  the  sum  of  the  terms  obtained  from  (1  + r2)  by  giving  r 
the  values  from  1 to  50  in  succession. 

.’.  2 “ = (1  dr  l2)  + (1  + 22)  + (1  + 32)  + (1  + 42)  + 

1 + 52)  + . . + (1  + 502) 

-2  + 5 + 10  + 17  + 26  +...+  2501. 

When  the  successive  terms  differ  from  one  another  by  infini- 

% 

tesimally  small  quantities,  then  the  symbol  (which  is  a long  S) 

is  substituted  for  % We  shall  return  to  this  in  our  section  on 
the  Integral  Calculus. 

Finite  and  Infinite  Series. — If  a series  terminate  at  some  assigned 
term,  say,  the  wth  term — where  n is  a finite  number  like  100,  200, 
1,000,  and  so  on,  then  it  is  called  a finite  series,  e.g ., 

1,  3,  5,  7,  9 . . . 29. 
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If,  however,  the  number  of  terms  is  unlimited,  it  is  called  an 
infinite  series,  e.g ., 

1,  3,  5,  7,  9 . . . 27,  29  ...  to  infinity. 

Now  whilst  the  sum  of  an  infinite  series  like  this  will  necessarily 
be  infinitely  great — increasing  as  it  does  with  each  term — there  are 
some  infinite  series  whose  sum  may  have  a finite  value.  A very 
good  example  of  such  a series  is  afforded  by  a recurring  decimal. 

Thus,  if  we  convert  ^ into  a decimal  fraction  we  obtain  : 

g = -33333  . . . the  3’s  being  continued  for  ever, 

1 


i.e., 


10  + 100 


+ 


1000 
1 


4-  ...  to  infinity. 


The  same  is  the  case  with  g,  for 


1 

9 


■mil 

i 


i 


10  + 100  + 1000 


the  l’s  being  continued  for  ever 

1 


+ ...  to  infinity, 


i.e.,  each  of  these  infinite  series  has  a finite  value,  which  means 
that  if  we  continually  increase  the  number  of  terms  in  each  of  these 

series  the  sum  will  get  nearer  and  nearer  to  ^ or  g respectively. 

Thus  the  difference  between 

1 


1 ^nn  • 1 1111 

9 and  0-mi  18  9 - 10000 


the  difference  between 

1 


90,000  ’ 


, • 1 lUlllllll 

9 and  0 1 1 1 1 1 1 1 1 1 1 is  9 10,000,000,000 


1 

9,  1010* 


and  so  on. 


1 


Now,  Q-pQio  is  such  a small  fraction  that  if  we  were  to  take 

this  fraction  of  the  velocity  of  light  which  is  186,000  miles  per 

second,  it  would  amount  only  to  about  inch  ! Now,  if  this  is 

the  case  when  we  take  10  terms  of  the  series,  imagine  how  much 
smaller  the  difference  would  be  if  we  were  to  take  20,  or  100,  or 
1,000,  or  1,000,000  terms.  Indeed,  it  is  obvious  that  the  greater 
the  number  of  terms  in  this  series,  the  nearer  and  nearer  its  sum 
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approaches  to  the  value  g,  and  if  we  continue  the  series  to  an 

infinite  number  of  terms  its  sum  ultimately  becomes  the  value  g. 

Now,  such  an  ultimate  value  of  the  series — a value  which  the  sum 
of  the  series  never  actually  reaches,  but  approaches  closer  and 
closer,  and  to  which  it  may  get  as  close  as  ever  we  please  by 
continuing  the  series  long  enough — is  called  the  limit  or  limiting 
value  of  the  series. 


The  symbolical  way  of  writing  this  is  Ltn__>00  0T11  . . . = g 

which  is  read  as  follows  : “ The  limit  of  0*111  . . . to  n terms 

1 


when  n is  made  infinitely  great  is  equal  to 
stands  for  infinity.) 

1 


(The  symbol  oo 


Similarly,  if  we  take  any  fraction  we  can  make  it  as  small  as 

n 

we  please  by  making  n sufficiently  large ; thus  if  n — 1000, 

~ = i-Tvvx ; if  n = 1,000,000,  - = i AAA  nrtA-,  and  so  on  ; so  that 
n 1000  5 n 1,000,000’  ’ 

by  taking  n as  very  very  large,  - becomes  very  very  small,  and 

Ifh 

when  n is  made  infinitely  large,  i.e.,  n = oo  , then  i becomes  — , 


i.e.,  infinitely  small,  i.e.,  0.  Hence,  Lt; 


-00 


1 

n 


= 0,  which  is  read 


as  follows  : “ The  limit  of  - when  n is  infinitely  large  is  zero.” 

n 


Similarly,  since  by  actual  division  we  find  that 

^ 7 = 1 + x + x2  + to  infinity, 

1 Ob 

we  say  that  (1  + x + x2  + ) = t— y— . 

1 00 

Also  ^ = 1 — x + x2  — to  infinity. 

. . Ltn^oo  (1  x X-1  ) — t - . 

X.  ‘Ob 

Convergency  and  Divergency  of  Series. — When  an  infinite  series 
is  of  such  a nature  that  its  sum  to  any  number  of  terms  cannot 
numerically  exceed  some  finite  quantity — called  the  limit — how- 
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ever  large  the  number  of  terms,  then  such  a series  is  said  to  be 
convergent. 

Thus,  the  sum  of  the  series 


1 1 


1 + o + 


1 


3 , 32  + 33  + 


1 3^ 

3^-d  ~ I 

1 “3 


(see  p.  68). 


Now  3^  becomes  smaller  and  smaller  as  n is  made  larger  and 
larger,  and  when  n = oo  , = 0. 


3n  1-0 


Hence  the  series  1, 


1 

3’ 


1 1 

32>  33  • • 


13 
2/3  “ 2* 


is  convergent. 


When  an  infinite  series  is  of  such  a nature  that  its  sum  to  n 
terms  can  be  made  greater  than  any  finite  quantity  by  taking  n 
large  enough,  then  such  a series  is  said  to  be  divergent. 

E.g.,  the  sum  of  the  series 

1 + 3 + 32  + 33  + = )ry|-  = //yp 

and  when  n = 00 , 3n,  and  hence  also  3n  — 1 = 00  , 

3n  — 1 

3"— Y = 00  • 

Hence  the  series  1,  3,  32,  33  . . . . is  divergent. 

From  what  we  have  just  said  it  follows,  therefore,  that  the  series 
1 + x + x2  + x3  . . . . . . . . 
is  convergent  or  divergent,  according  as  x < 1 or  >>  1. 

Thus,  the  sum  of  the  series  to  infinity  is 

' ~jqH  

S = 1 + X + X2  + Xs  + ....  to  CO  = - 

x — 1 

if  x </  1,  xn  = 0,  and  sum  = , , 

1 — x 

but  if  x 1 , xn  = co  , and  sum  = 00  . 

In  this  book  we  shall  deal  only  with  convergent  series. 

The  Series  e or  e. — The  compound  interest  law,  with  which  we 
dealt  on  p.  6d,  leads  us  to  another  series  which  is  the  most 
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important  series  in  the  higher  mathematics,  as  we  shall  see  pre- 
sently (p.  79). 

The  sum  of  this  series,  which,  like  7 r (i.e.,  the  relation  between 
the  circumference  of  a circle  and  its  diameter),  is  an  incommensur- 
able number — although,  as  we  shall  see,  it  can  be  calculated  to  as 
many  places  of  decimals  as  we  wish — is  called  e (epsilon)  or  e, 
after  Euler,  the  discoverer  of  the  series.  It  is,  as  we  have  already 
seen  on  p.  67, 

1 1 1 1 1 

1 + I + O + 073  + 070  + 


and  its  value  to  5 decimal  places  is  2-71828  

If  money,  say,  £100,  is  invested  at  simple  interest  at  the  rate, 
say,  of  10  per  cent,  per  annum,  then,  since  as  we  have  seen,  the 
amounts  to  which  the  capital  has  grown  at  the  ends  of  the  first, 
second,  third,  etc.,  years  are  £110,  £120,  £130,  etc.,  therefore  in  ten 
years  the  capital  would  become  £200,  i.e.,  the  capital  would  double 
itself.  And  no  matter  whether  the  interest  is  collected  in  yearly 


instalments 

instalments 


of  or  in  monthly  instalments  of  or  of  daily 
of  etc.,  the  capital  would  still  double  itself  in 


the  same  period  of  ten  years.  Indeed,  if  we  were  to  divide  the  year 
into  n intervals  and  collect  £—  at  the  end  of  every  interval,  the 


amount  collected  during  each  year  would  still  be  £10  [i.e.,  £—  x n j, 

and  the  capital  would  still  double  itself  in  ten  years.  But  in  the 
case  of  compound  interest  it  is  different.  We  have  seen  that  if 
the  interest,  say,  10  per  cent.,  is  collected  and  added  to  the  capital 
every  year,  then  the  amounts  to  which  the  capital  has  grown  at 
the  ends  of  the  first,  second,  third,  etc.,  years  are 

£100  (l  + 1)  , £100  (l  + jt)  f £100  (l  + i)  3,  etc.  (p.  64), 


so  that  in  ten  years  the  capital  would  become 

£100  (l  + jt)10  =£100(M)io 


= £100  x 2-59375  ; [10  log  1-1  = 0-41393  = log  2-59375]. 

If,  however,  instead  of  collecting  the  interest  yearly,  we  were 
to  collect  it  monthly  and  add  it  to  the  capital  each  time,  then  the 


interest  during  the  first  month 


_1 

120 


x 100. 
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This,  added  to  the  capital,  makes  the  new  capital  at  the  end  of 
the  first  month  or  beginning  of  second  month 


100 


120  X 100  £10°  (*  + 12o)  ' 


interest  during  second  month  = x 100  ^1 


+ 


1 \ 


1207 


which,  when  added  to  the  increased  capital,  makes  the  new  capital 
at  the  end  of  the  second  or  beginning  of  the  third  month 

= ioo  (i  + 120)  + ilo x 100  (1  + m) 

= 100  (*  ' 120 ) 7 + 120 ) 

= £10°  (*  + m) *• 


Similarly,  at  the  end  of  the  third  month,  the  capital  has  grown  to 

£10°  i1  + Ho) 

and  so  on. 

So  that  at  the  end  of  ten  years,  or  120  months,  when  at  simple 
interest  the  capital  would  have  doubled  itself,  the  capital  would,  at 
compound  interest  reckoned  monthly,  have  grown  to 


/ 1 \ 120  /121\  120 
£100  ( 1 + = £100  ( ) = £100  x 2*707 

1 21 

[since  120  log  ^ = 121  (log  121  ~ log  12°)  = 0*43248  = log 
2*707]. 

Supposing,  however,  we  collected  the  interest  and  added  it  to 
the  capital,  not  monthly,  but  daily. 


Then,  the  interest  during  the  first  day 


1 

3650 


x 100. 


This,  added  to  the  capital,  makes  the  new  capital  at  the  end  of 

1 

the  first  or  beginning  of  the  second  day  100  -f-  X 100  = 

£10°  7 + 3666 )' 

interest  during  second  day  = X 100  ^1  + 
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which,  when  added  to  increased  capital,  makes  the  new  capital  at 
the  end  of  the  second  day 

= 100  (1  + gg^)  + 3ggg  x 10°  ( 1 + 3650 ) = £10°  (J  +365o) 

and  so  on. 

So  that  at  the  end  of  10  years,  or  3,650  days,  when  at  simple 
interest  the  capital  would  have  doubled  itself  the  capital  would,  at 
compound  interest  reckoned  daily,  have  grown  to 

/ 1 \3650  / 3651\ 3650 

£10°  0 + 3650/  = £10°  (365o)  = £10°  x 2’718 

^3650  log||=3650  (log  3651  - log  3650)  = 043435  = log  2-718^. 

If  we  go  still  further  and  calculate  the  interest  every  hour,  then 
in  10  years,  i.e.,  87600  hours,  the  £100  would  become 

/87601\  87600 

£!00  = £100  x 2-71828. 


Finally,  it  will  be  seen  that  since  the  capital  keeps  on  growing 
every  minute,  second,  and,  indeed,  every  instant,  the  ultimate 


value  of  the  £100  at  the  end  of  10  years  will  be  £100 
where  n is  infinitely  great. 


Now,  expanding  ^1  + by  the  binomial  theorem  (p.  64), 
we  get 


1 + 


1\  n 
n) 


1 n 1 n(n  — 1)  1 ft(ft  — 1 )(ft  — 2)  1 

1 + 1 * n+  “T72-  • P + T727¥  * ft3 

n(n  — 1 ){n  — 2 )(n  — 3)  1 ( 

+ — ■.  « » ■-  'P  + • • • 


1 + i T 


+ 


1 . 2 . 3 . 4 

4-’,) 

1.2  * ft2 

»bi  fi 

n \ n, 


1 

I 


ft3  1 


y>  + 


V 

ft, 


1 -- 
ft. 


1.2.3 


3N 


-1(1-- 

ft, 


1 . 2 . 3 . 4 


nq 


+ • • 


, 12  3 

But  when  n = oo  , etc.  = O. 


_1_ 

ft3 
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/ 1\«  1 1 

Lt„^M  (l  + -)  = 1 + x + f7 


2 + 1. 2. 3 


1 


1.2. 3. 4 


which,  when  worked  out  to  the  1st  six  decimal  places,  gives  the 
result  2*718282  ...  as  follows  : 


divided  by  1 = 
2 = 
3;= 

5 h 

6 ■= 
7>= 
8>= 
9/= 

10]= 


?? 

5? 

?? 

>> 

55 

5? 

55 


T/ws  series  1 + 


1 


1 


+ 


1 = 1-00000000 
1*000000.00 
0-50000000 
0-16666666 
0-04166666 
0*008333:33 
0-001388  88 
0-00019841 
0-00002480 
0-00000276 
0-000000  27 

2-718282  . . . 

1 1 


+ 


1 1 1.2  1 1.2.3  1 1.2. 3. 4 


is 


called  the  series  e (or  e),  which,  asTJ  have  said,  is  the  most  important 
series  in  the  higher  mathematics.  We  can  say,  therefore,  that 


> + i 


n 


when  n is  made 


the  series  e (or  e)  is  the  expansion  of 
infinitely  large. 

The  Meaning  of  e. — From  the  method,  by  which  we  have 


derived  e 


e 


we  see  that  e represents 


the  amount  which  a unit  quantity,  growing  continuously  at  a certain 
rate  in  accordance  with  the  law  of  compound  interest  (i.e.,  at  a 
rate  which  is  a constant  proportion  of  its  magnitude  at  every 
instant),  will  reach  after  that  period  of  time  at  which  the  same 
quantity  would  double  itself  if  it  grew  at  the  same  rate  in  accord- 
ance with  the  law  of  simple  interest  (i.e.,  at  a rate  which  is  pro- 
portional to  its  original  value). 

Thus,  if  two  equal  capitals  be  put  out  at  the  same  rate  of 
interest  at  the  same  time,  one  at  simple  and  the  other  at  com- 
pound interest,  then  at  the  time  at  which  the  money  invested  at 
simple  interest  has  doubled  itself  the  sum  put  out  at  true  com- 
pound interest  (i.e.,  interest  collected  and  added  to  the  capital 
every  instant)  will  become  e times  its  original  value. 
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If  the  money  had  been  invested  at  5 per  cent,  compound  interest 
per  annum,  it  would  become  £100  e in  20  years  li.e.,  in  ^ J . 
If  invested  at  20  per  cent,  it  would  become  £100  e in  five  years 
^ i.e.,  in  , and  in  general,  if  invested  at  r per  cent.,  it  would 


become  £100  e in 


100 
r 


years. 


100 


£100  becomes  £100  e in  — years. 

•/ 


£100  becomes  £100  e100  in  one  year. 

rt 

£100  becomes  £100  e100  in  t years. 

The  most  general  way  of  expressing  this  is  as  follows  : 

If  Q0  = original  quantity  (e.g.,  the  principal), 

r = rate  of  growth  per  cent,  per  unit  of  time  (< e.g .,  rate  of 
interest  per  cent,  per  annum), 
t = number  of  such  units  of  time  during  which  the  quantity 
is  allowed  to  grow  continuously  {e.g.,  number  of 
years  during  which  the  capital  is  invested), 
and  Qt  = the  amount  to  which  Q0  has  grown  in  the  time  t, 

rt 

then  Q(  = Qoe10°. 

This  is  one  of  the  most  fundamental  formulae  with  which  we 
shall  have  to  deal  throughout  this  book,  and  the  reader  is  most 
earnestly  recommended  to  get  a clear  grasp  of  its  meaning  and 
commit  it  to  memory. 

Since  we  assume  r to  be  constant  during  the  period  of  growth, 


T 

is  constant  = k (say). 

JLt 

equation  Qt  = Qoe10°  becomes 

Qt  = Q0ekt. 

This,  then,  is  a somewhat  modified  form  of  the  same  equation 
for  the  compound  interest  law. 

[Note. — k is  called  the  constant  of  increment.] 

Further,  by  taking  logarithms  on  both  sides,  we  get 

logio  Qt  = login  Q0  + kt  log io  e. 


or 


logio  Qt  - login  Q0 
kt  logio  e = log  9s  • 


kt  logm  e 
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But  since  ' e = 2-718  . . . 


logio  e = log  2-718  = 0-1:343. 

-4343  Id  = log  ^ • 

Mo 

Jc  — ^ log  — 

K -4343£ 10g  Q0 

= 2-302  log  ^ • 

Now,  as  Q t represents  the  amount  to  which  Q0  has  grown  in 
time  t,  Qt  = Q0  + %t  where  xt  represents  the  increment  during 
the  time  t. 

finally,  the  most  general  way  of  expressing  the  compound 
interest  law  is  k = 2-302  log  -°  ^ Xt. 


(See  next  Chapter,  p.  86,  and  Chapter  XIII.,  p.  216.) 

The  equation  for  the  compound  interest  law  may  therefore  be 
expressed  in  either  of  two  forms,  viz.  : 

either  (1)  exponential  form  Qt  — Q0eJd. 


or 


(2)  logarithmic  form  k 


2-30 

xr  logio 


Qo  4-  %t 

Q0 


The  second  form  is  the  one  most  commonly  used  in  the  litera- 
ture, but  sometimes  it  is  more  convenient  to  use  the  first  form. 
E.g.,  if  one  has  at  hand  a table  of  logarithms  to  the  base  e (i.e.,  one 
giving  the  values  of  ex  for  different  values  of  x),  then  the  first 
form  of  the  equation  is  very  serviceable  ; otherwise  it  is  more  con- 
venient to  use  the  second  form.  Whichever  formula  the  student 
uses  he  must  never  forget  what  k stands  for  : it  is  the  rate  at 
which  the  magnitude  increases  or  decreases  in  a unit  of  time. 

The  Distinguishing  Peculiarity  of  the  Series  e. — The  series 


1 + I + Y~ 2 + Y 2 3 + 1 2 3 4 ^as  one  Primary  remark- 


able property  which  renders  it  peculiarly  adaptible  to  logarith- 
mic computation.  This  peculiarity  is  that 


ry  ry£  syo 

*AJ  iAJ  t AJ 

,,  = 1+I+T1  + 


Xq 


1.2.3  1 1.2. 3. 4 


+ • • • 


where  x is  any  number,  whether  positive  or  negative,  and  whether 
an  integer  or  a fraction. 
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That  this  is  so  can  be  seen  at  once  from  the  following  con- 
siderations : 


' 1 \ nx  ( 

1+»  = lx 


nx  1\  nx(nx  — 1)  1 


1 ' n 

+ 

+ 


+ 


• o 

n* 


1.2 

nx(nx  — 1 )(nx  — 2)  1 


n2x2 


nx  1 

"I  ’ n + 172 


1 - 


1 


1.2.3 


1 


n- 


ri*x3  n 


nx ) n 

1 \ 


2 


+ 

+ 

rp  /y»2 

- *Aj  tAy 

1 + 7 + 772 


nx) 


1 


2 ' 

nx. 


1.2.3 


w 


X * 


1.2.3  1 1.2. 3. 4 


when  n is  infinitely  large.  There  is  no  other  algebraical  series 
which  has  the  same  property. 


The  series 


rp  rp£u 

tAy  iAs 

1 +7  + 772 


X° 


1.2.3 


is  called  the  exponential  series,  and  the  identity 


rp  rpu  rpO 

t Ay  tAy  tAy 

e*  = 1 + I + 772  + 772773  + 


is  called  the  exponential  theorem. 

The  exponential  theorem,  then,  gives  an  expansion  in  terms  of 
the  index.  For  another  peculiarity  see  p.  152. 

Use  of  Exponential  Theorem  for  calculating  Logarithms.  — Supposing 
we  wish  to  find  the  logarithm  of  a.  Now,  in  the  same  way  as  any  number 
can  be  represented  as  some  power  of  10  (see  p.  9),  so  can  also  any  number 
be  represented  as  a power  of  e. 

Let  us  therefore  put  em  — a (so  that  m = loge  a). 
a%  = em% 


mx 

==1  + T'  + T72~  + 


m%x  3 ( m^x^  ! 

1.2.3  + 1.2.3. 4 + 


, mx  . m^x^  , m^x 3 
ax  — 1 = — + 

1 1.2  T 1.2.3 


(by  the  exponential  theorem). 


+ • 


x 


m ! m%x  t m%x 2 
T + 172  + 1.2.3 


+ 


ax 


m ! m~x  , m$x 2 

T + I72~  + 47273 


+ 


) 

j 


x 
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This  being  an  identity  is  of  course  true  for  all  values  of  x,  and  hence  it  is 
also  true  for  x = 0. 

Now  when  x — 0,  we  have  the  right  side  of  the  equation  = m = loge  a. 


loge  a = 


ax  - 1 
x 


when  x = 0 


(1) 


To  find  the  value  of 


ax  - 1 


x 


when  x — 0,  we  convert  ax  into  a binomial 


expansion  by  putting  a = 1 + b. 


Then  ax 

ax  — 1 
x 


b (x  + 1)62  (x—  1)  (x— 2)63 

- 1 + i.2  + r:  ^3  + 


x(x  — 1)  (x  — 2 )63 
H 1.2.3 

(x-l)(x-2)  +-3)64 

1.2. 3. 4 


I ... 


+ • 


+ • • 


which,  when  x = 0,  becomes 

, 62  63  64 
6 “2"  + "3  “ 4 

But  when  a — (1  +6),  loge  a becomes  loge  (1  +6). 

b 2 

loge  (1+6) 


„ , 63  64 
6 — "2  + 3~  — 4~"^' 


This  is  called  the  logarithmic  scries. 

Hence  the  great  reason  for  using  e as  a base  for  logarithms  is  that  the  loga- 
rithms of  any  number  to  this  base  can  be  at  once  calculated  by  using  the 
logarithmic  series.  For  this  reason  Napierian  logarithms  are  also  called 
natural  logarithms. 

As  a matter  of  fact  this  particular  series  is  in  itself  not  of  great  practical 
value  for  two  reasons,  viz.  : 

(a)  The  series  only  holds  good  for  values  of  b lying  between  — 1 and  + 1 ; 
since  for  any  values  of  b higher  than  + 1 or  less  than  — 1,  each  of  the 
terms  gradually  and  rapidly  increases  in  value  and  the  series  therefore 
becomes  divergent  instead  of  convergent. 

(d)  Even  for  values  of  b between  — 1 and  + 1,  unless  b is  very  small,  the 
series  converges  so  slowly  that  it  would  be  necessary  to  take  very  many 
terms  in  order  to  calculate  the  logarithm,  even  to  a small  number  of  decimals. 

Hence  for  practical  purposes  it  is  necessary  to  convert  the  series  into  a 
more  convergent  one.  This  can  be  easily  done  by  a little  algebraical 
transformation,  which  is,  however,  outside  the  scope  of  the  present  book. 
Students  wishing  to  pursue  the  subject  further  must  refer  to  any  text-book 
on  higher  algebra. 

Example. — Find  loge  1-5. 


If1  63 

In  the  series  loge  (1  + 6)  — b — “2  + 3" 


loge  1-5 


•25 


+ 


•125  0625 


+ 


put  b — 0-5,  and  we  get 

•03175  -015875 

~5~  6~ 


•4057. 


This  can  easily  be  converted  into  common  logarithms  by  multiplying  by 
4343  (see  p 80). 

.V  i 02:10  1-5  - -4057  X -4343 

- *176.  . . . 
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Napierian  Logarithms. — We  saw  in  Chapter  II.,  p.  11,  that 
whilst  for  ordinary  computation  purposes  common  logarithms  (to 
the  base  10)  are  universally  employed,  the  logarithms  used  for 
the  purposes  of  higher  mathematical  analysis  are  the  Napierian 
ones  which  are  calculated  to  the  base  2-71828  . . . The  thought- 
ful student,  who  has  most  probably  wondered  why  such  a peculiar 
base  was  chosen,  will  now  have  found  the  solution  to  the  riddle. 
The  number  2-71828  ...  is  merely  the  sum  of  the  series  e which 
is  not  only  so  very  useful  for  the  purpose  of  calculating  logarithms, 
but  occurs  in  the  consideration  of  all  natural  phenomena  which 
take  place  in  accordance  with  the  compound  interest  law  (see 
Chapter  VII.). 

The  Modulus. — Having  calculated  the  logarithm  of  any  number 
to  the  base  e it  is  easy  to  find  what  the  logarithm  of  the  same 
number  is  to  base  10,  or,  indeed,  to  any  other  base.  Thus  it  has 
been  found  that  loge  10  = 2-302585. 

This  means  that  e2, 302585  = 10 

i 

e _ 102‘3°2585  __  p)0-43429p 

em  = 10°-434294m  = a (say), 
m = loge  a 

and  0-434:294 m = logic  eTO  = logio  a. 


0-434294 


logio  a 
l°ge  a 


logic  a = 0-434294  loge  a = -4343  loge  a. 


In  other  words,  in  order  to  convert  the  logarithm  of  a number  from 
the  base  e to  the  base  10,  it  is  necessary  to  multiply  the  logarithm  of 
the  number  to  the  base  e by  0-434294.  This  conversion  figure  0-4343 
is  called  the  modulus  of  the  common  system  of  logarithms  and  is  fre- 
quently denoted  by  the  letter  g. 

Conversely,  if  we  are  given  any  formula  in  which  the  logarithms 
are  expressed  to  the  base  e and  we  want  to  convert  it  to  one  with 


logarithms  to  the  base  10,  it  is  necessary  to 


multiply  by 


i e.,  by  2-3025. 

mi  •£  7 1 1 Qo  ~b  "O 

Thus,  if  k = - loge  — q^— 


, 2-3 . Q0  -j-  Xf  . 

k = y lo§io  (see  p- 77) 


then 
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Example. — The  influence  of  temperature  upon  the  velocity  of  protein 
digestion  is  given  bv  the  equation 

*?  = e5285  ^ ^ T'  >, 

h TiT2  ’ 

where  k i and  &2  are  the  velocities  at  the  absolute  temperatures  Tp  T2.  At 
what  temperature  will  the  velocity  be  double  that  at  22-6°  ? 

Log  = 5285  (T2f~f  > log  e 


= -4343  X 5285 


(T2  — Ti) 
T1T2  • 


In  our  case 


k 2 = 2k\  and  Ti  = 273  + 22-6 

='295-6. 


log  2 = -4343  X 5285 


(T2  — 295-6) 


or 


or 


•30103  = 
•30103  X 295-6 


295-6Ta  : 

•4343  X 5285  (T2  — 295-6) 


T2  = T2 


•4343  X 5285 
i.e.,  0-039T2  = T2  — 295-6, 


295-6T2 

295-6, 


or 


0-961T2  - 295-6. 

<>95-6 

.*.  T2  — n7kpT  — 307-6  absolute 
0-961 

= 34-6°. 


The  Meaning  of  the  Expression  e-1. — We  have  seen  that  e 


stands  for  the  limit  of  the  expansion  ( 1 


] \ n 


n / 


, when  n =00  , 


CC  3/  /JC/ 

and  we  have  also  seen  that  qx  = 1 + ~r  , + w — s — 5- 

1 1 • Z i 0 Z e O 

Therefore,  by  taking  x = — 1,  we  get 

1 1 1 


e-1  = 1 - 


1 - 


1\  n 
n 


— 1 + n — 


1 

r 


1 1 1 . 2 1 . 2”  3 + • ’ ' ' 


n 


n(n  — 


1) 


1 . 2 


+ 


n(n  - 1 )(n  ~ 2)  / 1\  3 


1 

T 


1.2. 3 

1 1 


n, 


iy 

n) 

1 • • 


1.2  1.2.3 


, when  n =00  . 


But 
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Now  in  the  same  way  as  the  terms  of  the  expansion  (1  + - J , 

when  n — oo  , express  the  positive  growth — or  increase — of  a certain 
quantity  from  moment  to  moment  when  the  rate  of  increase  is  such 
that  the  increment  at  any  moment  is  proportional  to  the  value  of 
the  quantity  at  that  particular  moment,  so  do  the  terms  of  the 

/ 1\  n 

expansion  ( 1 — - j when  n = <x>  express  the  negative  growth — 

or  diminution — of  a certain  quantity  from  moment  to  moment 
when  the  rate  of  diminution  is  such  that  decrease  at  any  moment 
is  proportional  to  the  value  of  that  quantity  at  that  moment. 


1 • 2 

Example. — Find  the  value  of  e to  three  places  of  decimals. 

1 3 


„r  3 


] 4.  + LL2  + J*:  .+ 

1 1 VI  .2  1 1 .2.3^ 


= 3-669. 


(1)  Prove  that  : 


e|e' 


EXERCISES. 


1 + 2*!  + 4! 


2 " * 1 2!  ' 4 ! 1 6! 

(2)  Find,  by  logarithms,  the  value  of  e°  3h 


+ • • • • 


[-32  log  e = -32  x 4343  = 139  = log  1-38. 


e°'32  = 1.38j> 


(3)  Given  logel0  9 = -954243,  find  the  value  of  log10  II. 
[Loge9  = 2-3026,  Iog10  9 = 2-19722. 


11 


Rut  log c g which  — loge 


= 2 j 1 + . - -1— 

( 10  + 3 x 103 


•2006. 


+ • • 


loge  11  = 2-19722  + -2006  = 2-39782. 
log10  11  = 2-39782  X -4343  = 1-0413.] 


CHAPTER  VII. 


THE  SIMPLE  AND  COMPOUND  INTEREST  LAWS 

IN  NATURE. 

(A)  Examples  of  the  Simple  Interest  Law. 

Although,  as  we  shall  see  later  (p.  84),  very  many  of  the 
phenomena  occurring  in  Nature  take  place  in  accordance  with  the 
law  of  compound  interest,  there  are  a good  few  examples  of 
natural  phenomena  which,  at  any  rate,  as  a first  approximation 
obey  the  simple  interest  law. 

(1)  The  Coefficient  of  Expansion. — Supposing  a body  such  as  a 
thin,  long  metal  rod  to  be  heated,  then  we  know  from  elementary 
physics  that  if  l0  = length  of  rod  at  0°  C. 

and  a — coefficient  of  expansion, 
then  It,  the  length  of  the  rod  at  f C. 

— lo(l  4"  at). 

Thus,  putting  t = 0,  1,  2,  3,  4,  etc.,  we  get  the  length  of  the  rod 
at  these  different  temperatures. 

lo,  C(1  + a),  lo(l  A 2a),  10(  1 + 3a),  Z0(l  + 4a)  . . . , 

i.e.,  the  terms  of  an  arithmetical  progression.  In  other  words,  the 
law  of  thermal  increase  in  length  is  the  same  as  the  simple  interest 
law. 

(2)  Henry’s  Law  of  Solubility  of  Gases. — This  law  states  that  at 
constant  temperature  the  weight  of  gas  dissolved  by  a unit  volume 
of  liquid  is  proportional  to  the  pressure. 

Thus 

W = mp. 

where  m = amount  of  gas  dissolved  at  one  atmosphere  and 
W = amount  of  gas  dissolved  at  p atmospheres. 

(3)  Distance  covered  by  a Body  moving  with  a Uniform  Velocity, 

when  we  know  from  elementary  mechanics  that 

S - Yt, 

where  V is  the  velocity  per  unit  of  time  and  S is  the  distance  from 
some  fixed  point  covered  in  t units  of  time,  measured  from  some 
fixed  instant. 
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(B)  Examples  of  the  Compound  Interest  Law  in  Nature. 

The  form  of  growth  in  which  the  rate  of  increment  or  of 
decrement  is  at  every  instant  proportional  to  the  magnitude  (at 
that  instant)  of  that  which  is  increasing  or  decreasing  is  of  par- 
ticularly frequent  occurrence  in  Nature,  and  hence  Lord  Kelvin 
classified  all  these  forms  of  natural  growth  as  examples  of  “ the 
compound  interest  law  in  Nature.”  The  following  are  a few 
examples  : 

(1)  The  Growth  of  a Population. — We  have  already  seen  on 
p.  17,  example  (9),  that  the  increase  of  a population — assuming 
the  rate  of  growth  to  be  constant,  i.e.,  undisturbed  by  undue 
emigration,  immigration,  war,  epidemics,  etc.,  takes  place  in 
accordance  with  the  law  of  compound  interest.  Now,  suppose 
the  population  of  a certain  country  to  double  itself  in  100  years ; 
what  is  the  rate  of  growth,  per  annum,  assuming  it  to  be  constant  ? 
If  the  population  is  a million  at  the  beginning  of  the  century, 
what  will  it  be  in  20,  50,  and  80  years  respectively  from  the 
beginning  ? 

Here  the  most  convenient  equation  to  use  is 


Qt  = Q J00*- 

Qloo  = Qoe100  A 100  = Qo©  = 2Q0  (by  hypothesis). 
e?'  - 2. 


r = 


r log  c = log  2. 

log2  _ -30103  ^ 

•1343  ““  4343"’  whenCe  r = '6931’ 


i.e.,  the  increase  of  the  population  is  at  the  rate  of  0-6931  per  cent., 
or  at  the  rate  of  6-931  per  thousand. 


In  20  years’  time  the  population  is  : 

r -6931 

Q20  = Qoe10°  x 20  = Q0e°  100  x ^ 

— Q e01386 

= 1,000,000  e01386 

logio  Q20  — logio  1,000,000  + 0-1386  logio  e 
= 6 + 0-1386  x -4343 
= 6-06019 

Q2o  = 1,148,700. 
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In  50  years’  time 

•6931 

Q60  = 1,000,000  e wo  x 50  = 1,000,000  e 3466 

log  Q50  = 6 + -3465  x -4343 
= 6-1505 

Qw  = 1,414,200. 

In  80  years’  time 

•6931 

Qso  = 1,000,000  e 100  x 80  = 1,000,000  e’5544- 

log  Qso  = 6 + -4343  x -5544 
= 6-2408. 

Qso  = 1,741,100. 

The  commonest  way  in  which  the  compound  interest  law  is  met 
with  in  natural  phenomena  is  when  a magnitude  decreases  con- 
tinually in  proportion  to  its  size  at  any  moment. 

The  following  are  a few  examples  : 

(2)  Arseniuretted  hydrogen  (AsH3),  when  heated,  splits  up  into 
arsenic  and  hydrogen  in  accordance  with  the  equation 

2AsH3  = 2As  + 3H2. 

Now,  by  Guldberg  and  Waage’s  law,  the  rate  of  decomposition 
at  any  moment  is  proportional  to  the  active  mass  of  the  substance 
undergoing  decomposition,  i.e.,  to  the  amount  of  the  substance 
present  at  that  moment. 

Therefore : If  1 grm.  of  AsH3  becomes,  say,  0-9  grm.  after  one 
minute, 

then  the  (0-9)  grm.  of  AsH3  becomes  (09)  (0-9)  grm.  = (0-9)2  grm. 
after  the  second  minute. 

and  the  (09)2  grm.  of  ASH3  becomes  (O9)2(0-9)  = (09)3  grm. 
after  the  third  minute, 

and  the  (0-9)3  grm.  of  AsH3  becomes  (0-9)3(O9)  = (0-9)4  grm. 
after  the  fourth  minute, 
and  so  on. 

Here,  then,  since  the  AsH3  keeps  on  decomposing  at  every 
moment,  the  ultimate  quantity  left  after  ten  minutes — when 
diminishing  in  accordance  with  the  simple  interest  law  (i.e.,  if  the 
amount  of  AsH3  decomposed  every  instant  would  be  replaced  so 
as  to  make  the  active  mass  always  equal  to  1 grm.)  the  total 
amount  of  original  AsH3  would  have  entirely  disappeared — is 

/ l\w 

(1  — - j when  n is  infinitely  great.  This,  as  we  have  seen  on 
p.  81),  is  the  same  as  (1  + - j when  n — 00  , and  hence  we 
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get  the  fundamental  equation  for  this  class  of  phenomena  as 

Qt  = Q0e-i°°  = Q0e~kt  ^ where  k =* 
or,  taking  logarithms  of  both  sides, 


whence 


logg  Qf  = loge  Qo  ~ kt, 
kt  = loge  Qo  - loge  Q, 


Qo 

Q t 


But  as  Qt  represents  the  amount  to  which  Q0  has  diminished  in 
time  t, 

Qt  = Qo  --  xt 


where  xt  represents  the  decrement  during  the  time  t. 

finally  the  most  general  way  of  expressing  the  compound 
interest  law,  when  the  magnitude  continually  diminishes,  is 


Qo 

Qo  - Xt 


or 


h = 2-3026  ~ logio 


Xt 


Hence,  whenever  the  reader  comes  across  either  of  the  following 
equations,  viz.  : 


Qt  = Q 0e* 


Qt  = Qoe-** 


h 

k 


Qo  + Xt 
“Qo 

Qo 

Qo  - x 


he  knows  at  once  that  he  is  dealing  with  an  example  of  growth  in 
accordance  with  the  compound  interest  law. 

(3)  A pane  of  glass  obliterates  5 per  cent,  of  the  light  falling 
upon  it ; how  much  light  gets  through  twenty  such  panes,  one 
behind  the  other,  assuming  that  they  all  act  in  the  same  way  ? 

Qe  ==  Q0e-**.  (Qt  = amount  of  light  passing  through  t panes 
of  glass.) 

When  t = 1 pane  of  glass,  5 per  cent,  of  light  is  obliterated, 
i.e.,  95  per  cent,  of  the  light  passes  through. 
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But  Qi  = Qe-*-1  = Q.e~k. 


• • 


e-*  = 0-95. 

4 = 0-95. 

ek  = = 1-053. 

0*95 


k logio  e = log10  1*053,  or  4343  k - log  1-053  = -02243. 
•02243 

* = 4343  = -05- 


QiO 

Qo 

Q20 

Q20 

Qo 


= Q0*~m 

= Qe_1. 

= e1  = 2-72. 

_ J_  = .37 

_ 2-72 


About  37  per  cent,  of  the  light  passes  through. 

This  is  the  principle  of  the  spectrophotometer. 


If  the  thickness  of  one  layer  of  glass  in  the  last  example 
is  10  cm.,  what  thickness  of  the  same  glass  will  reduce  the  intensity 
of  the  light  to  J ? 

Here  Qt  = |Q0 

\ Qo  = Q0e_^, 


or 


But 


or  2 = elct. 
k = -05. 

2 = e°‘05< 


e20, 


2-3  logio  2 = 


1 

20  '• 


t — 46  log  2 
- 46  x -30103 
.=  13-85  layers 
= 138-5  cm.  thick. 


(4)  Another  most  interesting  example  is  the  rate  of  cicatrisation 
of  a wound,  which  has  been  shown  by  Carrel,  Hartmann,  Lecomte 
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du  Noiiy  and  others,  to  follow  the  compound  interest  law  (see 
Journ.  Exp.  Med.,  Yol.  24,  1916,  and  Yol.  27,  1918). 

Example. — The  following  results  were  found  by  Wink  elm  an  in  the  case 
of  a cooling  body. 


t (time). 

0 (temperature). 

0 

18*9 

7*40 

-16*9 

15*85 

14*9 

25*35 

12*9 

36*65 

10*9 

Show  that  the  rate  of  cooling  agrees  with  the  compound  interest  law. 
If  the  law  of  cooling  is  the  same  as  the  compound  interest  law,  then 


Ot 

= 0o6  ~ M. 

•*.  (i*) 

07*40 

= 0Oe  ~ U, 

= 18*9e  ~kx  ri, 

i.e., 

16*9 

18*9 

-7*4A 

i.e., 

16*9 

= e , 

i.e.. 

112 

= e7  4*. 

• • 

7*4  k 

= 2*3  log  1*12  = 2*3  X *04922 
1132 

• 

• • 

k 

- 74000  “ 0'0153* 

(ii.) 

015*85 

= 14*9. 

14*9 

= 18*9e  “ 5'85k, 

i.e., 

e15*85A: 

= 1*27. 

• 

• • 

16-85* 

= *2390,  whence  k — 0*0151. 

(hi.) 

025*35  = 12*9. 

whence 

(iv.)  As  t = 36*65  we  have 


12*9  = 18*9e.~25'3£/h 

147  = e25‘35/h 
25*3 5k  = *3853 
k = *0152. 


10-9  = 18*9e  ~"3G’65yh 


18*9 

10*9 


>36*65 k 


i.e., 


whence 


>36*65 k — _ 


18*9 


36*65& 

k 


10*9 

•5481, 

0*5481 

36*65 


1*73. 


•0149. 


Hence  we  have  the  following  results  : 

Between  the  intervals,  0 and  7*40,  k = 0*0153. 

0 and  15*85,  k = 0*0151. 
0 and  25*35,  k = 0*0152. 
0 and  36*65,  k = 0*0149. 


99 

99 

99 


99 

99 


99 
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I 


In  other  words,  within  the  limits  of  experimental  error,  on  the  assumption 
that  the  law  of  cooling  follows  the  compound  interest  law,  the  value  of  k 
remains  constant. 

Hence  the  assumption  is  most  probably  correct. 

Note. — The  student  must  not  fall  into  the  trap  of  believing  that  because 
the  observed  and  calculated  results  agree,  therefore  the  theory  in  question 
is  necessarily  true.  For  whilst  it  is  the  case  that  disagreement  between 
the  observed  and  calculated  results  is  definite  evidence  against  the  theory 
in  question,  agreement  between  the  two  results  is  not  absolute  evidence  in 
its  favour.  Occasionally  two  or  more  different  formulae  will  give  results 
each  of  which  is  in  agreement  with  observation. 

The  following  example  will  illustrate  this  point.  It  is  taken  from  Mellor’s 
“Higher  Mathematics  ” (Longmans,  Green  & Co.). 

Hulong  and  Petit’s  formula  for  velocity  of  cooling  is  V = b(c8 — 1), 
where  b — 2-037  and  c.  = 1-0077. 

Stefan  gives  the  formula  : 

V = a {(273  + 0)4  — (273)4} 
where  a = 10-9  X 16-72  ; 

and  yet  the  results  as  calculated  by  either  of  these  formulae  are  practically 
identical  and  agree  closely  with  the  observed  results. 

Thus  : 


0,  excess  of  temp, 
of  body  above  that 
of  medium. 

Velocity  of  cooling. 

Observed. 

Calculated  by  the  formula)  of 

Dulong  and  Petit.  ; Stefan. 

220 

8-81 

8-89 

8-92 

200 

7-40 

7-34 

7-42 

180 

6-10 

6-03 

6-09 

160 

4-89 

4-87 

4-93 

140 

3-88 

3-89 

3-92 

120 

3-02 

3-05 

3-05 

100 

2-30 

2-33 

2-30 

(See  also  Chapter  XIX.,  p.  288.) 


EXAMPLES. 


(1)  A cup  of  tea  whose  temperature  five  minutes  ago  was  100°  above 
that  of  the  surrounding  objects  is  now  80°  above  them.  What  will  be  its 
temperature  in  another  half-hour,  assuming  it  to  fall  by  the  compound 
interest  law  ? 

In  five  minutes  the  difference  of  temperature  was  reduced  from 
100°  to  80°. 

From  equation  Q5  = Q0e  we  have 


80 

100 


100 

80 


or  1-25  = 


log  1-25  = 5k  log  e 
2-3  log  1-25  = 5k 

i.e.,  5k  = 2-3  X -097 


•2231. 
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In  another  half-hour,  t will  be  35  minutes  from  the  beginning 

Q35  = Q^e-35*  = Qe~‘223  x 7 
= Qoe-1'*517 

Qo  _ 0T5617 
QS5  ~ 6 

log  = 1-5017  X -4343 

& Q35 

= -6782 


100  = 

Q35  " 

Q35  = 


4-767 

100 
4;77  : 


21°  nearly. 


(2)  A most  interesting  instance  of  the  compound  interest  law  is  the 
hydrolysis  of  cane  sugar,  and  of  catalysis  fn  general.  The  hydrolysis  (in 
the  presence  of  acid)  may  be  represented  as  follows  : 

O12H22OX1  + H20  = C6H1206  -j-  C6H1206. 

dextrose  loevulose 

The  acid  is  found  not  to  undergo  any  change  of  concentration  during  the 
reaction.  Now  the  amount  of  water  in  which  the  cane  sugar  is  dissolved 
being  very  great  compared  with  the  amount  of  the  sugar,  the  change  in  the 
concentration  of  the  water  brought  about  by  the  hydrolysis  is  negligible, 
and  hence  the  only  change  of  concentration  to  be  considered  is  that  of  the 
cane  sugar.  Hence  we  have 

Q t = Q oe—te. 

The  change  of  concentration  can  be  followed  by  means  of  the  polariscope, 
and  in  this  way  the  following  figures  were  obtained  (at  temperature  75°  C.) : 


t (in  mins.). 

Angle  of  rotation. 

0 

25-16 

56 

16-95 

116 

10-38 

176 

5-46 

236 

1-85 

371 

- 3-28 

00 

- 8-38 

The  angle  of  rotation  at  time  0 is  that  obtained  before  the  beginning  of 
the  hydrolysis  ; the  angle  at  time  00  is  that  obtained  after  complete 
inversion. 

Now,  since  the  concentration  of  the  cane  sugar  is  proportional  to  the  angle 
of  rotation, 

Q t is  proportional  to  the  total  angle  of  rotation, 
i.e.,  Q 0 is  proportional  to  (25-16  + 8-38)  or  33-54. 

Also  Q0  - Qne  „ „ „ (25-16  - 10-38)  or  14-78. 

Amount  of  cane  sugar  left  at  116  mins,  is  proportional  to  (33-54  — 
14-78),  i.e.,  18-76. 


# 


THE  SIMPLE  AND  COMPOUND  INTEREST  LAWS  IN  NATURE.  91 


Hence  we  can  put  Qii6  = 18-76  and  Q0  = 33-54. 
equation  Q;  = Q^e  — becomes 
18-76  = 33-54e  ~ nGJc. 


- 1164*  _ 
gllGA*  : 
116*  = 
A = 


18^76 
33-54 

33-54 
L8-76 

2-3  log  1-79  = -5822. 
•5822 


- 1-79. 


116 


= 0-00502. 


Similarly  at  176,  amount  of  sugar  formed  may  be  put  =25-16  — 5-46  = 19-70. 
Ql76  may  be  put  = 33-54  — 19-70  = 13-74. 

13-74  = 33-54e  “ 17  6* 

8°>-54 

176*  = 2-3  log  = 2-3  log  2-44  = -8910. 

k = *00506, 

Similarly  for  the  other  values  of  t.  The  value  of  k will  be  found  in  all 
these  cases  to  be  in  the  neighbourhood  of  0-005. 


(3)  Cohnheim  studied  the  affinity  of  albumose  for  HC1  in  the  following 
manner  : 

Equal  volumes  (5  c.c.)  of  a 10  per  cent,  solution  of  cane  sugar  were  respec- 
tively mixed  with 

(i.)  5 c.c.  of  an  HC1  solution  containing  0-05  grm.  HC1. 

(ii.)  5 c.c.  of  a mixture  of  0-025  grm.  HC1  and  0-25  grm.  albumose. 

The  angle  of  rotation  of  each  of  these  cane  sugar  solutions  was  found  to 
be  4-422.  After  mixing  them  respectively  as  above  they  were  kept  for  the 
same  length  of  time  (four  hours)  at  the  same  temperature.  At  the  end  of 
that  time  the  polariscope  reading  was  3-15  in  case  (i.),  and  1-35  in  case  (ii.). 

Find  whether  there  has  been  any  combination  of  albumose  with  HC1, 
and  if  so  in  what  proportion. 

The  logarithmic  form  of  the  equation  for  the  compound  interest  law  gives 


k = 


Qo 

Qo  — xt' 


Therefore  in 
in  case  (i.) 

in  case  (ii.) 


our  case  we  have 

Qo  = 4-422  j 
Xtx  = 3-15  i 

Qo  = 4-422  ) 
% = 1-35  J 


Qo  - xh  = 1-272  ; 
Qo  - xt±  = 3-072 ; 


and  t being  the  same  in  each  case,  we  can  call  t,  the  unit  of  time,  1. 

A . A O O 

.*.  in  (i.)  *i  = log  J7272  = ~ 


4-422 

*2  = log  3.^2  = log  1-44  = 0-158. 


and  in  (ii.) 
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Now,  since  the  inversion  velocities  are  proportional  also  to  the  amounts  of 
free  HC1  in  the  two  cases,  let  us  suppose  that  of  the  0-025  grm.  HC1  in  the 
second  case  a grins,  have  combined  with  the  albumose,  leaving  only  (0  025  — a) 
grm.  HC1  free. 

the  concentrations  in  the  two  cases  are  0 05  and  (0-025  — a)  respec- 
tively. 

kl  _ 0-05 

k 0-025  — a 


0-541  _ 0-05 

’ (H58  ~ 0-025  - a 


3-42(0-025  - a)  = -05. 

3-42  x -025  - 3-42a  = 0-05. 
3-42  x 0-025  - 0-05 


= -0104  grm. 

0-25  grm.  albumose  combined  with  0 0104  grm.  HC1,  or  in  proportion 
of  1 to  0-0416,  i.e.,  in  proportion  of  .100  to  4-16. 

Hence  the  albumose  combined  with  4-16  per  cent,  of  its  own  weight  of  HC1. 


EXERCISES. 


(1)  If  a hot  body  cools  so  that  in  24  minutes  its  excess  of  temperature 
has  fallen  to  half  the  initial  amount,  how  long  will  it  take  to  cool  down  to  1 
per  cent,  of  the  original  excess  ? 


Since  z 


2 = e247‘:,  whence  k = 0-0288. 


If  t = time  during  which  temperature  has  fallen  to  1/100  of  original 
excess,  we  have 


1 

ido 


0— -0288£ 

“ 9 


whence 


t — 160  minutes.] 


(2)  The  pressure  P/{  of  the  atmosphere  at  an  altitude  h kilometres  is  given 


byP/j  = P6,e~7  7j,  P o being  the  pressure  at  sea-level  (760  mm.).  The  pressures 
at  10,  20,  and  50  kilometres  being  199-2,  42-2  and  0-32  respectively,  find 
the  mean  value  of  k. 


r4  7 1-34  + 1-45  + 1-45 

[Answer,  k — — ,,  - 

O 


1-44.] 


(3)  The  quantity  Q of  a radio-active  substance  which  has  not  yet  under- 
gone transformation  is  known  to  be  related  to  the  initial  quantity  Q0  of  the 

substance  by  the  relation  Q = Qo  e~'u,  where  A is  a constant  and  t is  the 
time  in  seconds  from  beginning  of  transformation.  Find  the  “ mean  life  ” 
of  thorium,  and  of  radium  A,  being  given  that  for  thorium  A = 5,  and  for 

radium  A,  A = 3-85  X 10~ 3).  (By  the  “ mean  life  ” is  meant  the  time 
required  to  transform  half  the  substance.) 

[Answer,  For  thorium,  0-14  seconds,  and  for  radium  A,  3 minutes.] 
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(4)  An  electric  current  left  to  die  out  in  a certain  circuit  drops  to  — of  its 

value  in  ^ of  a second  ; how  long  will  it  take  to  drop  to  a millionth  of  its 
value,  assuming  that  it  decreases  at  a rate  proportional  to  itself  ? 

-1 

- = e io.  Jc  = io.  Hence  10~6  = e~m 

_e 

whence  t = 14  seconds  nearly.] 

(5)  Cholera  bacilli  double  themselves  in  number  in  30  minutes.  Find 
the  number  that  one  bacillus  would  give  rise  to  in  24  hours. 

[2  = e30*  k = -0230. 

in  24  hours,  number  = e1440  x 0-0231 

= 28  X 1013-] 

(6)  In  a series  of  experiments  with  anthrax  spores  treated  with  a 5 per 
cent,  solution  of  phenol  at  a temperature  of  20’2°  C.,  Miss  Chick  found  the 
following  numbers  of  surviving  bacteria  present  at  the  stated  times. 
Examine  these  numbers  in  the  light  of  Miss  Chick’s  theory  that  the  number 
of  organisms  destroyed  by  the  disinfectant  at  any  moment  is  proportional 
to  the  number  of  living  organisms  present  at  that  moment. 


t (hours) 

0 

0-5 

1*5 

2-7 

5-95 

25-6 

n (number  of  surviving 
bacteria)  . 

434 

410 

351 

331 

241 

28 

[The  numbers  of  surviving  bacteria  agree  with  those  found  by  means  of 
the  formula 

Jrf  7 2 3 , 

nt  = noe  or  k = — Jog  — . 

t nt 

The  mean  value  of  k will  be  found  to  be  0T08.] 

For  further  examples  and  exercises,  see  Chapters  XIII.  and  XX. 


CHAPTER  VIII. 


FUNCTIONS,  VARIABLES  AND  CONSTANTS. 

The  term  function  has  a different  meaning  in  mathematics 
from  what  it  has  in  physiology.  In  mathematics  we  speak  of  one 
quantity  being  a function  of  another  when  the  value  of  the  first 
quantity  depends  upon  that  of  the  second. 

Thus  in  all  the  cases  we  have  been  considering  in  Chapter  VII., 
the  value  of  Q keeps  on  changing  from  Q0  to  Qt  as  t changes— 
whatever  t happens  to  represent — and  hence  we  say  that  Q is  a 
function  of  t. 

For  example,  the  amount  to  which  a capital  grows  at  simple 
or  compound  interest — when  the  rate  of  interest  is  fixed — -'depends 
upon  the  time  t,  i.e.,  upon  the  number  of  years  or  the  other  units 
of  time,  during  which  the  capital  is  allowed  to  grow,  and  hence 
we  say  that  the  amount  to  which  a capital  grows  at  a fixed  rate  of 
interest  is  a function  of  the  time. 

Again,  the  temperature  of  a cooling  body  is  a function  of  the 
time  during  which  cooling  occurs  because,  so  long  as  the  tempera- 
ture of  the  surroundings  is  fixed  and  unaltered,  the  temperature 
gradually  decreases  as  time  increases. 

The  hydrolysis  of  sugar,  or,  indeed,  the  amount  of  chemical 
transformation  occurring  in  any  chemical  reaction,  is  a function 
of  the  time. 

The  amount  of  light  passing  through  a given  transparent  sub- 
stance is  a function  of  the  thickness  of  that  substance. 

Indeed,  we  can  multiply  the  number  of  examples  of  functions 
almost  indefinitely.  For  every  problem  that  one  investigates  in 
the  laboratory  is  an  example  of  a function.  When  we  investigate 
Boyle’s  law  we  are  dealing  with  a function,  viz.,  when  the  tem- 
perature is  unaltered,  then  either  the  pressure  of  the  gas  is  a 
function  of  its  volume  or  the  volume  is  a function  of  the  pressure  ; 
Charles’  law,  which  says  that  the  volume  of  a gas  at  fixed  pressure 
depends  upon  the  temperature,  is  an  example  of  volume  being  a 
function  of  temperature,  and  so  on. 

Variables  and  Constants.— In  the  examples  we  have  been  con- 
sidering, and,  indeed,  in  the  case  of  any  mathematical  function, 
we  deal  with  at  least  two  quantities  which  keep  on  changing,  pro- 
vided other  conditions  remain  the  same,  throughout  the  period  of 
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the  experiment.  For  example,  with  money  growing  at  interest 
the  quantities  that  keep  on  changing  are  the  amount  to  which 
the  capital  has  grown  and  the  time  during  which  the  capital  has 
been  allowed  to  grow,  provided  the  rate  of  interest  remains  the 
same.  In  the  case  of  chemical  transformations,  the  quantities 
that  keep  on  changing  are  the  amount  of  substance  transformed 
and  the  time  during  which  the  chemical  reaction  has  been  allowed 
to  proceed,  provided  the  temperature  of  the  reacting  substances  is 
kept  unaltered. 

Again,  in  the  case  of  light  passing  through  a transparent  sub- 
stance, the  quantities  which  keep  on  changing  are  the  amount  of 
light  passing  through  and  the  thickness  of  the  substance  through 
which  the  light  is  passing,  provided  the  nature  of  the  transparent 
substance  remains  the  same. 

Now,  the  quantities  which  keep  on  changing  their  value  in  any 
function  are  called  variables , and  the  quantity  or  quantities  which 
remain  fixed  for  the  duration  of  the  experiment  are  called 
constants. 

Hence  'we  say  that  in  the  case  of  money  growing  at  fixed 
interest  the  variables  are  the  amount  and  time ; whilst  the 
constant  is  the  rate  of  interest.  In  the  case  of  light  passing 
through  a transparent  medium,  the  variables  are  the  amount  of 
light  transmitted  and  the  thickness  of  the  medium,  the  constant 
being  the  nature  of  the  medium  (i.e.,  whether  glass,  water, 
oil,  etc.). 

In  the  case  of  chemical  transformation,  the  variables  are  the 
amount  of  substance  transformed  and  the  length  of  time  of  the 
experiment,  the  constant  being  the  temperature,  and  so  on. 

Dependent  and  Independent  Variables.— Now,  of  the  two 
variables,  we  speak  of  one  of  the  variables  being  dependent  upon 
the  other,  e.g.,  the  amount  to  which  the  capital  has  grown  depends 
upon  the  time,  and  so  on. 

The  variable  whose  value  at  any  time  depends  upon  another 
variable  is  called  a dependent  variable  ; whilst  the  other  variable, 
the  variation  of  which  determine  the  value  of  the  dependent 
variable  is  called  an  independent  variable. 

Thus,  the  amount  in  the  case  of  money  growing  at  interest  is 
called  the  dependent  variable  ; the  time  during  which  the  money 
grows  is  the  independent  variable ; whilst  the  rate  of  interest  is 
the  constant. 

Similarly,  in  the  case  of  chemical  reactions,  the  amount  of 
substance  transformed  is  the  dependent  variable  ; the  period  of 
transformation  is  the  independent  variable  ; whilst  the  tempera- 
ture of  the  experiment  is  the  constant,  and  so  on,  for  any  of  the 
other  cases. 
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Other  examples  of  functions  occurring  in  biological  inquiries 
are  the  relationships  existing  between  the  sitting  height  of  a 
person  and  his  vital  capacity,  or  between  the  sitting  height  and 
the  circumference  of  his  chest,  etc.  Thus,  Dreyer  has  shown  that 
if  Si  = sitting  height  in  centimetres,  then 


vital  capacity  in  c.c. 


Si2'257 

^ie  case  ma^es) 


Si1-1442 

chest  circumference  in  centimetres  — 0-  ,-t0  (in  the  case  of  males) 

2*UU14o 


weight  of  person  in  grams  = (0*38025  Si)0’319. 

(See  p.  16,  example  (7).) 

The  surface  (S  in  square  decimetres)  of  the  body  is  a function 
of  the  weight  (W  in  kilograms),  and  S = K l]w2  (where  K is  a 
constant). 

Also  the  temperature  of  a person  is  a function  of  the  time  of  the 
day  (Fig.  26). 


Fig.  26. — A One-Hourly  Temperature  Chart  of  a Normal  Person. 

The  pulse  of  a person  is  a function  of  the  body  temperature 
(other  things  remaining  constant).  The  area  of  a square  or  a 
cube  is  a function  of  the  length  of  the  side,  y = a?2,  and  so  on. 

Definitions.- — Hence  we  arrive  at  the  following  definitions  : 

{a)  A constant  is  a quantity  which  during  any  set  of  operations 
retains  the  same  value. 

(b)  A variable  is  a quantity  which  during  any  set  of  operations 
keeps  on  changing  in  value. 
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(i.)  A dependent  variable  is  one  whose  value  at  any  moment 
depends  upon  the  value  of  another  variable  at  that  moment. 

(ii.)  An  independent  variable  is  one  whose  value  at  any  moment 
determines  the  value  of  the  dependent  variable  at  that  moment. 

(c)  A function  is  the  numerical  relation  between  one  variable 
and  another,  i.e.,  the  relation  between  the  dependent  and  the 
independent  variables,  and  is  generally  written  as  y — f(x),  which 
is  read  “ y is  a function  of  x .” 

One.  generally  uses  the  last  few  letters  of  the  alphabet  to  denote 
variables,  e.g.,  t,  u,  w,  x,  y,  z,  and  the  remaining  letters,  e.g.,  a,  b,  c 
or  k , l,  m,  etc.,  to  denote  constants,  so  that  in  any  function  it  is 
not  necessary  to  point  out  in  any  other  way  which  are  the  constants 
and  which  the  variables. 

Classes  of  Functions. — There  are  two  main  classes  of  functions, 
viz.  : 

(1)  Algebraic.  (2)  Transcendental. 

An  algebraic  function  is  one  which  contains  the  algebraic  sum 
of  some  powers  of  x — whether  those  powers  be  positive,  or  nega- 
tive, integral  or  fractional ; so  that  if  y = f(x),  y can  be  expressed 
in  terms  of  x by  means  of  an  equation  consisting  of  a finite  number 
of  terms  : 

e.g.,  y — xr°  + 7x 4 — x + 2. 


A transcendental  function  is  one  which  cgnnot  be  expressed  in 
terms  of  x by  an  equation  containing  a limited  or  finite  number  of 
terms  : 


e.g.,  y = sin  x = x 


/y»3  /y»5 

%AJ  xAJ 

17273  + 1.2. 3. 4. 5 


. . . to  infinity. 


Functions  are  also  divided  into 

(1)  Explicit.  (2)  Implicit. 

An  explicit  function  is  one  in  which  the  dependent  variable  is 
expressed  in  terms  of  the  independent  variable  : 

e.g.,  y = x3  + 3x  + 5, 

or  y — log  x, 

etc. 

An  implicit  function  is  one  in  which  the  dependent  and  inde- 
pendent variable  are  involved  together  : 

e.g.,  y2x  — ayx  + bx 2 + C = 0. 

Whilst  an  explicit  function  is  written 

V =/(»)  or  y = <f>(x),  etc., 

an  implicit  function  is  written 

f(y,  x)  = 0 or  <f>(y,  x)  = 0,  etc. 


B. 


11 
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The  Graphical  Representation  of  a Function. 

The  position  of  any  point  in  a plane  can  be  completely  deter- 
mined in  one  of  the  two  following  ways  : 

(1)  We  can  say  that  the  point  P is  situated  at  certain  distances 

NP,  MP  from  two  fixed 
straight  lines  0 y,  Ox  in  the 
same  plane,  crossing  each 
other  at  right  angles  at  the 
point  0 (Fig.  27) ; or 

(2)  We  can  say  that  the 
point  P is  situated  at  a 
certain  distance  OP  from  a 
fixed  point  0 in  the  same 
plane,  and  that  OP  makes 
a certain  angle  0 with  a 
fixed  line  Ox  in  the  same 
plane  (Fig.  28). 

The  first  system  of  defin- 
ing the  position  of  a point 
is  called  the  Cartesian  rect- 
angular co-ordinate  system 
(after  Rene  Descartes,  who 
invented  it),  whilst  the  second  system  is  called  the  Polar 
co-ordinate  system. 

The  lines  Ox,  0 y in  the  rectangular  co-ordinate  system  are 
called  the  axes,  and  0 is  called  the  origin.  The  horizontal  line 
Ox  is  called  the  abscissa  axis. 

The  vertical  line  0 y is  called 
the  ordinate  axis.  The  distances 
NP,  MP,  of  the  point  P from 
the  two  axes  are  called  the  co- 
ordinates of  the  point. 

As  NP  — OM,  which  is  a 
portion  of  the  abscissa  axis, 
and  MP  = ON,  which  is  a por- 
tion of  the  ordinate  axis,  the 
co-ordinates  NP,  and  MP  of  the  point  P are  called  its  abscissa 
and  ordinate  respectively. 

The  short  way  of  indicating  the  position  of  the  point  P with 
reference  to  the  axis  is  to  call  it  the  point  (x,  y),  where  x represents 
the  length  OM  or  NP  (i.e.,  the  abscissa),  and  y represents  the 
length  ON  or  MP  (i.e.,  the  ordinate). 

Thus,  if  NP  = 3 ft.  and  MP  = 4 ft.,  the  period  P would  be 
designated  as  the  point  (3,  4),  and  so  on. 


P 


Fig.  28. — Polar  Co-ordinates. 


FUNCTIONS,  VARIABLES  AND  CONSTANTS. 


99 


Iii  the  polar  system,  the  point  P would  be  referred  to  as  the 
point  (r,  0),  where  r = OP  and  6=  /_  POx.  Thus,  if  OP  = 4 ft.  and 
6 = 30°,  then  the  point  P would  be  designated  as  the  point  (4,  30°). 

In  analytical  geometry  it  is  sometimes  more  convenient  to  use 
one  system  and  sometimes  the  other. 

By  common  convention  it  is  agreed  to  call  the  direction  along 
Ox,  i.e.,  east  of  the  origin,  positive  or  +,  and  the  direction  along 
Ox,  i.e.,  west  of  the  origin,  negative  or  — . 

Also  the  direction  along  0 y,  i.e.,  north  of  the  origin,  is  called 
positive  ( + ),  and  the  direction  along  0 y',  i.e.,  south  of  the  origin, 
is  called  negative  ( — ). 


Thus  the  point  P would  be  designated  as  the  point  (X4,  y{). 


55 


55 


55 


55 


55 


Q 

R 

s 


55 


55 


55 


55 


55 


(-  y 2). 

(-x3,-p). 

(®4,  Vi)’ 


Hence,  if  we  are 
given  the  co-ordinates 
of  any  point,  we  can 
easily  locate  its  posi- 
tion. Thus,  to  find 
the  position  of  the 
point  (4,  2) — the  units 
being  in  inches,  for 
instance  — we  would 
measure  off  a distance 
OM  (along  OX)  = 4 
in.,  and  then  measure 


Pig.  30. — Position  of  a Point  P in  Space. 
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off  from  M,  a distance  along  a line  perpendicular  to  OM  of  2 in. 
The  end  of  this  line  would  give  the  required  point  P. 

Any  one  who  has  ever  used  a temperature  or  weight  chart  on 
which  a patient’s  temperature  or  weight  is  recorded  at  fixed 
intervals  on  squared  paper  is  already  acquainted  with  the  use  of 
co-ordinate  geometry.  In  each  of  those  charts  successive  equal 
portions  of  time  (hours,  or  days,  as  the  case  may  be)  are  repre- 
sented by  equal  lengths  measured,  according  to  a certain  scale, 
along  a horizontal  line  (the  x or  abscissa  axis),  and  degrees  of 
temperature  (above  normal)  or  units  of  weight  (above  a certain 
selected  weight)  are  represented  by  equal  lengths  measured, 
either  according  to  the  same  or  a different  scale,  along  a vertical 
line  (the  y or  ordinate  axis).  The  temperature  or  weight  of  the 
person  at  each  fixed  time  is  then  recorded  by  placing  a dot  at  the 
point  which  is  vertically  above  the  mark  on  the  x axis  correspond- 
ing to  the  particular  time,  and  at  a height  equal  to  the  length  of 
the  y axis  corresponding  to  the  particular  temperature  or  weight. 
The  line  (irregular  in  these  cases)  joining  these  points  shows  how 
the  temperature  or  weight  of  the  person  varied  during  the  period 
under  consideration  (see  Fig.  26  on  p.  96). 

In  the  same  way  one  can  record  pictorially  the  relation  between 
any  two  variables  by  representing  successive  equal  values  of  the 
independent  variable  (x)  by  equal  lengths  measured  along  the  x 
axis,  and  ecpial  values  of  the  dependent  variable  (y)  by  equal 
lengths  measured  along  the  y axis,  either  on  the  same  or  a different 
scale.  By  joining  a number  of  points,  so  plotted,  by  means  of  a 
curve  one  obtains  a graphic  representation  of  the  particular 
function. 

Graph. — Such  a curve,  the  co-ordinates  of  every  point  on  which 
satisfy  the  relation  between  the  dependent  and  independent 
variable  in  any  function  y =f(x),  is  called  a graph  of  that 
function. 

Whilst  every  particular  function  has  its  own  particular  graph, 
each  group  of  functions  of  the  same  kind  corresponds  to  one  par- 
ticular type  of  curve  which  we  shall  investigate  in  the  course  of 
the  next  few  paragraphs.  Thus,  every  function  of  the  first  degree 
in  x and  y is  represented  by  a straight  line,  and  is  therefore  called 
a linear  function.  A function  of  the  type  y = x2  or  (x  -f  a)2  is 
represented  by  a parabola,  and  so  on. 

Here  let  me  say  a word  about  the  scales  of  representation. 
Whilst  it  is  preferable  and  advisable  to  adopt,  when  possible,  the 
same  scale  of  representation  in  marking  the  units  along  the  two 
axes  ( e.g .,  representing  each  unit  along  Ox  and  0 y by  in.), 
this  is  not  always  possible  or  convenient.  In  such  cases  different 
scales  of  representation  must  be  adopted  for  the  two  axes.  Thus 
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a unit  along  the  x axis  may  be  represented  by  in.,  while  that 
along  the  y axis  may  be  represented  on  the  same  diagram  by  T%, 
or  t3q,  or  t5q,  or  in°5  and  so  on.  The  difference  in  scale  must  be 
allowed  for  in  the  course  of  any  calculation  in  which  the  graph  is 
used.  (See  examples  below,  also  Fig.  60,  p.  140,  etc.) 

Note. — (1)  The  graph  is  also  called  the  locus,  which  means  the  path  traced 
by  a point  which  moves  in  such  a way  as  always  to  satisfy  given  conditions. 


E.g.,  a circle  is  the  locus  of 
point  which  is  always  situ- 
ated at  a given  distance 
from  a fixed  point,  since 
any  point,  A,  B,  C,  etc., 
in  the  circumference  is 
always  at  the  same  distance 
from  the  centre  (0). 

Note. — (2)  Whilst  y — fix) 
signifies  the  fact  that  “ y 
is  a function  of  x ,”  the 
expression  y = f(n),  where 
n is  some  fixed  number, 
means  that  “ y is  the  value 
of  the  original  function  of 
when  the  variable 


Fig.  32. — Graph  of  the  Population  in  England 
and  Wales  between  1890  and  1901. 


x 


x 


assumes  the  value  of  n.”  Thus  if  we  have  a function  like  y = 3x2  + 

2x  + 1,  then  y — /(4)  becomes  y = 3(4)~  + 2(4)  + 1=  48 + 8 + 1 = 57. 
Similarly  y — f(o)  would  mean  y — 3 (o)  + 2(o)  + 1 = 1. 

The  expression  y = f(o)  is  one  which  is  frequently  met  with. 


EXAMPLES. 


(1)  Draw  a graph  for  the  following  statistics  giving  the  population 
of  England  and  Wales  in  millions  at  the  end  of  each  year. 


Year ... 

1891 

1892 

1893 

1894 

1895 

189G 

1897 

1898 

1899 

1900 

1901 

Popula- 

tion... 

29-0 

29-4 

29-7 

30-1 

30-4 

30-7 

31-4 

31-4 

31-7 

32-3 

32-5 
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The  graph  is  shown  in  the  diagram  (Fig.  32).  (Each  year  interval  is 
represented  by  one  division  along  the  x axis,  and  each  half  a million 
population  by  one  division,  on  a different  scale,  along  the  y axis.) 

(2)  Plot  a graph  showing  the  relation  between  the  weight  and  the  height 
of  women  from  the  following  statistics  : 


Weight  in  lbs. 

100 

106 

113 

119 

130 

138 

144 

Height  in  inches  . . . 

60 

61 

62 

63 

64 

65 

66 

The  graph  is  shown  in  the  diagram  (Fig.  33).  Here  the  scale  of  represen- 
tation adopted  is  such  that  each  division  along  the  x axis  represents  5 lbs., 
and  each  division  along  the  y axis  represents  1 inch. 


Fig.  33. — Graph  showing  Relation  between  Weight  and  Height  of  Woman, 


Graph  of  an  Equation  of  the  First  Degree  in  x and  y.— Let  us 
take  a function  like 


y — 2x  + 3. 

In  order  to  draw  its  graph  we  proceed  as  follows  : — 
(i.)  Give  to  £ a series  of  values,  say,  0,  1,  2,  3 . . . 
(ii.)  Calculate  the  corresponding  values  of  y,  thus  : 


For  x — 0,  y 


5 5 


5? 


X 


x 0 + 3 = 

3 graph 

contains 

point  (0,  3) 

x 1 + 3 = 

5 .’. 

?? 

„ (1.  5) 

x 2 + 3 = 

7 

5) 

(2,  7) 

x3  + 3 = 

9 55 

„ (3,  9) 

X 1 + 3 11  . . 55 

etc.,  etc.,  etc. 

5 5 

o 

(9,  11) 

0,  2x  + 3 = 

= 0 and  x 

O 

' 2* 

(iii.)  Plot  the  various  points  (0,  3),  (1,  5),  (2,  7),  etc.,  thus 
found  (see  Fig.  34). 

(iv.)  Join  these  points  by  a “ curve”  passing  through  them. 

It  will  be  seen  by  inspection  (and  it  is  easily  proved  by  the  most 
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rudimentary  geometry)  that  the  resulting  graph  is  a straight  line, 
possessing  the  following  properties,  viz.  : 

(1)  It  is  inclined  to  the  axis  of  x at  an  angle  whose  tangent  is 
2 (thus,  AA'/O'A'  = BB'/O'B'  = etc.  = 2). 

(2)  It  cuts  the  y axis  at  a distance  of  3 from  the  origin. 

3 

(3)  It  cuts  the  x axis  at  a distance  of  — 9 from  the  origin. 


Similarly,  we  can  draw  the  graph  of  such  a function  as 

2y  — 3x  — 1. 

3 1 

Thus  dividing  by  2 we  get  y = — 9. 

For  x = 0,  y = — Graph  contains  the  point  ^0,  — 

,,  X — 1 5 2/  ==  1 • . . 3>  55  J?  5)  (1>  !)• 

jj  x = 2,  y — 2x.  . . 3,  33 


2,  2f 


1\ 


Lastly,  when  y — 0,  x — ^ 


etc.,  etc. 
1 


V 


to  I 
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or  y 


1 

2* 


The  curve  passing  through  the  various  points  thus  found  will 
again  be  found  to  be  a straight  line,  whose  properties  are  : 

(1)  It  is  inclined  to  the  axis  of  x at  angle  whose  tangent  is 

(2)  It  cuts  the  axis  of  y at  a distance  — J from  the  origin. 

(3)  It  cuts  the  axis  of  a?  at  a distance  ^ from  the  origin. 

o 


or  3y  — — 2x  -f  3. 


Let  us  take  one  more  example  : 

2 


y 


= — JX 


1. 


CO  IC^5 
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When 


x = 0,  y — 1 . 

, 1 

* = 1^=0 


sc  = 3,  «/  = — 1. 


Lastly,  when 


y = 0,  a?  = s- 


The  graph  will  again  be  found  to  be  a straight  line  possessing  the 
following  properties  : 


(1)  Its  inclination  to  the  axis  of  x is  tan-1 


(2)  Its  y intercept  = 1 unit. 

(3)  Its  x intercept  = 1J  units. 

In  general— 

The  equation  y = mx  + b,  (i.e.,  any  function  y = f (x)  of  the 
first  degree  in  x and  y)  represents  a straight  line  whose  properties 
are  that : 

(1)  Its  inclination  to  the  x axis  is  tan  - 1 m. 

(2)  Its  y intercept  is  b units. 

jj 

(3)  Its  x intercept  is  units. 


From  this  there  result  the  following  three  corollaries,  viz.  : — 

(a)  If  b = 0,  then  the  line  passes  through  the  origin ; e.g.,  the 
accompanying  graphs  represent  the  lines 


x 


Fig.  37. — The  lines  y = mx  all  pass  through  the  Origin. 
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(b)  If  x = 0,  then  the  graph  is  a line  parallel  to  the  x axis  at  a 
distance  b units  from  it. 

(c)  If  y = 0,  then  the  graph  is  a line  parallel  to  the  y axis  at  a 

distance  — — from  it. 
m 


(d)  All  equations  of  the  first  degree  in  which  the  coefficients  of 


y and  the  coefficients  of  x are 


Fig.  38. — If  the  Value  of  m is 
constant,  then  the  Lines  are 
parallel. 


respectively  equal  are  represented 
by  lines  which  are  parallel  to  one 
another,  because,  m being  the 
same  in  all,  their  inclinations  to 
the  x axis  are  the  same,  viz., 
tan-1  m.  Similarly,  all  lines  in 
which  the  relationship  between 
the  coefficients  of  x and  y is  the 
same  are  parallel  to  one  another. 
Thus  y = 3$  + 8 ; y = 3a;  + 5 ; 

3 

y = Sx  + o 5 y ~ 3#,  etc.,  are 

parallel  (see  Fig.  38). 

(e)  To  draw  the  graph  of  a 
function  y — mx  + b,  it  is  suffi- 
cient to  plot  two  points  only, 
since  two  points  are  sufficient 
to  determine  any  straight  line. 

The  most  convenient  points  to 
plot  are  those  found  by  making 
x = 0 and  y = 0,  viz.,  the  points 

(0,  b)  and  (-  0). 


EXAMPLES. 

9 

( 1 ) If  we  draw  a straight  line  graph  representing  the  equation  y — -z  x + 32, 

o 

we  shall  get  a diagram  representing  the  relation  between  the  centigrade  ( x ) 
and  Fahrenheit  ( y ) scales  of  temperature.  To  draw  such  a graph  it  is 
sufficient  to  plot,  two  points  only,  e.g.,  the  freezing  point  (0,  — 32)  and  the 
boiling  point  (100,  212),  and  join  them  by  a straight  line. 

(2)  Sorensen’s  method  of  expressing  H-ion  concentration  is  to  give  the 
minus  logarithm  of  the  H-ion  concentration,  i.e.,  Pjj  = — log  C^j.  Hence 

by  plotting  CH  or  [H]  against  PH  or  log  [HI,  we  get  a graph  for  converting 
one  into  the  other  (H.  E.  Roaf). 

We  see,  therefore,  that  when  two  variables  are  so  related  that 
one  varies  uniformly  with  the  other,  the  graph  of  the  function 
is  a straight  line. 

Hence  all  functions  which  are  examples  of  the  simple  interest 
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law  may  be  represented  as  some  straight  line  and  are,  therefore, 
as  we  have  already  said,  called  linear  f unctions. 

Examples  of  Linear  Functions  are  (1)  Henry’s  law  of  solubility 
of  gases,  which  states  that  the  amount  of  gas  which  can  be  dis- 
solved in  a liquid  at  constant  temperature  is  proportional  to  the 
partial  pressure  of  the  gas. 

(ii.)  The  law  of  expansion  of  solids,  liquids  and  gases  which 
states  that  the  amount  of  expansion,  whether  linear,  superficial, 
or  cubical,  is  proportional  to  the  temperature. 

(iii.)  The  law  of  motion  at  uniform  velocity  which  states  that 
the  distance  covered  is  proportional  to  the  time. 

(iv.)  In  many  cases  certain  other  functions  may  by  logarithmic 
manipulation  be  converted  into  linear  functions.  As  an  example 
we  may  take  Boyle’s  law  of  gases.  This,  although  as  we  shall  see 
later,  is  a function  whose  curve  constitutes  a rectangular  hyperbola, 
may  yet  be  transformed  in  such  a way  as  to  be  capable  of  being 
represented  by  a straight  line.  Thus  the  law  states  that 

py  = k 

(P  — pressure  ; V = volume  ; and  K — constant). 

By  taking  logarithms  we  have 

log  P + log  Y = log  K. 

Hence,  putting  log  P = y 

log  V — x 

and  log  K — c 

we  have  y = — x + c, 

which  represents  a straight 
line. 

(v.)  Similarly,  the  relation 
between  H-ion  concentration 
and  OH-ion  concentration 
in  water,  represented  by 
[H]  . [OH]  = K,  can  be  trans- 
formed into  a linear  function 
by  taking  logarithms  of 
each  side*  log  [H]  + log 
[OH]  = log  K. 

Note. — [H]  indicates  H-ion 
concentration  ; similarly  with 
[OH], 

In  Chapter  XX.  we  shall 
make  frequent  use  of  this 
principle. 


Y 


Fig.  39. — Equation  of  a Circle  of 
which  the  Centre  is  the  Origin 

is  x'1  -f  y2  — rh 
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The  Equation  of  a Circle  (see  Fig.  39). — 

(a)  If  we  take  the  centre  of  the  circle  as  the  origin,  then,  since 
for  any  point  P(x,  y)  on  the  circumference 

x2  + y2  = t2  (where  r = length  of  radius), 
the  equation  x2  + y2  = r2  represents  a circle  whose  centre 
is  at  the  origin. 


Fig.  40. — The  General  Equation  of  a Circle  is  (x  — h)2  -f  (y  — k)2  = r2. 

(b)  If  the  centre  is  not  at  the  origin,  but  at  a point,  say  (6,  8), 
then  since  for  any  point  P(a?,  y)  (see  Fig.  41),  we  have 

OP2  - OM2  + MP2  = (KM  - KO)2  + (NP  - NM)2 
= {x  - 6)2  + (y  - 8)2. 

.*.  if  OP  = r,  the  equation  becomes 

(x  — 6)2  + (y  — 8)2  = 

and  generally,  if  the  centre  is  at  the  point  (h,  k),  the  equation  of 
the  circle  becomes 

(x  - h)2  + (y  - k)2  = r2, 

which  is  the  most  general  equation  of  a circle. 

Expanding  the  equation  we  get 

x2  y2  — 2 xh  — 2 ylc  + h2  + k2  — r2  — 0, 

and  since  h,  K,  and  r are  constants  we  can  put  h2  + k2  — r2  = c. 
equation  of  a circle  is 

x2  + y2  — 2xh  — 2 yk  + c = 0. 
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The  Graph  of  the  Function  y = x2  (or  \/y  — + x). 


By  putting  x = 0,  y becomes  = 0,  . 


Fig.  41. — Graph  of 
Function  y = a;2. 


curve  passes  through  origin 

33  3 3 3 3 (I3  1) 

3 3 5 3 3 3 (2,  4) 

3 3 3 3 33  (3,  9) 

3,  3,  33  (-1,1) 

3,  (-2,4) 

3 3 3 3 3 3 ( — 3,  9) 


y2=x 

Fig.  42. — Graph  of  Function 

9 

y = x> 


The  graph  is  a parabola  passing 
through  the  origin,  and  whose  axis  is  the 
axis  of  y (see  Fig.  41). 

Similarly,  the  graph  of  the  func- 
tion y2  = x will  be  represented  by  a 
parabola  passing  through  the  origin, 
and  whose  axis  is  the  axis  of  x (see 
Fig.  42). 

The  Property  of  a Parabola  (Fig.  43). 
— The  distinguishing  character  of  a 
parabola  is  that  any  point  on  it  is 
always  the  same  distance  from  a given 
fixed  line  AB,  and  also  from  a given 
fixed  point  S. 

Thus  PS  - PM, 

CS  - CN,  etc. 
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The  fixed  point  S is  called  the  focus , and  the  fixed  line  AB  is 
called  the  directrix. 

Consider  now  such  a function  as  (y  — 2)  = 3(r  + l)2. 


When  x = 

o,  y 

- 2 

= 3-12 

= 3. 

y 

= 5 

,,  x - 

i.  y 

- 2 

= 3-22 

= 12. 

y 

= 14 

„ X = 

2,  y 

- 2 

= 3-32 

- 27. 

y 

= 29 

„ X = 

3,2/ 

- 2 

= 3-42 

= 48. 

y 

= 50 

,,  X 

- 1,  y 

- 2 

= 3-0 

= 0. 

y 

= 2 

„ X = 

~ 2,  y 

- 2 

= 3(—  l)2 

- 3. 

y 

= 5 

and  so  on. 

In  this  case  in  order  to  make  the  graph  of  convenient  size  it  is 
best  to  chose  our  scale  of  representation  in  such  a way  that  one 
scale  division  = 5 units  along  0 y and  one  scale  division  = 
unity  along  Ox. 

The  graph  is  shown  in  Fig.  44, 


It  is  a parabola  whose  vertex  is  at  the  point  ( —1,2)  and  whose 
axis  is  the  line  x = — 1. 

In  general,  an  equation  of  the  form  y — a(x  + or 
y2  = ax  + b,  in  which  one  of  the  variables  is  of  the  first  degree 
and  the  other  of  the  second  degree,  may  be  represented  graphi- 
cally by  some  sort  of  a parabola. 
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Examples  of  Parabolic  Functions  are:  (i.)  The  law  of  motion  at  uniform 
acceleration  (a),  which  states  that  the  distance  covered  (5)  is  proportional 

/ t^a 

to  the  square  of  the  time  ( t ) [s  — 

(ii.)  (a)  The  relation  between  the  side  of  a square  and  its  area  y = x1 2 ; 
(/3)  the  relation  between  the  radius  of  a circle  and  its  area  y — irx “. 

(iii.)  Schiitz  Borissolf  law  (see  p.  151). 


The  Ellipse  (Fig.  47). — The  ellipse  is  a curve  possessing  the 
following  distinguishing  properties  : 


M 


N, 


1 


Fig.  45. — To  illustrate  Properties  of  an  Ellipse. 


(1)  The  sum  of  the  distances  of  any  point  on  the  curve  from  two 
fixed  points  F,  Fi,  called  the  foci , is  constant,  e.g .,  FP  + FiP  = 
FQ  + FiQ  = constant. 

(2)  The  distance  of  any  point  P on  the  curve  from  one  of  the 
foci,  always  bears  a constant  proportion  (less  than  1)  to  the  dis- 
tance of  the  same  point  from  a corresponding  fixed  line  MN  called 


the  directrix,  e.g., 


FP 

PM 


FA 

~AK 


= e « !)• 


This  fixed  ratio  e is 


called  the  eccentricity  of  the  ellipse,  and,  whilst  it  is  constant  for 
the  same  ellipse,  it  has  different  values  for  different  ellipses. 

The  diameter  AAi,  on  which  the  foci  are  situated,  is  called  the 
major  axis,  and  is  taken  as  equal  to  2 a. 

The  diameter  BBi,  which  bisects  the  major  axis  at  right  angles, 
is  called  the  minor  axis , and  is  taken  as  equal  to  26. 

The  first  property  of  an  ellipse  suggests  a method  of  describing 
the  curve.  Take  a fine  thread  FPFi  equal  in  length  to  the  major 
axis  AAi.  Fix  the  two  ends  of  the  thread  to  two  pins  stuck  at 
F and  Fi,  and  by  moving  a fine-pointed  pencil  in  tight  contact 
with  the  thread,  the  half  APBQAi  of  the  curve  will  be  traced 
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out,  since  in  any  position  such  as  P,  FP  -f  FjP  = length  of 
thread  = AAi.  By  transferring  the  thread  to  the  other  side  of 
the  pins  the  lower  half  will  be  traced  out. 

Equation  of  Ellipse. — If  we  call  the  major  axis  2 a and  the  minor 
axis  2 b,  and  if  we  take  these  axes  as  the  co-ordinate  axes,  0 being 
the  origin,  then  the  equation  of  an  ellipse  can  he  shown  to  be 

x 2 y 2 /a  = semi-major  axis, \ 

a2  + p — *■'  1 6 = semi-minor  axis. ) 


Hence,  if  a = b,  then  the  equation  becomes 


x * y 


o “ i~  o ' 1 ) 


a 


a 


or  x2  + y2  — a2, 

which  is  the  equation  of  a circle  of  radius  a , 

The  equation  of  the  ellipse  is  important  in  connection  with 
(i.)  The  theory  of  “ Frequency  Surfaces”  which  occurs  in  the 
study  of  the  more  advanced  portions  of  Mathematical  Statistics 
'(see  Caradog  Jones’s f<  A First  Course  in  Statistics,”  Chapter  XIX  ). 
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(ii.)  The  lines  of  growth  of  certain  bivalve  molluscs  (see 
D’Arcy  W.  Thompson’s  “ Growth  and  Form,”  p.  583). 

(iii.)  Elliptical  muscles  (see  S.  Haughton’s  “ Animal  Mechanics.” 

1 

The  graph  of  the  function  y = -. 


By  putting  x = 

0,  y becomes  = 

00 

,,  x = 

d,  y ,, 

1 

4 

„ X = 

- 2,  y 

1 

2 

,,  X — 

i?  y 

- 1 

„ X = 

= 

1 

„ X = 

^3  y 33 

1 

2 

„ X = 

y 3? 

1 

4 

The  resulting  graph  is  given  in  Fig.  46.  It  is  what  is  called  a 
rectangular  hyperbola.  It  will  be  noticed  that  this  curve  possesses 
the  following  properties  : 

(1)  It  consists  of  two  symmetrical  halves  situated  in  the  first 
and  third  quadrants  of  the  axes  of  co-ordinates. 

(2)  Each  half  is  itself  symmetrical  with  reference  to  the  line 
y — x,  which  is  the  axis  of  the  curve. 

(3)  Although  the  limbs  of  the  curve  approach  nearer  and  nearer 
to  the  axes  of  y and  x,  they  never  actually  touch  these  axes.  Hence 
the  y and  x axes  are  what  are  called  the  asymptotes  of  the  curve. 

We  see,  therefore,  that  when  two  variables  are  so  related  that 
one  varies  as  the  reciprocal  of  the  other,  the  graph  of  the  function 
is  a rectangular  hyperbola. 

Examples  of  Hyperbolic  Functions  are  : (i.)  Boyle’s  law  of  the  relationship 
between  the  pressure  and  volume  of  a gas  at  constant  temperature,  which 
states  that  the  volume  of  a gas  at  constant  temperature  is  inversely  pro- 
portional to  the  pressure  to  which  it  is  subjected. 

(ii.)  The  extent  of  ionic  dissociation  of  an  electrolyte  is  inversely  propor- 
tional to  the  concentration.  All  functions  of  this  nature  can,  as  we  have 
seen,  be  transformed  into  linear  functions  by  means  of  logarithms  (see 
p.  107). 

(iii.)  The  dissociation  curve  of  haemoglobin  ( i.e the  relation  of  oxygen 
pressure  to  oxy-  and  total  haemoglobin)  is  a rectangular  hyperbola. 

EXERCISE. 


Plot  the  curve  from  the  following  data  and  show  that  it  is  an  hyperbola. 


X 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

y 

GO 

9 

4-5 

3 

2-25 

1-8 

1-5 

1-3 

M3 

1 

[xy  — constant  = 9.  curve  is  a rectangular  hyperbola.] 

B.  I 
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The  Graph  of  the  Function  y = x3  — 12x. 


When  x — 

o,  y = 

0. 

,,  X 

i,  y = 

- 11 

,,  X 

2,2/  = 

- 16 

„ X = 

3,  y = 

9 

,,  X - 

1, 2/  = 

16 

,,  X 

- 1,2/  = 

11 

„ X = 

-2  ,y  = 

16 

„ X = 

~ 3,  y - 

9 

,,  X 

■ 4,  2/  = 

- 16 

The  graph  is  shown  in  Fig.  47. 

A better  way  of  drawing  the 
graph  would  be  to  take  different 
scales  of  representation  for  x 
and  y.  Thus,  if  one  scale  unit 
of  x is  made  equal  to  5 scale 
units  of  y,  we  get  a much 
more  detailed  curve  as  shown  in 
Fig.  47a.  (Cf.  Scale  Modulus, 

p.  122.) 

The  Graph  of  the  Function 

y = ex  (Fig.  48). — If  we  write 
the  equation  in  the  form  2-3 
logio  y = x,  we  can  arrange  the 
plotting  table  as  follows  : 


curve  passes  through  origin. 


Fig.  47. — Graph  of  Function 
y — ,-r3  — 12:r. 


y • 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

x — 2‘3  log10  y 

— GO 

0 

•69 

11 

1-38 

1-61 

1-8 

1-95 

2-08 

2-2 

2-3 

_ ,2 

The  Graph  of  y = e x (Fig.  49). — This  is  a most  important 
curve  in  mathematical  statistics  (see  p.  343). 

If  we  put  2-3  logio  y — — x2,  we  get  the  following  plotting 
table  : 


y 

0 

o-i 

0-2 

0-3 

0-4 

0-5 

0-6 

0-7 

0-8 

0-9 

1 

x=±  V 2 ‘3  log  y 

ioo 

±1-52 

± 1-27 

± 1-10 

±0-96 

± 0-83 

±0-71 

±0-60 

±0-47 

± 0-32 

•o 
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Fig.  47a. — Graph,  y — x 3 — \2x,  drawn  with  Different  Scales  of  Repre- 
sentation for  x and  y. 


0-5  7 1-5  2 2-5  3 

Fig.  48. — Graph  of  y = ex 
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The  Graphs  of  Circular  Functions. 

y = sin  x. 

1 

2 

\/3 
2 

1 

v 3 
2 

1 

2 
0 


Wlien 

X = 

0, 

y = 

0 

X = 

30, 

y = 

1 

2 

X — 

60, 

y = 

\/3 

2 

5J 

X = 

90, 

y = 

1 

>> 

X = 

120, 

2/  = 

a/3 

2 

X = 

150, 

y = 

1 

2 

a 

X = 

180, 

y = 

0 

When 

cc 

= 210, 

2/  = - 

?? 

= 240, 

y = - 

5? 

= 270, 

y = - 

? 5 

= 300, 

y = - 

5? 

sc 

= 330, 

y = - 

?? 

etc. 

a; 

= 360, 

Fig.  50.— -Graph  of  y — sin  x. 
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The  graph  is  shown  in  Fig.  50. 

In  a similar  way  y = cos  0 and  y = tan  0 may  be  represented 
by  graphs  (see  Fig.  51). 


Graphical  Method  of  Solving  Equations.— It  will  be  noticed  that 
in  all  the  graphs  we  have  plotted,  the  points  on  the  x axis  inter- 
sected by  the  graph  will  give  the  root  of  the  equation  f(x)  — 0, 
and  hence  we  have  a convenient  method  of  solving  equations  of  any 
degree.  Thus  the  graph  of  Fig.  47a  gives  the  roots  of  the 
equation  x3  — I2x  = 0. 

Similarly,  simultaneous  equations  of  two  unknowns  may 
sometimes  be  solved  graphically  by  drawing  the  graph  for  each 
of  the  two  equations.  The  points  of  intersection  of  the  two 
graphs  are  the  roots  required. 

EXAMPLES. 

(1)  Solve  x2  — 3.r  -(-1=0. 

Draw  the  graph  in  the  usual  way.  It  will  be  found  to  cut  the  x axis  at 
points  where  x — 0-4  and  2 6 very  nearly.  If,  now,  the  points  in  the  neigh- 
bourhood of  x — -4  and  x = 2-6  be  plotted  on  a large  scale,  it  will  be  seen  that 
the  curve  cuts  the  axis  x very  close  to  x = -38  and  x = 2-62  (see  further, 
p.  261).  The  process  can  be  repeated  in  order  to  get  closer  and  closer 
approximations. 

(2)  Solve  x3  -j-  3a;2  — 10a;  + 24  = 0. 

Proceeding  as  in  (1),  the  graph  will  be  found  to  cut  the  x axis  at  the 
points  x = — 3,  x — 2,  and  x — 4,  which  are  therefore  the  roots. 

(3)  Solve  y x — 8 — 0 ; y — 2#  + 6 = 0. 

The  graphs  of  these  equations  will  be  found  to  intersect  at  the  point 
(4-67,  3-34).  x = 4-67,  y = 3-34. 

Interpolation. — Supposing  we  plot  a function  like  y = x2,  for 
values  of  x — — 3,  — 2,  — 1,  0,  + 1 + 2 + 3,  etc.,  and  we  wish 
to  know  what  the  value  of  y will  be  for  some  intermediate 
value  of  x,  say,  when  x — 1*25.  Then  by  referring  to  the  point 
on  the  graph  whose  abscissa  is  1*25,  we  can  at  once  read  off  what 
the  value  of  y is.  This  method  is  called  interpolation,  and  is 
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exceedingly  useful  in  practical  work.  For  example,  the  population 
during  the  intercensal  periods  can  be  found  in  this  way  (see  also 
Chapter  XX.). 

Example. — The  crosses  on  the  graph  (Fig.  52)  give  the  observed  heights 
in  inches  of  a certain  growing  child  at  certain  stated  times.  “The  height 


7 900  1901  1902  1903 

Fig.  52. — Graph  to  illustrate  Interpolation. 

of  the  child  in  July,  1901,  is  found  by  interpolation  to  have  been  57-2 
inches. 

For  other  methods  of  interpolation,  the  reader  must  consult 
more  advanced  books  on  mathematics. 

Caution. — The  reader  must  remember  that  whilst  it  is  in  most 
cases  permissible  to  use  a formula  or  graph  for  purposes  of  inter- 
polation, it  is  in  many  cases  dangerous  to  use  it  for  purposes  of 
extra  polation — outside  the  limits  of  observation  (see  p.  289). 


Supposing  we  have  some  form  of  equation  or  “ law  ” repre- 
senting the  relationship  between  three  variables,  such  as  the 
relationship  between  the  surface  area  of  the  body  and  the 
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person’s  height  and  weight,  which  Messrs.  Dubois  have  expressed 
by  the  equation 

S = 71*84: W0-425  . Ho-725 

(where  S = surface  in  square  centimetres, 

W = weight  in  kilograms, 
and  H = height  in  centimetres). 

It  is  possible  to  draw  a chart,  called  an  alignment  chart  or 
nomogram  (see  Fig.  56,  p.  124:),  consisting  of  three  lines  situated 
at  fixed  distances  from  one  another 
and  graduated  in  such  a way  that — - Yj 

(i.)  if  the  two  external  lines  are 
graduated  with  scales  representing  W 
and  H,  and  the  middle  one  is  graduated 
with  a scale  representing  S,  then 

(ii.)  any  straight  line  ABC  joining 
any  particular  graduation  (A)  on  the 
W scale  with  any  other  graduation  (B) 
on  the  H scale  will  cut  the  S scale  in 
a point  (D)  corresponding  in  value  to 
71-84:W0-425H0'725.  (0/.  Fig.  53.) 

Because  such  a chart  enables  us,  by 
means  of  one  diagram,  to  find  the 
value  of  any  one  variable  for  given 
values  of  the  other  variables  in  a given 
“ law,”  therefore  such  a chart  is  called 
a nomogram  (nomos  = law). 

(1)  The  Sum  and  Difference  Nomo- 
gram.— (a)  In  order  to  understand  the 
principle  of  nomography  or  the  con- 
struction of  nomograms,  we  shall  con- 
struct such  a chart  for  a simple  law  like 

x = y + z. 

If  we  draw  three  parallel  lines  at 
equal  distances  apart,  and  call  the  two 
outside  lines  the  y and  z scales,  and  the 
middle  one  the  x scale,  and  then  gra- 
duate y and  z with  the  same  unit,  and 
the  scale  x with  half  the  unit  (see 
Fig.  53),  then  if  we  join  any  value  of 
y with  any  value  of  2,  it  will  cut  the  x scale  at  a point  corresponding 
to  y + 2. 

Thus,  in  the  diagram,  the  line  joining  the  point  3*8  on  the  y 
scale  with  the  point  2*4.-  on  the  2 scale  cuts  the  x scale  at  the  point 
corresponding  to  6*2  (i.e  , 3*8  + 2*4)  ; whilst  the  line  joining  the 


Fig.  53. — Nomogram  for 

x = y ± 2- 
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point  2*3  on  the  y scale  with  the  point— 0-8  on  the  z scale  cuts 
the  x scale  at  the  point  15  (i.e.,  2-3  — 0-8).  This  is  so,  because,  if 
we  look  at  Fig.  53,  we  shall  see  at  once  that  by  the  law  of  simi- 
larity of  triangles 

CD  =^0iAand03C  = ^02B. 

03D  (which  = O3C1  + CD)  = \ (02B  + 0tA). 

Similarly  O3C1  = 1 (f)1A  1 — O0B1). 

But  as  we  graduated  the  x scale  with  half  the  unit  of  the  y and 
z scales, 

the  distance  O3D  as  actually  read  off  on  the  scale 

= OiA  + 02B, 

and  the  distance  O3C1  as  actually  read  off  on  the  scale 

==  O1A1  — O0B1. 

x = y ± z. 

(b)  Suppose,  now,  we  have  a function  like 

* =f(y)  +/¥)> 

e-g-,  X = (2  y)  + (3  z). 


Fig.  54. — Nomogram  for  x — 2 y -\-  3z. 


Then,  to  construct  a nomogram  we  take  any  arbitrary  distance 
O1O2  at  which  we  place  the  two  scales, /(y)  and  f(z),  and  graduate 
them  as  follows  : 

Make  each  unit  division  along  the/(y)  scale  equal  to  2 units  of 
length  (say,  2 cm.  or  2 in.  or  anything  else),  and  each  unit  division 
along  the  f(z)  scale  3 of  the  same  units  of  length  (centimetres  or 
inches,  etc).  We  then  place  the  x scale  at  a point  O3,  such  that 

O1O3  __  2 

P2  “ 3’  ' 
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and  graduate  this  x scale  in  such  a way  that  each  unit  division 


along  it  is  equal  to 


6 

5 


/.  2 x 3\ 

V6’’  2 + 3 ) 


of  the  same  units. 


This 


will  complete  the  nomogram. 


Thus,  it  will  be  seen  in  the  figure  that  a line  joining  the  point 
6 on  th ef(y)  scale  with  the  point  2 on  the  f(z)  scale  passes 
through  the  point  marked  8 on  the  x scale  (i.e.,  x = (2 y)  + (3 z)  ). 
This  is  so  because 

2 2 

03C  = xt  02B  = p x 6 units  of  length 
o o 


(since  each  unit  division  along  f(z)  = 3 units  of  length). 


Similarly 


CD  = | OiA  = ^ X 12  units  of  length. 


03D  = 


12  36 


5 


units  of  length. 
5 ° 


But  each  division  along  the  x scale  has  been  made  = ~ units  of 

o 

length. 

48 

03D,  which  equal  to  ^ units  of  length,  must  coincide  with 
division  8. 

Similarly  for  any  other  points. 

every  point  along  x will  solve  the  equation  x = (2a?)  + (32). 
Indeed,  it  can  be  easily  shown  that  if  f(y)  — miy,  and  f(z)  = 
m2y,  then  the  requisite  nomogram  is  obtained  as  follows  : 

(1)  Place  the  (miy)  and  (mzz)  scales  any  arbitrary  convenient 
distance  0i03  apart. 

(2)  Place  the  x scale  at  a point  03  between  the  (miy)  and 


(m&)  scales,  such  that 


0i03 

0302 


m2* 


(3)  Graduate  the  (miy)  scale  in  such  a way  that  each  division 
along  it  = mi  units  of  length. 

(4)  Graduate  the  (mgs)  scale  in  such  a way  that  each  division 
along  it  = m-2  units  of  length. 

(5)  Graduate  the  x scale  in  such  a way  that  each  division  along 

mim2 

it  = — : = m3  units  of  length. 

mi  + m2  & 
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(2)  Product  and  Quotient 


y 


X 


Fig.  55.  — Nomogram  for 

V 

x = yz,  or  x — 


V 

Nomogram. — (a)  x = yz  or  x = 

Place  the  x scale  midway  between 
the  y and  z scales  as  in  the  sum  and 
difference  nomogram,  except  that 
instead  of  graduating  the  y and  z 
scales  arithmetically,  we  graduate 
them  with  the  same  unit  logarith- 
mically as  in  the  case  of  the  slide 
rule  (see  p.  19)  (so  that  the  points 
marked  1,  2,  3 . . . — 2,  — 3,  etc., 
correspond  to  log  1,  log  2,  log  3 
. . . etc.),  whilst  the  x scale  is 
graduated  logarithmically  with  half 
the  unit.  We  shall  then  get  a 


y 

z 


nomogram  for  x - yz  or  x 
Thus,  in  the  diagram 

03D  = l (OiA  + OoB)  (of.  (1) ), 


or 

log  x 


9 (log  y + log  2) 


log  yz, 


x scale  being  graduated  with 
half  the  unit  of  the  y and  z scales 
we  get  log  x — log  yz. 
x = yz. 


(b)  Similarly,  because  when  x = ymzn,  log  x = m log  y + n log  z9 


if  we  make 


the  distance  between  the  y and  x scales  m 
the  distance  between  x and  z scales  n’ 


graduate  y,  z and  x,  we  get  a nomogram  for  x = ymzn. 


The  Scale  Modulus. — The  numbers  mi,  m 2,  m 3,  used  for  gra- 
duating the  three  scales,  are  called  the  scale  moduli.  The  scale 
modulus,  therefore,  is  that  number  of  units  of  length  which  repre- 
sents the  unit  division  of  the  scale. 

The  scale  moduli  for  the  f(y)  and  f(z)  scales  may  be  arbi- 
trarily chosen  to  suit  the  particular  requirements,  but  the  modulus 
of  the  x scale,  as  well  as  the  position  of  that  scale,  depends,  as  we 
have  seen,  upon  the  values  of  the  other  two  moduli.  Conversely, 
if  we  choose  the  length  O1O2,  the  position  of  the  point  03  and 
the  modulus  of  one  of  the  scales,  then  the  graduations  of  the  other 
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two  scales  become  fixed.  Thus,  if  the  moduli  for/(y)  and  f(z) 
scales  are  m\  and  m2  respectively,  then 

O1O3  = m 

0302  — 


and  m3  (modulus  for  x scale) 


OT1W2 
mi  + m2 


Example. — Construct  a nomogram  for  the  equation 

S = 71-84W0'425  . H0’725  (Dubois). 

(S  = surface  in  square  centimetres,  W = weight  in  kilograms,  and 
H = height  in  centimetres). 

It  is  obvious  that  in  an  equation  like  this  both  W and  H must  have  certain 
limits.  Let  us  therefore  take  the  upper  and  lower  limits  of  W as  70  and 
2 kgms.  respectively  ; and  the  upper  and  lower  limits  of  H as  180  and 
50  cm.  respectively. 

Taking  logarithms  of  both  sides  we  get  log  S — log  71-84  = -425  log  W 
+ -725  log  H. 

Put  (0-425  log  W)  = y ; and  (0’725  log  H)  = 2. 

Since  the  range  of  W is  between  2 and  70  kgm., 
whole  length  of  the  y scale  will  be 

•425  (log  70  - log  2)  = *425  (1-8451  - -3010) 

— -636  of  a unit  of  the  W scale. 


Now,  a suitable  length  for  this  range  will  be  about  10  ins. 

one  complete  unit  of  the  scale  would  be  represented  by  about 

= 15-7  ins.,  say  16  ins. 

i.e.,  the  modulus  of  the  weight  scale  is  16  ins. 

Again,  the  range  of  H is  between  50  and  180  cm. 
whole  length  of  the  z scale  will  be 

•725  (log  180  - log  50)  = -725  (2-2553  - 1-6990) 

= -403  of  a unit  of  the  H scale. 


Taking  the  length  as  suitable  for  this  range  as  also  about  10  ins.,  Ave 


shall  get  the  modulus  for  the  height  scale  as 


10 

•403 


= about  25  ins. 


ratio  between  moduli  = ~ = -64  : 1 — 2 : 3 (approximately). 

O1O3  = 2 
O3O2  3 


Hence,  if  we  choose  O1O2  as  5 ins.,  we  must  make  O1O3  — 2 ins,,  and 
O3O2  = 3 ins. 


Now,  since  the  moduli  mi  and  m2  are  16  and  25,  therefore  a unit  length 
of  the  W scale  will  be  16  ins.,  and  a unit  length  of  the  H scale  will  be 
25  ins. 

•636  of  a unit  length  of  the  W scale  will  be 

•636  X 16  = 10-2  ins.  — length  of  W scale, 
and  -403  of  a unit  length  of  the  H scale  will  be 

•403  X 25  = 10  1 ins.  — length  of  H scale. 
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SURFACE 

r 20.000 


WEIGHT 
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65 
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55 

-50 

-45 

-40 

■35 

■30 

■25 

■20 


Point  of — $-77  S 
bisection 
of  W Scale 


( Log  2 
= 0-30103 ) 


■15 


10 

M 

8 

7 

-6 

-5 


r3 


*-2 


-15,000 


■10,000 

■9,000 

■ 8,000 

■ 7,500 

■7,000 

■6,500 

■6,000 

■5,500 

-5,000 

4. 500 
4,000 

3.500 
■3,000 

$2,500 


■2,000 


L 1,500 


HEIGHT 

(Log  7 so 

= 2-2553 ) 

- 170 
-160 
-150 

-140 

-135 
-130 
-125 

-120 
■115 
■110 
■105 

■100 
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90  of  H Scale 
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80 

75 
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50  *1  "6990  ) 


Fig.  56. — Nomogram  for  S — 71-84W°’42iJ  . H1 


1 0-725 
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We  must  now  graduate  these  scales. 

(1)  Find  the  middle  point  of  the  W scale  by  taking  half  the  sum  of  the 
logarithm  limits. 

Now  i (log  70  + log  2)  = 1 (1-8451  + -30103) 


1 

2 X 


2-1461  = 1-0731  ins. 


But  1-073  is  the  logarithm  of  11-83. 

middle  point  of  scale  = 11-83  kgm.  (Put  a small  circle  round  it  for 
reference.) 

the  point  representing  10  kgm.  will  be  16  X -425(log  118  —log  10)  ins. 
below  the  central  point,  i.e.,  0-5  in.  below. 

Now,  calculate  the  position  of  every  5 -kgm.  variation  in  weight  above  and 
below  10  until  you  get  to  the  top  and  bottom  of  the  scale.  This  is  done  as 
follows  : 


5 

15 

20 

25 

30 

35 

40 

0-699 

1-1761 

1-3010 

1-3979 

1-4771 

1-5441 

1-6021 

1-000 

1 

1 

1 

1 

1 

1 

-•301 

•1761 

•3010 

•3979 

•4771 

•5441 

•6021 

etc. 


the  points  representing  these  weights  will  be  these  differences  multi- 
plied by  16  X -425  or  by  6-8,  viz.,  6-8  x (—  -301),  6-8  x -1761,  6-8  x -301, 
etc.,  i.e.,  — 2-04,  1-2,  2-04,  2-71,  3-24,  3-7,  4-1,  etc.,  ins.,  distant  from  the 
10 -kgm.  point,  and  so  on  for  the  other  points. 

Now  construct  the  IT  scale  in  the  same  way. 

The  middle  point  = ^ (log  180  -f  log  50) 

= 1 (2-2553  + 1-6990) 

= i X 3-9543  = 1-9772 

= log  94-9, 
say,  95  cm. 

(Put  a small  circle  round  it  for  reference.) 

Calculate  the  position  of  every  5-cm.  variation  in  height  above  and  below 
95  cm.  until  you  get  to  the  top  and  bottom  of  the  scale.  Thus  : 


80 

85 

90 

100 

105 

110 

1-9031 

1-9772 

1-9294 

1-9772 

1-9542 

1-9772 

2 

1-9772 

2-0212 

1-9772 

2-0413 

1-9772 

— -0741 

— -0478 

- -0230 

0-0228 

0-0440 

0-0641 
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the  points  representing  these  heights  will  be  25  X -725  times  these 
differences,  or  18-13  times  these  differences,  viz., 

18  1 X (—  -0741),  18-1  X (-  -048),  18-1  X (-  0230), 

181  X 1 0220,  18-1  X 1-044,  18  1 X 1-064,  etc., 

or  — 1-34,  — 1 05,  — -4163,  -4163,  -8,  1-19,  etc.,  ins.  from  the  middle 
point  or  from  the  95  cm.  point,  and  so  on  for  the  other  points. 


The  S scale  is  graduated  by  calculating  a value  of  S from  the  formula  : 


S = 71-84W0'425.  H0’725,  for  values  of, 
say,  W = 4,  and  H = 60,  which  gives 
log  S = log  71-84  + -425  log  4 + -725  log  60 
= 1-8564  + -2560  + 1-2892 
= 3-4016  = log  2520. 

a line  joining  the  scales  of  W and  H at  the  points  4 and  60  respectively 
will  meet  the  scale  S at  a point  which  should  be  marked  2520,  or  it  can 
without  very  great  error  be  marked  2500. 

The  other  points  at  intervals  of  500  sq.  cm.  may  then  be  calculated 
exactly  in  the  same  way  as  in  the  case  of  the  other  two  scales,  except  that 
the  differences  in  the  logarithms  must  be  multiplied  by  m3  which  = 


mi  m2 
m\  + m2 


25  X 16 
“25  + 16 


- 9-8 


= approximately  10. 


Thus  the  point  2000  will  be 

10(log  2500  - log  2000)  = 10(3-3979  - 3-3010) 

= -97  in.  below  the  2500  point, 

and  so  on  for  the  other  points. 

The  nomogram  so  constructed  (see  Fig.  56)  gives  results  within  a very 
considerable  degree  of  accuracy.  If  the  moduli  had  been  made  larger,  the 
various  scales  would  have  been  longer,  and  the  degree  of  accuracy  greater. 
(See  Feldman  and  Umanski,  The  Lancet,  1922,  Vol.  1 ; also  Boothby  and 
Sandiford,  Boston  Med.  and  Surg.  Journ.,  1922,  Vol.  185).  The  latter  paper 
gives  a comprehensive  account  of  the  use  of  nomographic  charts  for  the 
calculation  of  the  metabolic  rate  by  the  gasometer  method.) 


EXERCISES. 

The  student  might  compare  the  results  found  for  S,  mathematically,  by 
the  long  and  tedious  process  of  solving  the  equation  as  given  by  the  Dubois 
formula,  and  as  rapidly  ascertained  by  the  nomogram,  for  any  chosen  values 
of  W and  H. 


CHAPTER  IX. 


DIFFERENTIALS  AND  DIFFERENTIAL  COEFFICIENTS. 

In  all  the  functions  with  which  we  have  been  dealing  in  Chap- 
ter VIII.  we  considered  the  relative  increments  or  decrements  of 
mutually  related  quantities  when  such  increments  or  decrements 
were  infinitesimally  small.  Such  infinitesimally  small  increments 
or  decrements  are  called  differentials ; differential  being  the 
diminutive  of  the  word  difference.  The  differential  of  any  quan- 
tity x is  written  as  dx,  where  d is  an  abbreviation  of  the  expres- 
sion “ the  differential  of.”  Hence,  whenever  one  meets  with  the 
expression  dx,  one  must  not  think  of  it  as  “ d multiplied  by  x ” 
but  as  “ the  differential  of  x ” or  as  “ an  infinitesimally  small  bit 
of  x.”  Similarly,  dy  stands  “for  the  differential  of  y”  or  “an 
infinitesimally  small  bit  of  y.” 

dx  is  read  as  “ dee-eks,” 
dy  is  read  as  u dee-wy,” 

and  so  on. 

Now,  although  dx  stands  for  an  infinitesimally  small  and  there- 
fore, in  itself,  negligible  bit  of  x,  it  does  not  follow  that  such  quan- 
tities as  xdx,  x1 2dx,  etc.,  are  negligible,  but  (dx)(dx)  or  (dx)2  would 
be  negligible. 

Let  us  take  an  example.  Supposing  x = 1,000,000  and  dx  = 
0-000001,  then  xdx  = 1 ; x2dx  = 1,000,000,  and  so  on,  i.e.,  xdx 
is  not  a negligible  quantity  and  x2dx  is  as  large  as  the  original 
quantity  x itself  ; but  (dx)2  = (10~6)2  = 10~12  is  an  utterly 
negligible  quantity. 

Now,  if  we  speak  of  any  fraction  ^ as  a very  small  proportion 

of  the  whole,  then  the  fraction  -s  would  be  called  a fraction  of  the 

• n 2 

1 

second  order  of  smallness,  or,  in  mathematical  language,  would 

Yl 

be  called  a fraction  of  the  second  order  of  magnitude  and  i would 

be  a fraction  of  the  third  order  of  smallness  (or  magnitude),  and 

so  on. 
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Hence,  if  we  make  - small  enough,  e.g .,  (which,  as  we 

saw  on  p.  69,  corresponds  to  about  1 in.  in  200,000  miles)— or 
smaller  still — then  we  are  justified  in  neglecting  quantities  of  the 
second  order  of  magnitude  (or  smallness)  unless  such  quantities 
happen  to  occur  as  factors  multiplied  by  some  quantity  which  is 
itself  very  large. 

In  order  to  save  repetition,  let  me  say  here  a few  words  about 
the  notation  used  in  connection  with  very  small  quantities.  If 
we  want  to  say  that  a certain  portion  of  x is  so  exceedingly  small 
as  to  be  practically,  but  not  absolutely,  negligible,  we  denote  such 
a portion  of  x by  the  symbol  Ax.  If,  however,  Ax  is  made 
smaller  and  smaller  until  it  becomes  infinitesimally  small,  i.e., 
until  it  becomes  in  itself  absolutely  negligible,  or  zero,  then  we 
denote  such  a portion  of  x by  the  symbol  dx,  by  which  we  mean 
the  differential  or  infinitely  small  bit  of  x. 

Hence  we  can  say  that  dx  is  the  limit  of  Ax  when  Ax  is  made 
infinitely  small. 

Now,  if  in  any  function  y = f(x),  the  independent  variable  x 
changes  in  value  from  x to  (x  + dx),  where  dx  is,  as  we  have  seen, 
an  infinitesimally  small  increment  (or  decrement)  of  x,  then  the 
dependent  variable  y will  necessarily  undergo  a correspondingly 
infinitesimal  change  and  become  y + dy. 

The  ratio  between  the  infinitesimally  small  change  dy  in  the 
dependent  variable  to  the  infinitesimally  small  change  dx  in  the 

(1 01 

independent  variable,  i.e.,  the  ratio  ^ is  called  the  differential  co- 
efficient of  y with  respect  to  x.  In  other  words,  a differential 
coefficient  represents  the  true  rate  of  change  (as  contrasted  with 
the  average  rate  of  change)  of  the  dependent  variable  y with 
respect  to  any  change  of  the  independent  variable  x. 

(I'll 

Thus  if  y = distance  travelled  by  a body  in  time  x,  then  ^ = 

the  true  velocity  of  the  body  at  any  moment. 

If  y = length,  or  area,  or  volume,  of  a body  that  is  heated  to 

d ?y 

any  temperature  x,  then  = coefficient  of  expansion  (linear, 
superficial,  or  cubical). 

If  y = concentration  of  any  body  undergoing  chemical  change 

u ?y 

during  a period  of  time  t,  then  ^ = reaction,  velocity,  etc. 

Average  and  Real  or  True  Rate  of  Change. — The  term  rate  of 
change  has  not  exactly  the  same  meaning,  in  its  ordinary  collo- 
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quial  use,  as  it  has  when  used  in  scientific  terminology.  Thus, 
when  we  say,  for  instance,  that  the  velocity  of  a train  during  a 
certain  period  of  its  journey  was,  say,  30  miles  per  hour,  we  mean 
that  the  distance  (in  miles)  covered  by  the  train  during  that 
measurable  period  (in  hours),  divided  by  the  length  of  that  period, 
was  equal  to  30. 

Thus  the  period  of  observation  might  have  been  15  minutes, 
or  0-25  hour,  during  which  time  the  train  covered  a distance  of  7J 
miles.  We,  then,  get  as  follows  : 

Distance  in  miles  =7-5 

Period  in  hours  = 0-25 

7-5 

speed  during  the  15  minutes,  or  J hour  = 

= 7*5  X 4 = 30  miles  per  hour. 


But  it  is  clear  that  unless  the  speed  was  uniform  the  velocity 
must  have  kept  on  changing  during  that  measured  period,  so  that 
the  above  calculation  gives  us  no  idea  of  the  actual  velocity  of  the 
train  at  every  moment  during  that  J hour.  What  it  does  give  us 
is  the  average  velocity  during  that  interval  of  time,  and  if,  for 
instance,  we  had  taken  a different  period  of  observation,  say,  5 
minutes,  we  might  have  found  that  during  that  shorter  period  the 
train  covered  a distance  of,  say,  3 miles,  so  that  the  velocity 


during  that  interval  was 


3 

1/12 


= 3 x 12  = 36  miles  per  hour. 


In  scientific  problems,-  as  we  have  said,  we  have  to  investigate 
the  instantaneous  velocity,  or  rate  of  change,  of  some  growing 
or  varying  quantity.  In  other  words,  we  have  to  find  out  what  is 
the  actual  rate  of  change  of  the  dependent  variable  (such  as  dis- 
tance) at  any  moment,  i.e.,  during  an  infinitesimally  small,  and 
therefore  immeasurable , change  of  the  independent  variable  (such 
as  time). 

It  might  at  first  seem  not  only  a contradiction,  but  an  impossi- 
bility, to  measure  the  amount  of  change  during  an  immeasurable 
period,  but  it  is  the  beauty  of  mathematics  that  it  renders  the 
apparently  impossible  not  only  possible,  but  easy.  For  example, 
we  cannot  reach  the  sun,  yet  we  can  measure  its  distance.  In 
what  follows  it  will  be  my  object  to  show  how  the  problem  of 
finding  actual , or  true , or  instantaneous , rates  of  change  can  be 
solved.  We  shall  first  take  an  example  and  work  it  out  by  logical 
reasoning  from  first  principles,  and,  when  that  example  has  been 
thoroughly  mastered  and  understood,  the  rules  which  we  shall 
develop,  and  the  methods  of  their  development,  will  become 
quite  easy. 


t 
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Suppose  a body  to  be  moving  with  a uniform  velocity  of,  say, 
10  ft.  per  second,  and  at  a certain  fixed  instant  it  has  imparted 
to  it  an  acceleration  of  6 ft.  per  second  per  second.  We  know 
from  elementary  mechanics  that  the  distance  S covered  by  that 
body  during  an  interval  of  time  t from  the  fixed  instant  is  given 
by  the  formula 

S - 10 1 + 3£2. 


Now,  with  the  aid  of  this  formula  we  can  easily  ascertain  what 
is  the  average  velocity  of  the  body  during  any  definite  measurable 
interval  of  time.  Thus,  for  the  average  velocity  during  the 
fourth  second  we  have 

Distance  covered  in  three  seconds  = 10  x 3 + 3 x 9 = 57  ft. 
Distance  covered  in  four  seconds  = 10  x 4 + 3 X 16  = 88  ft. 
distance  covered  during  the  fourth  second  = 88  — 57  — 

31  ft. 


average  velocity  during  the  whole  of  the  fourth  second  = 3 1 ft. 
per  second. 

Now  let  us  see  what  is  the  average  velocity  during  first  half  of 
the  fourth  second. 

Distance  covered  in  three  seconds  = 10  x 3 + 3 X 9 =57  ft. 
Distance  covered  in  3-5  seconds  = 10  x 3-5  + 3 x (3-5)2  = 
71-75  ft. 

distance  covered  during  first  half  of  the  fourth  second  = 
71-75  - 57  = 14-75  ft. 


average  velocity  during  that  half  second 


14-75 

0-5 


29  ft. 


per  second. 

But  this,  again,  does  not  represent  the  true  velocity  during  the 
whole  of  the  half  a second,  because  the  velocity  is  not  constant, 
but  is  continually  increasing.  Let  us  therefore  find  what  the 
average  velocity  is  during  the  first  of  the  fourth  second. 

We  have  agaiu 

Distance  covered  in  3 seconds  = 10x3  + 3x9  =57  ft. 

Distance  covered  in  3-1  seconds  = 10  x 3-1  + 3 x (3-1)2  = 
59-83  ft. 

Distance  covered  during  the  first  or  0-1  of  the  fourth 
second  = 59-83  — 57  = 2-83  ft. 


average  velocity  during  that  second  = = 28-3  ft. 

per  second. 

But,  as  we  said,  this  again  only  gives  the  average  velocity 
during  the  second.  But  by  taking  the  distance  covered  in 
3-01  seconds,  we  can  find  the  average  velocity  during  the  first 
of  the  fourth  second.  Thus  : 
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Distance  covered  in  3-01  seconds  = 10  x 3*01  + 3 x (3-01  )2  = 
57-2803. 

distance  covered  in  first  of  the  fourth  second 

- 57-2803  - 57 
= -2803  ft. 

average  velocity  during  that  or  -01  of  a second 

•2803  OOAOo 
= A1  = #o-03  It.  per  second. 

•01 


Similarly,  it  can  be  shown  that : 

Average  velocity  during  the  first  ywoo  or  *001  of  the  fourth 
second  = 28-0003  ft.  per  second. 

Average  velocity  during  the  first  jonoo  or  '0001  of  the  fourth 
second  . = ,28-0003  ft.  per  second. 

Average  velocity  during  the  first  Xouuoo  or  ‘00001  of  the  fourth 
second  = 28-00003  ft.  per  second. 

Average  velocity  during  the  first  Xo ono o o or  *000001  of  the  fourth 
second  = 28-000003  ft.  per  second, 

and  so  on,  there  being  always  as  many  zeros  preceding  the  3 in 
the  decimal  as  there  are  in  the  decimal  of  the  second  considered. 
Hence  we  see  that  if  we  calculate  the  velocity  during  smaller  and 
smaller  intervals  of  time,  we  find  that  it  approaches  closer  and 
closer  to  28  ft.  per  second,  and  in  the  limit,  when  the  interval  of 
time  is  infinitesimally  small,  i.e.,  during  the  time  dt,  the  actual 
velocity  of  the  body,  or  its  instantaneous  velocity  at  that  instant, 
becomes  28  ft.  per  second.  In  other  words,  the  actual  or  true,  or 
instantaneous  velocity  at  the  end  of  the  third  second  or  at  the 
beginning  of  the  fourth  second,  of  a body  moving  in  accordance 
with  the  law 

S = 10*  + 3t2 


is  28  ft.  per  second. 

Put  in  the  notation  of  the  calculus,  we  sav  that  if 

S = 10 1 + 3t2, 


then 


ds 

dt 


(when  t 


3) 


28  ft.  per  second. 


Similarly,  we  can  show  that  the  actual  velocity  at  the  end  of 
the  fourth  or  beginning  of  the  fifth  second  is  34  ft.  per  second, 
and  so  on. 

Let  us  now  see  how  we  can  arrive  at  this  actual  velocity  at  any 
moment  in  a simple  way. 

We  have 

S = lOt  + 3 t2. 

If  we  increase  t to  (t  -f  dt),  S will  correspondingly  become 
(S  + ds). 
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Hence 

But 


S + ds  = 10(£  + dt)  + 3(£  + dt )2 

= 10£  + 10  dt  + 3 t2  + 6tdt  + 3 {dt)2 

s =m + 3*2 

ds  = 


by  subtraction  ds  = 10 dt  + 6£d£  + 3 (dt)2 

But  (dt)2  being  of  the  second  order  of  smallness  may  in  the 
limit  be  neglected  (see  p.  128). 

ds  = 10  dt  + Qtdt  = (10  + 6 t)dt. 
ds 

* ' dt  = 10  ^ ' 

This  gives  the  actual  velocity  at  any  moment  t.  Thus,  if  t = 3, 
ds 

^ = 10  + 6 X 3 = 28  ft.  per  second. 

Similarly,  at  the  end  of  the  fourth  second 
ds 

~ - = 10  + 6 X 4 = 34  ft.  per  second, 

and  so  on. 

ds 

The  beginner  is  sometimes  puzzled  to  know  why  an  expression  like  ^ or 
, etc.,  should  be  called  a differential  coefficient.  The  Germans  call  it  a 


dy 
dx 

differential  quotient,  which  it  obviously  is.  But  if  the  reader  will  look  at 
the  expression  above,  ds  — (10  -j-  Qt)dt,  he  will  see  at  once  that  (10  + &), 
ds 

which  = — , is  the  coefficient  of  the  differential  dt.  Hence  the  name. 
dt 

As  we  shall  constantly  have  to  deal  with  biological  phenomena 
in  which  quantities  keep  on  growing  or  changing,  it  will  be  our 

dy 

business  to  find  the  value  of  ^ (which,  as  we  have  seen,  represents 

the  rate  of  change  of  y at  any  moment,  as  x keeps  on  growing) 
for  various  functions  of  x.  The  method  of  finding  the  differential 
coefficient  of  a function  is  called  differentiation. 

Let  us  take  as  another  illustration  any  one  of  the  examples  of 
the  compound  interest  law  to  which  we  devoted  so  much  atten- 
tion in  Chapter  VII.  The  simplest  case,  again,  is  money  allowed 
to  grow  at  true  compound  interest.  Let  us  take  the  most  general 
equation  for  such  a form  of  growth,  viz.  : 

Q = Q0ew  (see  p.  76), 
where  Q0  = original  capital, 

r 

Jc  = constant  of  growth  = where  r = interest  per 
cent,  per  annum, 

t = time  to  which  the  money  is  allowed  to  grow, 
e = 2-71828  . . . (see  p.  80), 
ancl  Q = amount  to  which  Q0  has  grown  in  time  t. 
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To  simplify  matters  let  us  put  Q0  = 1,  and  let  us  designate  Q 
by  the  letter  y.  Then  we  have  here  a function  in  which  t (the  time) 
is  the  independent  variable  and  y (the  amount  to  which  the  capital 
has  grown)  is  the  dependent  variable  (i.e.,  dependent  upon  the 
value  of  t). 

Supposing  we  did  not  know  what  sort  of  growth  such  a function 
represents,  and  we  made  it  our  business  to  find  it  out,  we  would 
clearly  set  out  to  ascertain  the  rate  of  change  of  y with  each 
infinitesimally  small  increase  in  the  value  of  t,  i.e.,  we  would  have 

dy 

to  find  the  differential  coefficient  of  y with  respect  to  t,  or 

Let  us  proceed  to  do  so,  and  see  the  result  at  which  we  arrive, 

y — ekt. 

if  t becomes  increased  to  (t  + dt)  (where  dt  is  infinitesimally 
small)  then  y will  in  consequence  become  y + dy. 

Our  new  equation,  therefore,  after  an  infinitely  small  interval 
of  time  dt,  will  be 

y -f-  dy  — e7^  ^ = g7'7  + tcdt. 

But  y = eM 

by  subtraction 

(see  Chap.  II.,  p.  7,  Law  I.). 

= eM(eMt  — 1). 

Now,  by  the  exponential  theorem  we  have 


Qx 


n X 

1 ~h  y + 


x 4 
172 


X'J 


by  putting  x ==  kdt  we  get 


1 .2.3  1 

(see  Chap.  VI. , p.  78). 


,ut  _ 1 1 **  , k2(dt)2  , k3(dt)s 

6 - 1 + t T72"  + 17273- 


But  (dt)2,  being  of  the  second  order  of  magnitude,  may  in  the 
limit  be  rejected,  as  may  also  be  all  the  other  terms  contain- 
ing (dt)3,  (dt)*,  etc. 

ekdt  ultimately  becomes  = 1 + kdt. 

elcdt  - 1 = 1 + kdt  - 1 
= kdt. 


Hence,  we  get 


= Qkl  . kdt  — kekt . dt. 

= kekt  = ky  (since  y = ekt). 


In  other  words,  the  differential  coefficient  of  this  function 
which  expresses  the  rate  of  change  of  y with  respect  to  t,  tells  us 
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that  in  this  particular  function  the  growing  quantity  y grows  in 

Ay 

*’  dx 

is  proportional  to  its  value  at  that  moment. 

We  shall  see  later  (p.  152)  that  this  function  can  be  differen- 
tiated in  a much  simpler  way,  but  the  method  adopted  here, 
though  somewhat  complicated,  will  repay  careful  study. 


such  a way  that  its  increase  in  growth  at  any  moment  ( i.e 


Note. — It  is  most  important  to  notice  that,  as 


dy 

dx 


represents  a momentary 


rate  Of  change,  therefore  if 


dy 

dx 


+ ve  the  value  of  y increases  with  increases 


of  x,  and  if 


dy 

dx 


— ve  the  value  of  y diminishes  with  every  increase  of  x. 


Thus  in  the  case  of  absorption  of  light  by  a transparent  medium,  for  instance 
we  saw  that  the  amount  of  light  passed  through  becomes  less  and  less  as 
the  thickness  of  the  medium  increases,  and  that  in  that  case  the  form  of 
the  function  is 

Q t = Qoe  f,t 

or  y — 


whence 


dy 

dx 


ke-K 


i.e., 


dy 

dx 


is  negative. 


Hence  we  have  the  following  rules  : 

dv 

(1)  In  the  case  of  any  function  y = f(x),  so  long  as  ^ = + ve  for  any 

value  of  x,  then  y keeps  on  increasing  with  every  increase  of  x ; but  when 
dv 

we  find  ^ = — ve  for  some  value  of  x,  then  we  know  that  with  every 
increase  of  x,  y keeps  on  decreasing. 

dy 

(2)  As  a corollary  of  (1)  it  follows  that  if  for  any  value  of  x,  = 0,  then 

for  that  particular  value  of  x the  value  of  y is  stationary. 

These  useful  rules  are  of  fundamental  importance  in  the  study  of  maxima 
and  minima  of  functions  (see  p.  164). 


The  Geometrical  Meaning  of  a Differential  Coefficient. — To 


understand  the  meaning  of 


a geometrical  sense  it  is  neces- 


sary to  be  perfectly  clear  about  the  two  following  points,  viz.  : 

(1)  The  distinction  between  a geometrical  tangent  to  a curve 
and  the  trigonometrical  tangent  of  an  angle.  This  has  been 
explained  on  p.  37,  Chapter  IV. 
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(2)  The  meaning  of  the  term  slope  or  gradient. 

If  we  take  any  line  AB,  then  its  slope  is  expressed  by  the  tan- 
gent of  the  angle  which  the  line  makes  with  the  axis  of  x,  i.e.,  by 
MP 

the  ratio  (Fig.  57). 


Fig.  57. — To  illustrate  the  Meaning  of  Slope  of  a Straight  Line. 


Similarly,  the  slope  of  any  curve  at  any  point  P is 
of  the  angle  0,  which  the  geometrical  tangent  at  P 

MP 

the  axis  of  x,  i.e.,  by  the  ratio  (Fig.  58). 


the  tangent 
makes  with 


Fig.  58. — To  illustrate  the  Meaning  of  the  Slope  of  a Curve. 

Now  consider  any  function  y =f(x). 

Let  APQ  be  a portion  of  the  graph  of  this  function  (Fig.  59), 
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and  let  P and  Q be  two  points  very  close  to  each  other,  then  if 
the  co-ordinates  of  P be  x,  y,  the  co-ordinates  of  Q will  be 


Fig.  59.— Geometrical  Meaning  of  a Differential  Coefficient. 


x + Ax,  y + Ay  (where  Ax  — a minute  but  finite  part  of  x,  Ay  — 
a minute  part  of  y). 

And  if  the  chord  QP  makes  an  angle  0 with  the  axis  of  x,  then 
the  line  PR,  which  is  parallel  to  the  axis  of  x,  also  makes  an 
angle  6 with  QP. 


tan  0 


Ay 

Ax 


Now,  as  Q is  taken  nearer  and  nearer  to  P the  line  QP  tends  to 
become  the  geometrical  tangent  of  the  curve  APQ  at  the  point  P. 

But  in  the  limit,  when  Q coincides  with  P,  Ax  becomes  dx,  and 
therefore  also  Ay  becomes  dy. 

fx  becornes  in  the  limit  % U->  Lt“  « 2 = Jx 


dy 

Hence  is  the  trigonometrical  tangent  of  the  angle  which  the 


tangent  of  the  curve  at  any  point  makes  with  the  axis  of  x . 

In  other  words,  the  differential  coefficient  of  a functiom  y — f(x) 
is  the  slope  of  the  curve  of  that  f unction  at  any  definite  point  (x,  y). 
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Notation.  — The  differential  coefficient  of  f(x)  is  generally 
denoted  by  f'{x). 

Thus,  if  y =f(x), 

then  =/'(*)• 


General  Methods  of  Differentiation. 


n 


(1)  Algebraic  Fractions. — Differential  coefficient  of  x 
Let  y — xn. 

Then  y + dy  = {x  + dx)n. 

7ixn~1  7 n(n  — l)xn~2  , 7 
= Xn  + f — dx  + v 4 {(lx)2 


1 


1 . 2 


+ 


n(n  - 1)  (n  - 2)a”~3 


1.2.3 

(by  the  binomial  theorem  ; see  p.  64) 

nx^ — ^ 

But  all  terms  to  the  right  of  — ^ — dx  in  this  expansion  con- 
taining quantities  of  the  second  and  higher  orders  of  magnitude 
may  be  rejected. 

nxn~ 1 


Hence 

i.e., 

But  y 


(x  -f  dx)n  — xn  + 


dx, 


V 


dy  = xn  + nxn~1dx. 

- n>n 

lAS  y 

dy  = nxn~1dx  (by  subtraction). 

dy 

dx 


= nx 


n— 1 


Hence  we  obtain  the  following  rule  : To  obtain  the  differential 
coefficient  of  some  'power  of  x,  multiply  by  the  index  of  the  power  and 
then  reduce  the  power  by  1 . 

It  is  most  important  that  the  student  should  grasp  the  full 
significance  of  this  statement.  What  exactly  is  meant  by  the 
statement  that  the  differential  coefficient  of  xn  = nxn~l  ? 

It  means  that  if  x is  slightly  increased  in  value,  then  the  corre- 
sponding increase  in  value  of  y is  nxn  ~ 1. 

Let  us  take  a few  examples. 

Supposing  y — x2,  i.e.,  y is  the  area  of  a square,  each  of  whose 
sides  is  equal  to  x. 

If  x undergoes  any  very  slight  change  in  length,  what  will  be 
the  corresponding  change  in  the  area  of  the  square  ? Imagine,  for 
instance,  the  square  to  be  made  of  iron  whose  coefficient  of 
expansion  is  0-000012, 
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If  the  length  of  the  side  = 1 metre,  what  change  will  the  area 
of  the  square  undergo  if  it  is  heated  1°  C.  ? 

Since  y = x2  — 1 square  metre, 

y + A y*  = (x  + Ax)2  — (1  -f  -000012)2. 

Ay,  i.e.,  increase  in  area  of  square 
= (1  + -000012)2  - 1 
= 2 x -000012  + (-000012)2. 

“ = 2 + (-000012)  square  metres, 


i.e.,  as  the  side  increases  by  0-000012  metre  the  area  increases 
by  2 + -000012  sq.  cm.  If  the  square  were  to  be  heated  to 
Ytm  C.,  the  change  in  area  of  the  square  would  be  2 + -00000012. 
So  that  as  the  increase  in  the  side  becomes  less  and  less  the 
increase  in  area  becomes  nearer  and  nearer  2,  and  when  the  in- 
crease in  the  length  of  the  side  is  infinitesimal  and  becomes  dx  the 
actual  increase  in  the  area  dy  equal  2 xdx  and  the  rate  of  increase 

in  area  becomes  e 
dx 


qual  to  2x  =2. 


From  the  result  of 
ferential  coefficients  : 


dxn 

dx 


= nxn~l 


we  obtain  the  following  dif- 


dx2 
dx 
dx 3 
dx 


= 2 . x, 
= ox2, 


and  so  on. 

This  rule  holds  good  whether  n be  positive  or  negative,  integral 
or  fractional. 

Thus,  let  n = — m, 
then  y = x~m. 

y + dy  = (x  + dx)~m 

m(m  "T  1)  o/  7 \o 
= x~m  - mx~m~1dx  + — - x~m~2(dx)2 


* Whilst  dx  or  dy  represents  an  infinitesimally  small  change  of  x or  of 
y,  Ax  and  Ay  are  used  to  denote  very  minute  but  not  infinitesimally  small 
changes  of  the  variables. 
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dy  = — mx  m xdx  + some  higher  powers  of  dx  which 
may  be  rejected. 

dy 


E.g.,  if 

If 

then 

and  so  on. 


dx 


= — mx 


— m—l 


y = x~ 2,  then 

dy 

dx 


- 9.aj-3 


?/  = ar 

dy  = __ 

dx 

1 


3:c-4, 


Let  m be  fractional  = — ? 

m 


then 


rrtn 


y = x 


y + dy  = (x 


1 

dx)m 


1 1 -1 

= xm  + — xm~1  dx  + some  higher  power  of 


dx  which  may  be  rejected. 
1 1 - 


ly  = — xm  dx. 
m 


dy 

dx 


1 --i. 


m 


x 


m 


Eg,  if 
then 
If 
then 

and  so  on. 


y = a?*, 
dy  1 
dx  = 2 

y = 

% 1 

dx 


i _ 


2 V 


a? 


5 £~s 
O 


1 

3 y/*2‘ 


Comparison  of  the  Geometrical  with  the  Algebraical  Method  of 
dy 

finding  — Plot  the  graph  of  any  function,  say,  y — x 2,  as  in 


Fig.  60  (a  parabola),  and  draw  tangents  at  various  points  P,  Q,  R, 
whose  co-ordinates  are,  say,  (3,  9)  (4-5,  20  25)  and  (7,  49),  respec- 
tively. Measure  the  tangents  of  the  angles  made  by  these  tan- 
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Fig.  60. — Graphical  Method  of  showing  that  if  y — x2:  then  = 2x. 


PM  QU  , RV 


and 


gents  with  the  x axis,  i.e.,  the,  ratios  gy. 

find  that  these  ratios  are  6,  10,  and  14  respectively. 

dx 2 


You  will 


dx 2 


dx 


= 2x. 


dx 


should  = 6 ; 


Now  we  know  that 

when  x = 3, 

when 

when  x = 7, 

(JiH 

Hence  we  see  that  j at  any  point  in  the  curve  is  truly  repre- 


dx2 

da 

dx2 

dx 


x = 4-5,  -jg  should  — 9 ; 


should  = 14. 
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sented  by  the  tangent  of  the  angle  made  by  the  geometrical  tan- 
gent at  that  point.  If  we  plot  the  values  of  ^ or  y ' thus  formed 


geometrically  against  the  corresponding  values  of  x,  i.e.,  the  points 
(3,  6),  (4-5,  9),  (7,  14),  etc.,  we  shall  get  a graph  which  will  repre- 
sent the  slope  or  first  derivative  of  the  original  or  primitive  curve. 
The  graph  in  question  will  be  the  straight  line  y ' = 2x. 


Example. — Find  the  slope  of  the  curve,?/  = yr2,  at  the  points  (4,  1),  and 

(3>  44). 

From  the  graph  (Fig.  61)  it  is  seen  that  the  slope  of  the  tangent  at  the 

MP 

point  for  which  x = 1 is  = 1. 


By  the  algebraical  method  we  find 
tan  0i  becomes  = 2. 


dy 

dx 


= \ . 2x  — x,  so  that  when  x 


2, 


Similarly  it  is  seen  that  at  the  point  where  x = 3,  the  slope,  tan  02  = 3, 
and  so  on. 

By  plotting  the  various  values  of  x and  y'  we  shall  get  the  first  derivative 
graph  which  is  the  straight  line  y = x. 
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EXERCISE 

Draw  the  graph  y — ^ x(x  + 1)  and  find  the  values  of  ^ at  the  points 


(4,  10),  (8,  36). 


[Answer,  4-5,  8-5.] 


Differentiation  of  a Constant. — Since  a constant  means  a 
quantity  which  does  not  vary,  therefore  if  y — c,  dy  = 0. 

. dy 


dx 


= 0, 


i.e.,  the  differential  coefficient  of  a constant  = 0. 


Hence,  if  y = xn  + c,  then 


dy 

dx 


nx 


n — 1 


In  other  words,  the  differential  coefficient  of  xn  is  the  same  as  that 
of  xn  + d. 

Differentiation  of  the  Product  of  a Constant  and  a Function.— 

Let  y = axn, 

y + dy  = a(x  + dx)n 

= a(xn  -f  nxn~1dx  -\ xn~2(dx)2  + ...). 

dy  = a(xn  -f  nxn~xdx),  the  terms  to  the  right,  being 
of  the  second  and  higher  orders  of  magnitudes,  may  be  rejected. 
dy  — anxn~1dx, 

dy 

j = a . nxn~l. 
dx 

dxn 
dx 


But  nxu~l 


d(axn)  dxn 

--  - ---  a 


dx  " * dx  ’ 

i.e.,  the  differential  coefficient  of  the  product  of  a constant  and  a 
function  is  equal  to  the  product  of  the  constant  and  the  differential 
coefficient  of  the  function. 

Hence  also,  if  y = axtl  + b,  then-^y  = a . nxn~1. 

Examples. — (1)  It  has  been  found  that  the  relation  between  the  percentage 
(x)  of  casein  dissolved  in  a given  solution  of  alkali,  and  the  time  (t)  of  stirring, 

is  expressed  by  the  equation  x = K tm.  Find  the  rate  at  which  the  solution 
occurs  (K  = constant). 

Differentiating  we  get  ^ = Kmfm~ 

velocity  of  solution  = K m?n~l 
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(2)  At  a given  instant  the  radius  of  a soap  bubble  is  increasing  at  the  rate 
of  2 ins.  per  minute.  What  is  the  rate  of  the  increase  of  volume  when 
the  radius  is  3 ins.  ? 

Volume  of  bubble,  V = | -nr 3 (see  p.  57). 
dv  4 


dr 


= 7T 


3 r2 


when 


Q ' ClV 

r = 5 ms., 

dr 


47Tf“. 

4?r  . 9 = 307T. 


when 


dv 

dr 


36  7r  dr. 

2 ins.,  dv  — 12nr. 

- 72  x 31416. 

= 226-2  cub.  ins. 

(3)  At  what  rate  does  the  amount  of  light 
passing  through  the  iris  diaphragm  of  a micro- 
scope change  with  increase  in  the  radius  of  the 
aperture  ? 

Let  radius  of  aperture  = r (Fig.  62). 
area  of  aperture  A = -n r2 
dA  a 
dfr  = 2vr' 

But  the  amount  of  light  passing  through  the 
aperture  is  proportional  to  the  area  of  the 
aperture. 

the  rate  at  which  the  amount  of  light 
passing  through  the  aperture  changes  on  opening 
the  diaphragm  = 2 nr. 


Fig.  62. — Diagram  of 
Iris  Diaphragm. 


Thus  when 


When 


= o mm., 

— 107T  sq.  mm.  = 31-4  sq.  mm. 


r 
dA 
dr 

r = 6 mm. 
dA 
dr 


1 2-n  sq.  mm.  = 37-7  sq.  mm., 

and  so  oil 

The  Differentiation  of  an  Algebraic  Sum. — Let  y = x2  + x + 1. 

Suppose  x to  increase  to  (x  + dx),  then  y becomes  y -f  dy. 

y -j-  dy  = {x  -f-  dx)^1  -|-  (x  dx ) -f~  1 

= x ^ — |—  2 xdx  -j-  ( dx -f-  {x  -j-  dx)  -(-  1 . 

But  y = x1  -f-  x -j-  • 1 . 

dy  = 2 xdx  + dx  + (dx)2 
= 2 xdx  + dx 

dv 


dx 


= 2x  + L 


2x  is  the  differential  coefficient  of  x2, 

1 5 5 5 5 5 5 X y 

0 5 5 5 5 5 5 1 • 

the  differential  coefficient  of  an  algebraic  sum  is  the  alge- 
braic sum  of  the  differential  coefficients  of  each  of  the  terms. 


But 

and 
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Note. — It  is  most  important  for  the  student  to  realise  and  remember  the 
fact  that  all  functions  of  x which  only  differ  in  respect  of  a constant  term 
have  the  same  differential  coefficient  (see  p.  142  above). 

Thus  y = 4x 5 -f-  3a;4  + 2a;3  + 7a;2  + 3a; 

y = 4x°  -j-  3a;4  + 2a;3  -f-  7a'2  + 3a  -f-  1 


y = 4a5  + 3a4  + 2a3  + 7 a2  + 3a  + n 
when  differentiated  give  the  same  result, 

viz.,  — = 20a4  + 12a3  -f-  6a2  -f-  14a  -f  3. 

The  importance  of  this  fact  will  be  appreciated  when  we  have  to  deal  with 
integration,  i.e.,  when  we  are  confronted  with  the  problem  of  ascertaining 
from  the  differential  coefficient  what  the  original  function  was  which  gave 
rise  to  the  particular  differential  coefficient. 


Thus 

then 


if  y = xn  or  xn  + c (where  c = any  constant), 

^ = nxn~1. 
dx 

dV n— 1 


if  we  come  across  the  expression  ^ = nxn  1 we  know  that  the  original 


n 


jn 


-f-  C,  and  we  therefore  always  say, 

n-t  ig 


expression  was  either  simply  x " or  x 

provisionally,  that  the  function  whose  differential  coefficient  is  nx 

xn  + C,  and  we  set  out  to  find,  from  the  other  data  in  the  problem,  the 
value  of  C.  It  may  turn  out  to  be  zero,  and  then  we  know  that  the  original 

function  was  y = xn.  (See  chapter  on  Integral  Calculus,  p.  198.) 


The  Differentiation  of  a Product  of  Two  Functions. — Suppose 
we  have  to  differentiate  the  product  y — uv,  where  u and  v are 
functions  of  x. 


Then  y + dy  = (u  + du)  ( v + dv) 

= uv  + vdu  -f  udv  + du  . dv. 
dy  — vdu  + udv  + du  . dv. 

But  du  .dv  , being  a quantity  of  the  second  order  of  magnitude, 
may  be  discarded. 

dy  = vdu  + udv 
dy  du  , dv 

£ = VTx  + Udx- 


Hence  the  differential  coefficient  of  a product  is  equal  to  the 
sum  of  the  products  of  each  function  by  the  differential  coefficient 
of  the  other. 


E.g.,  let  y = ( ax 2 + b)  ( cx 3 + d). 

Now  the  differential  coefficient  of  the  first  factor  = 2 ax  and 
the  differential  coefficient  of  the  second  factor  = 3 cx2. 

= 2 ax  ( cx 3 + d)  + 3 cx2  (ax2  + b) 

= 2 acx^  + 2 axd  + 3 acx^  + .3  cbx2 
= 5 acx4  + 3 bcx2  + 2 adx. 
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The  Differentiation  of  a Product  of  more  than  Two  Functions. — 

Let  y = uvw,  where  u,  v,  and  w are  functions  of  x.  Then  by 
treating  u as  one  factor  and  vw  as  another  factor 


we  get 


dy 

dx 


= u 


d(vw) 

dx 


+ vw 


du 

dx' 


But 


d(vw) 

dx 


dw 

dx 


V -f-  W 


dv 

dx 


dlvw ) dw  dv 

— 7 — = uv  -7 b uw  -7- . 

dx  dx  dx 


(ly 

dx 


+ uw 


dv 

dx 


+ vw 


du 

dx 


Similarly,  in  the  case  of  the  product  of  n functions,  the  differen- 
tial coefficient  of  the  product  is  equal  to  the  sum  of  n products  of 
the  differential  coefficient  of  each  of  the  functions  multiplied  by 
the  remaining  (n  — 1)  functions. 

Thus  if  n — 5,  we  have 

y = uvwst  (say)  ; 


then 


dy 

dx 


dt 

dx 


— UVWS  7~  + UVWt  J-  + uvst 


ds 

dx 


dw 

dx 


4-  uwst 


dv 

dx 


du 

VWSt  -7—. 

dx 


Note. — The  differential  coefficient  of  a product  may  also  in  suitable  cases 
be  found  by  multiplying  out  the  product  and  treating  the  result  as  an 
algebraic  sum.  Thus  to  take  the  same  example  again  : 

y = ( ax 2 + b)  ( cx 3 + d) 

= acx 5 + hex 3 + adx 2 + bd. 

dy  __  fracx4:  %bca2  _j_  2 adx, 
dx 

the  same  result  as  before. 


Differentiation  of  a Fraction. — If  the  fraction  is  such  that  its 
numerator  and  denominator  contain  a common  factor,  then  one 
must  first  eliminate  that  common  factor. 

Thus,  if 

x2  +■  3x  + 2 

V = S~+2 

= (x  + 2)(a?  + 1) 
x + 2 
= x + 1. 

• dy  . 

• • • 

dx 

B. 


b 
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But  supposing  the  fraction  is  given  in  its  simplest  form  ; how  is 
one  to  differentiate  it  ? We  proceed  as  follows  : 


Let 

Then 


u 

y — - (where  u and  v are  functions  of  x ). 


7 u + du 

y + dy  = rrrv 


Now,  by  performing  the  algebraical  division  of 
obtain  as  follows  : 


u + du 
v + dv* 


we 


v -Jr  dv  J u + du 

u 7 
u + - dv 

V 


u 

V 


du 

V 


u . dv 


Vi 


+ . . • 


du 

du 


u 7 

- dv 

v 

du  . dv 
v 


u-.dv 

V 


u 

V 


dv 


du  . dv 
v 

u(dv)2 
v 2 


du  . dv  u(dv)2 

_!_  , 
v vL 

And  as  each  of  the  two  terms  in  the  last  remainder  are  of  the 
second  order  of  magnitude,  they  may  be  discarded. 


u + du  u du 

v + dv  v v 

7 u du 

y + dy  — — | 

J J v v 


udv 

9 • 

v2 

udv 


vl 


But 


y 


dy 


u 

V 

du 

v 

vdu 


udv 

V 2 

udv 


V- 


dj 

dx 


v 


du 

dx 


u 


dv 

dx 


vc 
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Hence,  the  differential  coefficient  of  a fraction  is  obtained  as 
follows  : 

Multiply  the  denominator  by  the  differential  coefficient  of  the 
numerator  and  subtract  from  this  the  product  of  the  numerator  by 
the  differential  coefficient  of  the  denominator , and  divide  the 
difference  by  the  square  of  the  denominator. 


E.g.,  if 


ax 2 + b 
cx 3 + d 


then 


dy  ( cx3  + d)  . 2 ax  — (ax2  -j-  b)  . 3 ex2 

dx  (cx3  + d)2 

2acx4:  + 2 adx  — 3 acx^  — Sbcx2 
~ ( cx 3 + d)2 

— acx 4 — 3 bcx2  -f-  2 adx 
~ (cx3  + d)2 


If  we  have  to  differentiate  a fraction  with  a somewhat  compli- 
cated denominator,  then  we  have  two  courses  open  to  us  in  order 
to  simplify  the  process  of  differentiation,  viz.  : 

(i)  if  the  numerator  and  denominator  contain  one  or  more 
common  factors,  then  the  fraction  should,  as  we  have  already 
stated  on  p.  145,  be  first  simplified  by  cancelling  these  common 
factors  out. 

x2  — 2 ax2  + oi2 

'9‘  ^ y ~~  xs  — 3 a2x  + 3 ax2  — av 


The  numerator  — (x  — a)2. 
The  denominator  = (x  — a)3. 


The  function  y 


(x  — a)2 
(x  — a)3 


1 


x — a 


= (x  — a)-1 


= _ i 

dx  (x  —a)2' 
x2  — a2 

y ~~  x2  -f  2 ax  + a2 


(x  — a)  (x  + ci) 
(x  + a)2 


x — a 
x + a 


dy  (x  + a)  . 1 — (x  — a)  . 1 
dx  ~~  (x  + a)2 

2 a 

(x  + a)2' 

L 2 
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(2)  If  there  is  no  common  factor  to  cancel  out,  then  split  the 
fraction  into  its  partial  fractions  and  differentiate  each  separately. 


Thus 


3a;  4-  1 _ 1 , 2 

X2  ~ 1 £C  + 1 1 X — 1 


(Chap.  III.,  p.  26). 

dy  1 2 

* * dx  ~ (x  + l)2  (x  — l)2 
(3a:2  + 2x  + 3) 

“ (x2  - l)2  ' 

This  example  is  given  merely  to  illustrate  the  method,  and  not 
as  an  illustration  of  the  type  of  case  where  splitting  up  into  partial 
fractions  is  helpful,  because  in  this  particular  instance  differentia- 
tion by  the  ordinary  rule  can  be  done  more  expeditiously  than 
by  the  partial  fraction  method.  Thus 

dy  (x2  — 1)  . 3 — (3x  + 1)  . 2x 
dx  (x2  — l)2 

3a:2  + 2a:  + 3 
= (z2  - l)2  ‘ 

But  supposing  we  had  a function  like  the  following  : 

(3a;2  — 2a;  + 1) 

y = (*  + TjHx  - 2 )• 


Differentiation  by  the  ordinary  method  would  entail  a consider- 
able amount  of  tedious  labour,  but  doing  it  by  the  method  of 
partial  fractions  is  a comparatively  simple  matter.  The  expression 
when  split  up  into  its  component  fractions  becomes 

__  2 2 1 

^ ~ (x  + 1)  (x  -f  l)2  (x  — 2)' 
dy  2 4 1 

* * dx  ~ \x  -f-  l)2  (x  + l)3  (x  — 2)' 


Differentiation  of  a “ Function  of  a Function.” — In  the  function 
y = [x2  -f  «2)^,  the  expression  (x2  4-  a2)  is  a function  of  x,  and 
the  expression  ( x 2 + u2)i  is  a function  of  (x2  + a2) ; therefore 
(x2  + u2)i  is  a “ function  of  a function  ” of  x.  To  differentiate 
such  a function  we  proceed  as  follows  : 

y = [x2  + a2)*-  y*  — %2  + = u (say). 

du  d(x2  + a2)  3 ( dy  i\ 

••  dy  or  dy  = 2 ^ {=  dy)  ' 

3 

d(x2  + a2)  = « yUy. 
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But 


d(x 2 + a2) 
dx 

d(x 2 + a2) 
dx 

3 , dy 
2 dx 


- vi  dx 

2 ^ dx 

2x. 

2x 


( i.e the  differential  coefficient  of  with  respect  to  y (viz.,  ^ \p), 

multiplied  by  the  differential  coefficient  of  y with  respect  to  x,  is 
equal  to  the  differential  coefficient  of  yi  with  respect  to  x). 

dy  2x  ix 

’ * dx  ~ 


3(x2  + a2)i' 


See  also  example  9,  p.  156. 

In  actual  practice,  the  work  is  abbreviated  thus  : 

y = (x2  + u2)k 
y%  = x 2 + ct2. 

3 i dy 

2 yidx  = 2x- 

dy  2x  ix 

dx 


2 y 


3{x2  + a2)i. 


Such  expressions  can  be  dealt  with  somewhat  differently  as 


follows  : 

Put 

x2  + a2 

— u. 

Then 

V 

2 

= Us. 

. dy 
* * du 

But 

dy 

dx 

dy  du 
du  dx 

and 

du 

dx 

= 2x. 

. dy 
dx 

= ^ u~l  2x 

O 

q (x2  + a2)~% . 2x 

O 

4x 


3(x2  + a 2)* 
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EXAMPLES. 

Differentiate  the  following  expressions  : 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


y = 4x4. 


dy 

dx 


4 • 4 • 


7a3. 


y — 3a’2  -j-  2x  -f-  1. 

y = (a  -f  a)  (x  + 6). 

= (a  + a) . 1 + (a  + 6) . 1 
= 2a  -f-  a -f-  6. 

a + a _ (a  + b) . 1 — (a  + a)  • 1 
x b (a  -f  6)2 

6 — a 


y 


2* 


(a  + b) 

„ _ *W 
V ~ (a  + Dw ' 

dy  _ (a  + l)w  . raaw_1  — xm  . m(a  + l)w—1 
da  ~ + l)2m 

mam_1(a:  + \)m~ 1 . [(a  + 1)  — a] 


wa 


m—  1 


(a  + 1) 


2 m 


(a  + l)m+r 
= Vx  + Vl  -f  a2. 
y^  = x 1 + a2- 

dy  2a  a + V 1 -f  a2 

^ da  2 V 1 + a2  \/ 1 -j-  a2 


y 


V 1 + a2' 


y 


dy  = _ 

da  2 V 1 + a2 

_ Va  + Vl  + a2. 


2/ 


2A/l  + a2 

Va  -J-  a + + a+  t/ » + a + etc.,  to  infinity. 


r 


y = a + a -f  y. 
- y = a -f  a. 


(7) 
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By  completing  the  square  on  the  left-hand  side  the  expression  becomes 


or 


y 


y + 


a -j-  a 


] 

•I 


y 


1\  2 4a;  + a + 1 

V ' ~4“ • 

1 . V 4a  -j-  ft  4 1 

y-o  = ± o • 


y = 


dy  _ 


1 4 v7  4a  4 ft  4 1 


dx  4 v 4a  + 4a  + 1 V 4a  4a  -f  1' 

(8)  The  Schiitz-Borissoff  law  with  regard  to  the  action  of  enzymes  such 
as  pepsin  and  rennin  is  expressed  by  the  formula 


where 


a = K V Fqt, 

x — amount  of  substance  transformed, 
t — time  of  transformation, 

F ==  concentration  of  enzyme, 

q = initial  concentration  of  substrate  (e.g.,  albumen  or  milk), 
and  k is  a constant.  , 

Find  an  expression  for  the  velocity  of  hydrolysis  in  such  a case,  -c  € . 

Since  a = k V F qt, 

a2  ==  k2Fqt  KFg£  (where  K is  another  constant  = k 2). 


Me 

iCt. 


t = 


x‘ 


KF  q 
2a 


. dt 
" dx  ~ KR? 

ft 

(velocity  of  hydrolysis). 
dx  _ KFg 
dt  2x  ’ 

i.e.,  the  velocity  of  hydrolysis  in  a case  like  this  is  inversely  proportional 
to  the  amount  of  substance  hydrolysed.  (See,  further,  p.  287.) 


EXERCISES. 


Differentiate  the  following  : 

(i)  y- 


a2  4- 
a2  — a2 


dy  „ 


2 crx 


Answer,  ~ ~~  — . . . . ~ 

dx  + /,„2  i JL\  t„2  ™2\3 


(2) 


'S/ ( a 2 4-  #2)  («2  — a:2)3 
y = x V x V x,  etc.  ...  to  infinity. 

£ Answer,  = 1.  J 

(Cf.  example  10,  Chap.  II.,  p.  17.) 
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(3) 


j^Answer, 


dy 

dx 


1 

(1  + %)  a/  1 — % 


(2)  Differentiation  of  Exponential,  Logarithmic  and  Circular 
Functions. 

(i.)  Exponential  Functions. 

(a)  The  differential  coefficient  of  ex. 

The  exponential  series  has  a most  important  peculiarity,  viz., 
that  its  differential  coefficient  is  the  same  as  itself.  Thus, 


if 


then 


y 

dy 

dx 


= e*  = 1 + x + 

,,  2x 

= 0 + 1 + 172  ■ 


/y*2  /y>3  0-4 

%AJ 

172  + 17173  + 1 . 2 . 3 74  + • • ' 

3a?2  _ 4x3 

' 1.2.3  + 1 .2.3.4  + • • ' 


i.e.} 


— 1 -f~  x -j- 

= e*. 


/y>2  rp  3 

i rJ  lAJ 

172  + 1.2.3 + • • • 


This  peculiarity  is  not  shared  by  any  other  known  function,  and 
it  is  useful  to  remember  it  in  connection  with  differential  equations 

dny 

of  the  type  = ny.  For  another  peculiarity  see  p.  77. 


(b)  The  differential  coefficient  of  ax. 

Let  a = ec. 

( CX )2 

ax  = eex  = 1 + cx  + w + 


(ex)1 


if  ax  = y,  we  have 
dy 


1.2  1 1.2.3 


+ . . . 


dx 


0 + c + c2x  + 


C3X 2 

o 


fi  (cx)2 

= c{  1 + cx  + \ — ~ + 


1 . 2 


• • • 

• 7 


= cecx 
But  since  a = ec, 

. dy 


cax. 


.*.  C = loge  a. 

^ = loge  a . ax  — K y (where  K = loge  a). 
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In  other  words,  the  rate  of  growth 


of  an  exponential 


function  is  proportional  to  itself. 

If  a > 1,  then  K (which  = loge  a)  is  + ve,  and  the  rate  of  growth 
of  ax  is  + ve,  i.e.,  the  function  increases  at  a rate  proportional  to 
itself. 


If  a < 1,  then  K is  — ve,  and  the  rate  of  growth  of  ax  is  — ve, 
i.e.,  the  function  diminishes  at  a rate  proportional  to  itself. 


Corollary. — If  y = ax,  then 

increase  of  the  function  is 
constant). 


Gradient  or  Slope  of  the 
Curve  y = ex. — If  we  draw 
the  graph  y = ex  (see  Fig. 
63)  and  draw  tangents  at 
various  points  on  it,  e.g.,  at 
P (0,  1),  Q (1,  2-72),  E (2, 
7-39),  making  the  angles  Oi, 
0-2 , 03,  with  the  x axis,  we 
shall  find  that — 

tan  0i  = - = e°, 


tan  02 


, . 7-39  9 

tan  03  = -y-  — ez. 

and  so  on,  so  that  at  any 
point  whose  abscissa  is  x 

tan  0X  — ex. 

Hence  we  have  a geome- 
trical or  'pictorial  proof  of  the 
truth  of  the  statement  that 


dex 


1 dy 
y dx 


(i.e.,  the  proportional  rate  of 


Fig.  63. — -Graphical  Method  of 


that 


dex 

dx 


— e 


showing 
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(ii.)  Logarithmic  Functions. 

To  find  the  differential  coefficient  of  logQ  x. 
Let  y = loge  x. 

• ev  = x. 


ev  = x. 


dx 
dy 

. dy  I 

dx  x' 

(See  example  (9)  for  the  practical  application  o 
tial  coefficient  as  a labour-saving  device.) 


EXAMPLES. 
dy 


(1)  If  y = loge  (loge  x)  find  ft. 
Let  loge  x — u->  so  that  y = loge  u. 

dy  1 


But 


(2) 

Let 


and 


(3) 


du  u " 

du  __  1 
dx  x 

dy  __  dy  du 
dx  du  ’ dx  loge  x ’ x x loge  x' 


1 


1 


y — log  (x  -f  1 + V 2x  + x2).  Find  C~. 
c + 1 -f-  'sj  2x  + x2 


x 

du 


u. 


dx 


1 + 


2+  2x 


2\/2x  + x2 


1 + 


1 4-  x 


'\/  2x  -f-  x2 


dy  = l 
du  u 


dy  _ \/  2x  + x2  -f  1 + 
dx 


x 


1 


Vtx  + x2  ‘x+l  + V2x 


dy 


x 


y = (log  x)n-  Find 


Let  log  x = u.  : *•  — ,i'n 


dy 

du 


, . y = w 
nun~~ 1 = n (log 


dy  ( dy  du\  ?i(log  x) 


dy  / dy  du\ 
dx  \ du  ’ dx) 


n — 1 


this  differen- 


/ 


l 

2 '\/  2.r  4-  x2 


x 
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(4) 

If 


Find 


dy 

dx 


ex  — u,  then  y = eu. 

dy  - u ex 
— = e = e 
c/w " 


dJL  = / 

dx 


e 


x 


(5)  y = a; 

log  y = x log 

• 1 dy 

y dx 

dy 

dx 


x . 


s 

1 

X 


+ 1 • log  X = 1 + tog  .1 


X. 


— y{ 1 + log  x)  = xx(l  -j-  log  x). 


(6) 

Here 


X . . . to  oO 

y = x' 

y = log  y = y log  co 


1 dy 
y dx 


d3L\o« 

dx  ° 


x 


y 


x{\  — y log  a;) 


*4  / 


(7)  Fechner’s  law  states  that  the  intensity  of  a sensation  is  proportional 
to  the  logarithm  of  the  stimulus. 

In  symbolic  form  the  law  becomes 

y = log  x, 

where  y is  the  perception  and  x is  the  stimulus. 

• dl  = 1 

dx  x 


i.e.,  the  perceptibility  of  a sensation  is  inversely  proportional  to  the  stimulus. 

(8)  Cholera  bacilli  double  themselves  in  number  in  30  minutes.  Find 
their  rate  of  growth. 

This  being  an  example  of  growth  in  accordance  with  the  compound 
interest  law  (see  p.  93), 

on  x, 

2 = e , where  k is  a constant. 

2-302  log10  2 = 30 k. 

2-302  X -30103 


law  of  growth  is  y = e0-0231i. 
rate  of  growth  dJ-  = 0-0231  e°'023U. 
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(9)  The  following  method  of  differentiation  by  taking  logarithms  first 
(to  the  base  e)  saves  a lot  of  arithmetical  labour  in  suitable  cases  (i.e.,  in 
cases  of  functions  consisting  of  a number  of  factors). 


V = 


x 


V 1 — a:2 
V 1 -r  x2. 


log  y = log  x +2  log  (1  - X2)  - ~ log  (1  + X2). 


d dy 
y dx 


x 


x 


1 — 2a:2  — x 4 


x 


x 


X 


1 d-  x2  a(l  — a;2)(l  + x2) 


x V \ — x2  (1  — 2a:2  — a;4) 


2a:2  — a:4 


dx 


V 1 -j-  x2  a(l  — x2)  (1  -\-x2)  (1  + a^)§(l  — x2)i 


Differentiation  of  Circular  Functions. 

(a)  Direct  Circular  Functions. 

(iii.)  The  differential  coefficient  of  sin  x. 
Let  y = sin  x. 

y -f  dy  = sin  ( x + dx). 

dy  — sin  (x  + dx)  — sin  x. 


_ . dx  2x  + dx  , 

= 2 sm  . cos 9 — (see  Chap.  IY.,  p.  53). 


dy 

dx 


n • dx 
2 sm  — . cos 


2 

k,  - 1-  dx 


But  Lttte_ >o 
and 


sin 


dx 


dx 


dx 


= 1 (see  p.  191). 


2 sin 
dx 


dx 


= 1. 


2x  + dx 

Ltrfa;_>0  COS  2 = cos  X. 

dy 
dx 


cos  x. 


ri.  ..  . dcosx 
Similarly,  — - = — sm  x 


d 


sm  x 


and 


d tan  x _ cos  x cos  x . cos  x — sin  x ( — sin  x) 


dx 


dx 


COS2  X 


COS2  X 


— sec2  x 


— 1 + tan2  x. 


Note  Regarding  the  Peculiarity  of  sin  6 and  cos  0. — The 

student  will  have  noticed  that  when  sin  6 is  differentiated  with 
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respect  to  0 the  result  is  cos  0 , and  when  cos  0 is  differentiated  with 
respect  to  0 it  becomes  — sin  0. 

Similarly  the  differential  coefficient  of  cos  0 is  — sin  0 and  the 
differential  coefficient  of  — sin  0 is  cos  0.  Hence  we  get  the  fol- 
lowing two  curious  results,  viz.  : 

(i.)  Each  of  these  functions  when  differentiated  twice  gives  rise 
to  the  original  function  with  the  sign  changed  from  + to  — . 

(ii.)  Each  of  these  functions  when  differentiated  four  times  gives 
rise  to  the  original  function  with  the  original  sign. 

These  two  trigonometrical  ratios  are  the  only  functions  which 
possess  these  peculiarities,  and  we  shall  see  that  great  advantage 
is  taken  of  these  peculiarities  for  the  purpose  of  expanding  sin  6 
and  cos  0 in  powers  of  $ (see  p.  189).  They  are  also  useful  to 
remember  when  solving  differential  equations  of  the  type 


d2y_ 

dx1 


The  student  must  bear  in  mind  the  fact  that  these  results  are 
only  true  if  the  angle  x is  expressed  in  circular  measure  (i.e.,  in 
radians).  In  the  calculus  all  angles  are  understood  to  be  expressed 
in  radians  and  not  in  degrees. 


(b)  Inverse  Circular  Functions. 

ci  u 

To  find  ~ify=  sin~lx. 

Since  y = sin-1#.  x = sin  y (by  definition). 

. dy 

* * dx 

dx  1 

• 

dy  yd  - x2 

Similarly,  it  can  be  shown  by  the  student  that — - 

....  d,J 


cos  y = 's/I  — sin2  y = \/\  — x2. 


If  y = cos~l«r 


dx 


Vi  - 


xc 


.-l'r  p- 


If  y = tan-1*,  & 

If  y = cot-1*,  fx  - - , ‘ 

i„  dn  - 


If  y = sec-1#, 


dx  x^/x2  _ i 


tx  i dy 

It  y = cosec-1#, 


1 


- i 


158 


BIOMATHEMATICS. 


EXAMPLES. 


(1)  y — sin  nx.  Find 

ax 

Put  nx  = it. 

. dy 


du 


cos  u. 


dy  du 

~ — Cos  u . -j  = n cos  u 
dx  dx 

= n cos  nx. 

(2)  y — sinn  x. 

Let  sin  x — u.  y = un. 

. dy  dy  du  , 

■■  dx  = duXTx=nu  oosx- 


(3)  y — sin  x 
Let 


n 


n sinn  1 cos  x. 


xn  = u.  y — sin  u, 

dy  dy  du  «_  i n 

—■  — -rr  X -r  = nxn  1 cos  xn. 
dx  du  dx 


(4)  y — tan3  x — w3. 


dy  d u du  _ , o 2 

X = 3 tan  a:  sec  a\ 
dx  du  dx 


(5)  y = e V sin  * — 

dy  dy  du 


— cos  a; 

• • J — J-  x J-  = c V Sin  a;  . — — =. 
da;  dit  da;  o V sin  a? 


(6)  = 


tan  a; 
a; 


, 2 . x — o sin  2a; 

dy  x sec^  x — tan  x 2 

da;  " 


x 


x 


(?)  y = v sin  x + V sin  x -j-  ' sin  x,  etc.,  to  infinity. 

y2  = sin  x + y. 
y2  — y = sin  a;. 

(2y  - !)  = cos  a;. 

dy  _ cos  a; 
da;  2 y — 1. 

(8)  In  example  (1),  p.  49,  when  the  hand  is  at  A,  the  weight  moves 
upwards  with  a velocity  of  10  ins.  per  second.  What  is  the  angular 
velocity  of  the  forearm  at  that  instant  ? 
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Let  distance  AC 


= x. 


Then  angle  AOC  (—  0)  = sin  1 


do 

dx 


rf(s in  * 12  ) d(l2) 


d 


x \ 

12} 


dx 


1 /V 
12  ' a 


1 

12 


( ■ -l  x\ 
( sm  — I 


12/ 


d 


(s) 


V i 


X 

144 


12 


1 


12  \/ 144  — .r2 


V 144  + xi 


, , ...  d9  dO  dx 

angular  velocity  which  = % = £ • # 


V 144 


X 


dx 

2 • di 


10 


\/ 144  — a-2 


radians  per  second 


dx 


(since  — 10  ins.  per  second). 


But  since  6 — 45°  and  AO  =12  ins. 

12  V2 


x = AC 

10 


6 V 2 


10 


10 


VX144  - x2  V 144  — 72  V 12 


6 v 2 

___ 


radians  per  second. 


“ . D 

— X 57-3  degrees  per  second. 

6 


5 x 1-414 
6 


X 57-3 


= 67-52°  per  second. 


(9)  A galvanometer  mirror  M is  1 metre  distant  from  the  scale,  and  the 
spot  of  light  is  moving  on  the  scale  with  a velocity  of  15  cm.  per  second. 
When  it  is  deflected  17  cm.,  what  is  the  angular  velocity  of  the  beam  of 
light  at  that  instant,  and  what  is  the  angular  velocity  of  rotation  of  the 
mirror  at  that  instant  ? 
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Let  AB  be  the  scale  (the  student  is  to  draw  the  diagram  for  himself), 
M the  mirror,  and  MH  the  distance  of  M from  AB.  Let  S be  the  position 
of  the  spot  of  light  on  the  scale  at  any  instant. 

Then  if  we  put  HS  — x and  / SMH  = 0, 


we  have 


But 


But 


tan  0 = 


x 

Ml 


0 = tan' 


dO 

dx 


x 

100 

x 

loo 

tan-1 


i ^(tan  1 100 ) 


100 


dx 


100 


1 + 


100 


x 


10000 


dQ 

dt 

dx 

dt 

dd 

dt 

x 

dd 

dt 


dO  dx 
dx  dt 


10000  + a;2 
dx 

10000  + a;2  ' dt 


100 


15  cm.  per  second, 
1500 


10000  + X 
17. 

1500 


- radians  per  second. 


10289 

1500 


radians  per  second. 

X 57-3  degrees  per  second. 


“ 10289 
= 8-35°  per  second. 

But  beam  of  light  rotates  twice  as  fast  as  the  mirror, 

angular  velocity  of  rotation  of  mirror  = 4-18°  per  second. 


(see  exam 


ple(3)).J 


EXERCISES. 

Differentiate  the  following  : 

(1)  y = sin  2x.  [Answer,  2 cos  2x  (see  example  (1) ).] 

r COS  ^ CC 

(2)  y = sin  V" *.  [Answer, 

__  cos  Sx  + cos  x 
' y ~~  sin  3a;  — sin  x. 

[Answer,  —cosec  2x.  Hint:  use  identities  in  Chapter  IV.,  p.  53 

~ , d cot  x 2 1 

Expression  becomes  = Cot  x ; — — cosec  x 

(4)  For  what  value  of  0,  between  0 and  180  is  tan  0 increasing  four  times 
as  fast  as  0 ? 


rd  tan  0 o . . n , I 

Answer,  — rv—  - sec^  0 = 4.  . . cos  0 — ± 


0 = 60°or  120 


d 0 


’•] 


CHAPTER  X. 


MAXIMA  AND  MINIMA. 

It  is  often  important  to  ascertain  under  what  conditions  some 
particular  function  of  a given  variable  shall  have  a maximum  or 
minimum  value,  and  what  that  maximum  or  minimum  value 
may  be.  For  example,  it  is  found  that  the  reaction  velocity  under 
the  influence  of  enzymes  is  very  low  at  low  temperatures  and 
gradually  rises  as  the  temperature  rises  up  to  a certain  limit, 
called  the  optimum  temperature , but  if  the  temperature  is  increased 
beyond  that  limit  the  velocity  begins  to  diminish. 

Again,  we  saw  on  p.  46,  Chapter  IV.,  that  as  the  angle  of  pull  of 
a muscle  increases  the  effective  force  of  the  muscle  increases  until 
the  size  of  the  angle  reaches  a 
certain  value  when  the  force  begins 
to  diminish  again. 

The  differential  calculus  affords 
us  an  easy  method  of  ascertain- 
ing the  maximum  and  minimum 
values  of  given  functions. 

Maximum. — If  a function  of  x 
increases  in  value  while  x is 
increased,  and  then  begins  to 
diminish  when  x is  still  further 
increased,  the  value  of  the  func- 
tion when  the  change  occurs  is 
called  a maximum.  Thus,  in 
Fig.  64,  showing  the  graph  of  y = 3x  — x2,  we  see  that  at  the 
point  P,  where  x — 1 4,  y has  a value  equal  to  2J,  and  that  at 
points  on  the  curve  close  to  and  on  either  side  of  P,  the  ordinates 
are  less  than  at  P.  At  P,  therefore,  the  value  of  y is  a maximum. 

Minimum. — If  a function  of  x decreases  in  value,  while  x is 
increased,  and  then  begins  to  increase  when  x is  still  further 
increased,  the  value  of  the  function  when  the  change  occurs  is 
called  a minimum,.  Thus,  Fig.  65  shows  the  graph  of 

y = x2  — 3x  + 3. 

We  see  that  at  the  point  P,  where  x — 1J,  y has  a value  equal 
to  f , and  that  at  the  points  on  the  curve  close  to  and  on  either 


B. 


M 
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side  of  P the  ordinates  are  greater  than  at  P.  At  P,  therefore, 
the  value  of  y is  a minimum. 

It  is  important  to  remember  that  a maximum  or  a minimum 
ordinate  is  not  always  the  greatest  or  smallest  ordinate  of  the 

graph.  For  example,  in  Fig.  66 
the  ordinate  at  P is  a maximum 
ordinate,  although  the  ordinate 
at  A is  greater.  Similarly,  the 
ordinate  at  Si  is  a minimum, 
although  the  ordinate  at  B is 
less.  All  that  we  mean  by  the 
statement,  that  the  ordinate  y 
(or  the  function  y = f(x) ) has  a 
maximum  or  minimum  value  at 
the  points  P and  S,  is  that  the 
ordinates  at  P or  S are  respec- 
tively greater  or  less  than  ordi- 
nates, close  to  and  on  either  side 
of  them.  Indeed,  one  function 
may  have  several  maxima  and 
minima  ( e.g .,  y — sin  0 , y — cos  0 
(see  p.  116)  ),  and,  moreover,  some  of  the  minima  may  actually 
be  greater  than  some  of  the  maxima  in  the  same  curve,  e.g ,,  the 
minimum  at  S (Fig.  66)  is  greater  than  the  maximum  at  P. 


Fig. 

y = x 


65. 
2 


Graph  of 
3x  + 3. 


Fig.  66. — Diagram  to  illustrate  Maxima  and  Minima. 


Hence,  the  words  maximum  and  minimum  are  not  used  mathe- 
matically with  their  ordinary  meanings  of  “ greatest  possible  ” 
and  “ least  possible.” 

Points  of  Inflection. — Another  point  to  remember  is  that 
although  at  all  points  of  maxima  and  minima  the  geometrical 
tangent  is  parallel  to  the  x axis  and  therefore  makes  an  angle 
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Fig.  67. — -Point  of  Inflection  at  Q. 


with  that  axis  whose  tangent  — 0,  so  that 


dy 

dx 


0,  the  reverse 


is  not  necessarily  true,  viz.,  we  may  have  a point  like  Q (Fig.  67), 
where  the  tangent  is  parallel  to  the  x axis  and  where,  therefore, 

fjy 

-jj-  = 0,  and  yet  the  function  has  neither  a maximum  nor  a mini- 
mum value  at  that  point.  Such  a point  is  called  a Point  of  inflec- 
tion ; it  is  a point  where  the  tangent  crosses  the  curve,  and  the 

test  for  it  is  that  ^ does  not  change  sign  in  passing  through  zero. 


Investigation  of  Maximum  and  Minimum  Values  of  a Function.— 

From  Figs.  67  and  68  it  is  obvious  that  at  the  maximum  and 
minimum  points  in  a curve,  the  tangent  is  parallel  to  the  axis  of 
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x,  i.e.,  it  makes  an  angle  0 with  the  x axis.  But  the  tangent  of 
the  angle  which  the  slope  of  a curve  at  any  point  makes  with  the 
axis  of  x is,  as  we  have  seen  on  p.  136,  represented  by  the  value  of 

dy 

at  that  point.  Hence,  we  arrive  at  the  following  rule  : 

To  find  the  maximum  or  minimum  value  of  any  function 

dy 

y = f(x),  differentiate  the  function,  i.e.,  find  the  value  of 

dy 

in  the  form  of  another  function,  and  then  equate  this  to  zero. 

The  value  of  x thus  found  gives  the  abscissa  of  the  point  whose 
ordinate  is  a maximum  or  a minimum. 

An  example  will  make  this  clear. 

Let  the  function  be  y — x2  — 2>x  + 6 (see  Fig.  69).  Find  the 
maximum  or  minimum  values  of  this  function,  i.e.,  for  which 

values  of  x will  the  function  be  a 
maximum  or  a minimum  ? 
Differentiating  we  get 

dy 
dx 


2x  — 3. 


This 


dy 


Fig.  69. — Graph  of  Function 
y — x"  — 3x  + 6. 


i.e.. 


giving 


2x 


d , as  we  have  seen,  repre- 
sents the  value  of  the  angle  which 
the  tangent  at  any  point  on  the 
curve  makes  with  the  axis  of  x. 

.*.  if  for  any  value  of  x,  the 
curve  has  a maximum  or  mini- 
mum value,  the  tangent  at  that 
point  will  make  an  angle  zero 
with  the  x axis,  i.e.,  an  angle 
whose  tangent  = 0. 

dJL  = 0 

dx  U’ 

-3=0, 

3 
2’ 


x 


Hence,  the  curve  will  have  a maximum  or  a minimum  value 

3 

at  a point  whose  abscissa  = ^ (see  Fig.  69). 

Discrimination  between  Maxima  and  Minima. — In  order  to 
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ascertain  whether  the  value  so  found  is  a maximum  or  a minimum 
there  are  several  possible  ways  of  doing  so. 

(1)  Trial  Method  . — After  finding  the  value  of  x for  which 
da 

^ = 0,  substitute  this  value  in  the  function,  and  thus  ascertain 


what  value  y assumes.  Then  give  a slightly  different  value  to 
x and  see  what  effect  such  a new  value  of  x has  upon  the  value  of  y. 
The  method  is  best  illustrated  by  an  example. 

Take  again  the  function 

y = x2  — 3x  + 6. 


We  have  seen  that  when  x = 1-5, 

3 

Now,  when  x — ~ we  have 


dy 

dx 


y = (1-5)2  - 3 x 1*5  + 6 

- 2-25  -4*5  + 6 

- 3*75. 


Let  us  give  x the  very  slightly  higher  value  1*51. 


We  then  have 

y = (1-51)2  - 3 X 1*51  + 6 
= 2*2801  - 4*53  + 6 
= 3*7501,  which  is  greater  than  3*75. 


Again,  give  x the  slightly  smaller  value  of  1*49. 
We  then  have 

y = (1*49)2  _ 3 x i.pg  + 6 
= 2*2201  - 4*47  + 6 
= 3*7501, 


which  is  again  higher  than  3*75. 

fly 

Hence,  we  see  that  when  ^ = 0 in  this  particular  case,  the 
value  of  y is  a minimum. 


(2)  The  Method  of  Second  Differentiation. — From  Fig.  70  we  see 
that  the  slope  of  the  curve  continually  changes,  and  that  when 
we  pass  from  a minimum  value  at  P to  the  right,  the  angle  of  the 
slope  at  A changes  from  0 at  P to  an  angle  less  than  90°  at  A. 
But  the  tangent  of  an  angle  less  than  90  is  + ve,  therefore  the  slope 
changes  from  0 to  ve  when  we  pass  from  a minimum  value  to 
the  right.  But  when  we  pass  from  a maximum  value  at  Q to  the 
right,  the  angle  of  the  slope  at  B changes  from  0 to  an  angle 
greater  than  90,  and  whose  tangent  is  therefore  — ve.  Hence  the 
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Fig.  70. — Diagram  to  illustrate  the  Method  of  Discriminating  between  a 

Maximum  and  a Minimum. 


slope  changes  from  0 to  — ve  when  we  pass  from  a maximum  to  the 

fly 

right.  Now  if  we  call  the  slope  of  the  curve  at  any  point  , then 


(I 


Kdx, 


dx 


denotes  the  rate  of  change  of  slope. 


d 


But 


(lx, 


dx 


d^"i/ 

= i.e .,  the  second  differential  coefficient  of  y, 

(J%y 

with  respect  to  x.  Therefore,  if  is  + ve,  then  the  value  found 

fly  Us  'll 

by  equating  to  zero  is  a minimum,  but  if  is  negative,  then  the 

value  found  by  equating  is  a maximum. 

Thus,  in  the  above  case, 

dp 
dx 

. &y 


= 3:r  - 5. 


dx 2 


3 = + ve. 


the  value  found  is  a minimum. 

Let  us  take  another  example  : 

y — xs  — 3x  + 16. 

Find  the  maxima  and  minima  of  this  function  : 
. dy 
dx 
dhj 
dx2 


3x2  - 3 - 0. 
= 6x. 


x2  = 1,  and  x — + 1. 
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When  a;  = + 1,  6sc  is  positive, 

,,  x — — 1,  6x  is  negative. 

Hence,  x = 1 corresponds  to  a minimum,  y = 14, 

and  x = — 1 ,,  ,,  maximum,  y = 18. 

Example. — Find  the  value  of  & which  makes  sin3  x cos  x a maximum. 

We  have  ~ = 3 sin2  x . cos2  x — sin4  x — 0. 

ax 

sin2  a?  (3  cos2  x — - sin2  x)  = 0. 

When  sin2  x — 0,  the  function  = 0. 
the  value  x = 0 must  be  rejected, 
the  function  is  a maximum  when. 

sin2  x — 3 cos2  x = 3(1  — sin2  a;), 


i.e., 

A • 9 

4 sm  x = 

3, 

when  sin  x — 

\/% 

i.e., 

2 ’ 

i.e., 

when  x — 

60°. 

The  value  of  the  function  then  becomes 

3\/3  1 3 

— ' 2 = 16  ^ 


EXAMPLES. 

(1)  Problem  in  Public  Health. — -For  an  ellipse  of  given  diameter,  find 
the  relation  between  the  major  and  minor  axes  so  that  the  area  may  be  a 
maximum.  Hence  show  that  the  best  shape  to  give  to  a water  pipe  in 
order  to  prevent  its  bursting  during  frosty  weather  is  that  of  an  ellipse. 

Whilst  the  perimeter  of  an  ellipse  cannot  be  accurately  expressed  in 
simple  form,  the  formula  p = tt  (x  + y)  is  an  approximate  expression  for 
its  perimeter  p,  if  x and  y are  the  two  semi-axes,  and  if  x is  nearly  equal  to 
y (i.e.,  if  the  ellipse  is  nearly  circular).* 

p 

From  the  formula  p = tt(x  -f-  y),  we  have  y = - — x. 

But  area  A of  an  ellipse  A 

.\  A 

dk 

dx 


tt  xy. 


7TX  — x 


px  — 7TX~ 


= p — 9 


TTX. 


* A more  exact  formula  is 


p = tt  (x  + y) 


(x  - y\ 
W + y) 


+ 


if  x and  y are  nearly  equal,  P = tt[x  + a). 
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for  a maximum  p — 2ttx  — 0, 
whence  p = 2 nx 


or 


x — 


jp_ 

2i r 


7T 


j7T 


(x  + y) 


x + y 


whence 


2x 

x 


* + y, 
y- 


the  given  ellipse  must  have  its  semi-axes  equal,  i.e.,  it  must  be  circular 

From  this  it  follows  that  if  a water  pipe  is 
made  slightly  elliptical,  then  w'hen  the  water 
inside  it  expands  as  a result  of  freezing,  the 
pipe  will  tend  to  become  more  circular,  for  by 
so  doing  the  area  of  its  cross-section  increases 
without  altering  its  perimeter — thus  prevent- 
ing its  bursting. 

(2)  Another  Problem  in  Public  Health. — A 
window  is  in  the  form  of  a rectangle  sur- 
mounted by  a semicircle  (Fig.  71).  If  the 
perimeter  is  30  feet,  find  the  dimensions  so 
that  the  greatest  possible  amount  of  light 
may  be  admitted. 

From  the  diagram  we  see  that 
total  perimeter  of  window 


2y  + * -f 


TTX 


Fig.  71. 


y 


— 30  feet  (by  hypothesis). 
60  — x (2  + ?r) 


• (1) 


Now,  area  (A)  of  window  = sum  of  areas  of  semicircular  and  rectangular 
parts 

,2 


+ xy 


dA 

dx 


irx 

~8 

+ |[60-*(2  + t)1  (from  (1)). 


X 


X 


y 


15  — £ (4  + it) 

= 0 (for  a maximum). 
60  - = 8-4  ft. 


4 TT 
60  - 8-4  (2  + v) 


= 42. 


x 


height  of  window  which  = y -f-  - = 4-2  + 4-2. 

- 8-4. 

total  height  — width  = 8-4  ft. 
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(3)  Problem  in  Biochemistry . — When  ethyl  acetate  is  hydrolysed  in  the 
presence  of  acetic  acid  as  a catalyser  the  following  reaction  occurs  : 

CH3COOC2H5  + H20  = CHsCOOH  + C2H5OH. 

The  acetic  acid  formed  thus  gradually  increases  in  amount  and  causes  a 
uniform  acceleration  in  the  velocity  of  the  reaction.  But  at  the  same  time 
the  active  mass  of  the  ester  diminishes,  thus  causing  a retardation  in  the 
reaction  velocity.  At  what  point  will  the  velocity  of  reaction  be  a maxi- 
mum ? 

Let  the  initial  concentration  of  acetic  acid  = a molecules  per  litre, 
and  let  the  initial  concentration  of  ester  ==  b molecules  per  litre. 

Let  x molecules  be  hydrolysed  after  a time  t , producing  x molecules  of 
acetic  acid. 

velocity  due  to  acetic  acid  originally  present, 

= = Ki a ( b — x). 


Velocity  due  to  acetic  acid  produced 

(1x2 


actual  velocity 


for  a maximum, 


^ = ¥L\x  (b  — x). 

dx  1 dx  2 
dt  dt  ' 

Ki(a  -f  x)  (b  — x). 

d_ 
dx 


i.e., 


— (a  — b)  — 2x  — 0,  whence  x — ^ {a 


(a  + x)  (b  — x)  — 0, 

b). 


(4)  Problem  in  Physiology  of  Growth. — On  theoretical  grounds  it  has  been 
found  by  Bobertson  (see  “ Child  Physiology,”  p.  249)  that  growth  in 
weight  of  infants  up  to  nine  months  old  is  an  autocatalytic  phenomenon 

taking  place  in  accordance  with  the  equation  log  — — K(£  — 1-66), 

where  x is  the  weight  of  an  infant  in  ounces  at  the  age  of  t months. 

At  what  age  will  the  growth  of  the  infant  be  most  rapid  ? 

Since  log  341  A'  x = K(*  ~ 


K 


log 


X 

34L5 - a; 


+ 1-66  = t. 


put 


x 


341-5  - x 


2, 


dz  _ (341-5  — x)  X 1 — x(—  1) 
dx  ~ (341-5  - x)2 


341-5 

(341-5  - x)2 


then 
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Now 


dt._  1 11  341-5  - *. 

clz  K z K x 

dt  i*t  dt  dz  1 341*5  — x 

~j~  which  = — . — = — . 

(lx  dz  dx  K 


341-5 


x ' (341-5  - *-)2 
341-5 


1 

K * *(341-5  - x)' 

G 


*(341-5  — *) 
dx 

velocity  of  growth  v which  = ^-  = 

dx 

*(341-5  — *) 

~ C 

341-5*  — *2 
= 0 - 

341-5  - 2* 


where  C 


341-5 
K • 


whence 


dv 

dx 

x 


C 


0 (for  a maximum), 


341-5 


= 170-75, 


i.e.,  the  growth  of  the  infant  is  most  rapid  when  the  infant  weighs  170-75  oz. 

In  order  to  find  at  what  age  the  infant’s  weight  is  170-75  oz.  we  return  to 
the  original  equation : 

* 


log 


341-5  - * 


K (t  - 1-66). 


= 170-75  oz.  we  get 
= K {t  - 1-66), 

= K (t  - 1-66), 

= K (t  - 1-66). 

= 0.  K (t  - 1-66)  = 0, 

— 1-86  months  = about  seven  weeks, 
the  infant  grows  quickest  at  the  age  of  seven  weeks. 

This  result  is  confirmed  by  the  table  giving  the  weight  of  infants  at  various 
ages  during  the  first  nine  months  (see  “Child  Physiology,”  p.  251). 

It  Avill  be  noticed  that  the  problem  of  finding  when  K*(341-5  — *)  is  a 
maximum  is  the  same  as  finding  when  *(A  — *)  is  a maximum.  This  is 
the  same  as  finding  : 

(i.)  How  to  divide  a number  A in  such  a way  as  to  make  the  product  a 
maximum.  The  answer  is  to  divide  it  into  two  equal  parts. 

(ii.)  How  to  divide  a line  into  two  parts  so  as  to  make  the  rectangle  con- 
tained by  the  two  parts  a maximum.  The  answer  is  to  bisect  the  line. 

(5)  Problem  in  General  Physiology. — Under  what  H ion  concentration 
will  the  sum  of  protein  ions  be  a minimum  in  relation  to  the  undissociated 
protein  in  solution  ? 

As  protein  is  an  amphoteric  electrolyte  (i.e.,  it  contains  both  II  and  OH 
ions),  there  must  be  two  forms  of  dissociation,  viz.  : 


when  * 

170-75 


l0g  341-5  - 170-75 

i.e., 

, 170-75 

OCT 

° 170-75 

i.e., 

log  1 

But 

log  1 

whence 

t 
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(а)  [Ap]  and  [H],  where  A p stands  for  Anion  protein. 

(б)  [Kp]  and  [OH],  where  Kp  stands  for  Ration  protein. 
Let  reaction  velocity  for  first  form  of  dissociation  be  K«, 

then,  by  the  law  of  mass  action  (q.v.,  p.  215), 

[A p]  . [H]  _ A _ Ka  . [P] 


Ka  = 


or  A p 


[P]  [H]  ■ 

([P]  stands  for  the  concentration  of  non-dissociated  protein.) 
If  reaction  velocity  for  second  form  of  dissociation  be  K&, 

^ Kb  • tp] 

then  similarly  = 


Hence 


[Ap]  + [Kj>]  K# 


[OH] 
_K b 
[OH] 


,^r  = U. 


[P]  [H] 

Hence  we  have  to  find  for  what  value  of  [H],  u will  be  a minimum. 
We  must  therefore  represent  as  a function  of  [H]. 

Now  if  K 


w 


whence 


dissociation  constant  of  water,  we  have 
[OH]  . [H]  = Kw, 

Kw 


[OH]  = 

. Ka  . Kb  Ka 
• • [H]  + [OH]  [H]  + 

Hence  for  a minimum  we  must  have 


[H]' 

K6[H]  = w. 
K 


w 


du 

J[H] 


which  = — 


or 


whence 


Ka 

[H]2 

Ka 

Kb 


K a 
[H]- 


K± 

K 


IX) 


[Hr 


+ K»=o, 

Kw 


[H]- 


[H] 


Kw  — [H]  • [OH]  [OH] 

Hence  there  will  be  a minimum  of  dissociated  protein  ions  when  the 
H and  OH  ion  concentrations  are  in  the  same  relation  as  the  corresponding 
dissociation  constants  or  reaction  velocities,  i.e.,  at  the  isolectric  point. 

In  order  to  find  the  value  of  [H]  under  those  conditions  we  proceed  as 
follows  : 

[H]  = [Oil] 

But  [H] . [OH]  = K to  = 10-14- 

(this  being  the  dissociation  constant  of  pure  water). 


[OH] 


10 


-14. 


[H] 


[H]  = Ka  10‘ 


-14 


10 


Kb  [H] 

-14  Ka  _ rm2 

K 

7 


[Ii]  = 10* 


Ka 
Kb' 
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That  this  value  of  H gives  a minimum  and  not  a maximum  is  seen  from 


the  fact  that 


d?u  _ 2¥La 
d[H f IHf 


+ ve. 


(6)  Problem  in  Morphology  of  Blood  Vessels. — John  Hunter  wrote  as 
follows : “To  keep  up  a circulation  sufficient  for  the  part  and  no  more, 
Nature  has  varied  the  angle  of  origin  of  the  arteries  accordingly.”  Prove 
the  truth  of  this  statement,  on  the  assumption  that  the  loss  of  pressure 
between  any  point  A on  the  main  trunk  and  a point  D on  the  branch 
artery  BD  is  mainly  due  to  friction  of  the  blood-stream  against  the  arterial 
walls,  and  is  therefore  in  accordance  with  Hess’s  law  proportional  to 

AB  BD 
R + T* 


where  R and  r are  the  radii  of  the  vessels. 


d 


Fig.  72. 


The  route  by  which  the  blood  could  be  conveyed  from  A to  D can  be 
any  one  of  the  following  (Fig.  72).  Either — 

(1)  By  a branch  from  A to  D inclined  to  the  main  trunk  at  an  angle  6 ; or 

(2)  By  a branch  from  C to  D at  right  angles  to  the  main  trunk  ; or 

(3)  By  a branch  from  any  point  B (between  A and  C)  to  D,  making  an 

acute  angle  0,  with  the  main  trunk  ; or 

(4)  By  a branch  from  any  point  E (beyond  C)  to  D,  making  an  obtuse 

angle  02  with  the  main  trunk. 

The  problem  which  remains  to  be  solved,  therefore,  is,  along  which  route 
will  the  loss  of  pressure  between  A and  D be  a minimum  ? 

Let  us  take  any  point  B on  the  main  trunk.  Then  loss  of  pressure  between 
A and  D is  according  to  Hess’s  law  proportional  to 

AB  BD 
R + r ‘ 

Now,  D being  a fixed  point  on  the  branch  vessel,  let  its  perpendicular 
distance  DC  from  the  main  trunk  be  = h. 

Also  let  distance  of  B from  C — x ( i.e .,  the  unknown  point  at  which  the 
branch  vessel  comes  off  is  x units  distant  from  C). 

Also  let  distance  AC  = d. 
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we  have  the  following  : 

"AB  = d-  x 


* BD  = V Ji2  + x2. 

(being  the  hypotenuse  of  a right  angled  triangle), 
fall  of  pressure  between  A and  D is  proportional  to 


d ~~  x | '\f  hi2  + x 2 
R + 7 


the  route  must  be  such  that 


d — x + V h2  + x2 


R 


is  a minimum. 

Calling  this  function  y,  we  must  have 


dy 

dx 

= 0, 

i.e., 

-i  + 

2x 

= 0, 

2r\/  x2  + h2 

whence 

r 

X 

= cos  9 

R 

Vx2  + A2 

• • 


. . • . (1) 


the  angle  at  which  the  vessel  comes  off  is  such  that  its  cosine  is  pro- 
v 

portional  to 

To  find  the  distance  x , we  have 


x 


R Vx 2 + ft2 


x 


x 2 + h2  R" 


i.e., 

whence 


x2(R2  - r2)  = K2r 


2V2 


hr 


x — 


Vr2  - r2 


• (2) 


From  (1)  we  learn  that 

(i.)  all  branch  vessels  of  the  same  radius  coming  off  from  the  same  trunk 
will  make  the  same  angle  with  the  main  trunk ; 

(ii.)  If  p-  is  very  small,  then  cos  9 is  very  small,  i.e.,  a branch  of  very  small 

calibre  comes  off  practically  at  a right  angle  (viz.  at  C) ; 

(iii.)  If  p-  is  nearly  unity,  then  cos  9 = 0,  i.e.,  a branch  of  very  large 

calibre  comes  off  practically  parallel  to  the  main  trunk  (e.g.,  the  external 
and  internal  carotids).  (See  D’Arcy  W.  Thompson’s  “ Growth  and  Form,”  and 
Burns’  “ Biophysics.”) 

(7)  The  Economy  of  the  Bee. — -A  bee  cell  may  be  considered  as  a regular 
hexagonal  prism  modified  in  the  following  manner  (J.  Salpeter)  : 
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Fig.  73. 


angles).  Let  us  therefore  consider  what 


Let  ABCDEF  be  a base  of  the 
prism  (Fig.  73).  Join  AC  and  let 
a plane  ACG  inclined  at  an  angle 
a to  the  base?  ABCDEF,  cut  the 
border  BBi  in  the  point  G. 

Rotate  the  pyramid  ABCG 
round  AC  until  the  triangle  ABC 
comes  to  lie  in  the  position  AOC. 
The  apex  G will  then  project  up- 
wards. Pass  similar  planes  through 
CE  and  AE,  also  making  angles 
a with  the  base  ABCDEF,  and 
then  rotate  those  pyramids  until 
the  triangles  CDE  and  AFE  coin- 
cide with  the  triangles  COE  and 
AOE  respectively. 

The  three  little  pyramids  will 
then  meet  in  a common  apex  S 
(Fig.  74).  The  resulting  figure  is 
then  similar  to  a bee  cell. 

It  is  clear  that  by  turning  the 
pyramids  ABCG  and  the  other  two 
pyramids  round  the  lines  AC,  etc., 
the  volume  of  the  cell  has  not  been 
diminished,  but  the  area  has  been 
diminished,  since  although  the 
three  rhombi  (AGCS  and  the  other 
two  analogous  rhombi)  have  been 
added  to  the  area,  yet  there  have 
been  removed  the  whole  of  the 
surface  ABCDEF,  and  the  surfaces 
of  the  six  triangles  (ABG,  CBG, 
and  the  other  four  analogous  tri- 


must  be  the  angle  a between  each 
of  the  planes  and  the  base  in  order  to  make  the  area  of  the  resulting  cell  a 


minimum.  When  this  occurs  the  bees  will  obviously  have  to  use  less  wax 
in  order  to  build  a cell  containing  a given  amount  of  honey. 

In  order  to  solve  this  problem  it  will  be  better  to  consider  what  must  be 
the  length  BG  (Fig.  73),  since  this  length  also  determines  the  shape  of  the 
cell. 

Let  this  length  BG  = x. 
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Now  if  we  have  a hexagon  (Fig.  75),  and  we  divide  it  by  means  of  the 
three  diagonals  into  six  equilateral  triangles,  OAB,  OBC,  etc.,  then  the 
height  li  ( e.g .,  AH)  of  each  triangle  is  given  by 


h=V AB2  - BH2  = y^a2  - 


or  a V 3 
T = 2~ 

(where  a = length  of  side  of  hexagon). 

AC  = 2^  = aV3. 

surface  of  hexagon  which  = 3 times  surface  ABCO 

— 6 times  surface  ABC 


6 ~ . BH 


6 


a V 3 a 3 a2  C3 


Again  (in  Fig.  73) 


GC2 

GC 


2 2 
BC2  + x2  = a2  + a:2. 


V 


or '+  ar. 


B 


• Fig.  76. 


Now,  surface  of  rhombus  AGCS  (Fig.  74)  or  AGCB  (Fig.  76) 

= twice  the  surface  of  the  triangle  AGO 
= AC  . GH. 

But  GH  = V GC2  - HC2, 


/,  2 , 2\  3a2 

= (®  + ® “ 4 

/ AC 

( since  HC  = and  AC  = a V 3 


surface  of  rhombus  (which  = AC  . GH), 


to  form  the  bee’s  cell,  one  has  to  take  away  from  the  surface  of  the 
prism— 
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(i. ) The  surface  of  the  base, 
i.e., 


3 a4 


V3. 


i.e., 


(ii.)  The  surfaces  of  six  triangles  like  ABG, 

ax 


6 . ^ = 3 ax. 


On  the  other  hand  one  has  to  add— 

(i.)  The  three  rhombi  like  AGCS  (Fig.  74), 


’ «2 


= 3a  V3 

the  total  diminution  in  surface  is 


4 + * • 


y 


3 a2  v 3 


+ 3 ax  — 3a  v 


A2 

3 v 4 


+ x2. 


Now  for  the  area  of  the  resulting  cell  to  be  a minimum  (for  a given  volume) 
the  portion  y that  is  taken  away  must  of  course  be  a maximum.  Hence  we 
must  find  the  value  of  x which  will  make  y a maximum. 

Differentiating  and  equating  to  zero  we  get 

2x 

3a  3a  y 3 . 


dy 

dx 


0, 


a* 


+ x * 


i.e., 


1 = 


x y/3 


a . 2 

4 + * 


or 


a2  o 

4 


whence 


giving 


2x 


,2 


X — 


3x^, 

a 2 

T’ 

a V2 


To  show  that  this  value  of  x makes  the  surface  of  the  'portion  to  be 
removed  a maximum  and  not  a minimum,  differentiate  again  and  get 

dh 

dx2 

a V2 


— ve. 


X 


makes  the  surface  of  the  resulting  cell  a minimum. 


To  find  the  angle  d (i.e.,  angle  AGO)  of  the  rhombus  AGCS  (Fig.  74)  or 
AGCB  (Fig.  76)  under  such  conditions,  we  have 


sin ; 


a V 3 


0 AH 
~ AG  ~ 2 

= 5 

0 - 109°  28'  14". 


v'a^ 


-\  2 


a* 


whence 
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This  value  agrees  very  closely  with  the  value  of  the  angle  as  found  by 
actual  measurement. 

There  is  an  interesting  story  associated  with  this  angle  /3.  It  is  narrated 
that  Maraldi  measured  the  angle  and  found  it  to  be  = 109°  28',  and  later, 
at  the  instigation  of  Reaumur,  Konig  calculated  the  value  of  /3  as  109°  26'. 
Maclaurin,  dissatisfied  with  the  discrepancy  of  2'  between  the  calculated 
and  observed  results,  repeated  Maraldi’s  measurements  and  found  them 
correct.  He  then  discovered  that  Konig’s  logarithm  tables  were  not  abso- 
lutely correct,  so  that  the  bee  cell  has  served  to  discover  a mistake  in 
logarithmic  tables. 

This  story  is  very  interesting  and  pretty,  but  unfortunately  can  only  be 
regarded  as  an  anecdote  and  nothing  more,  since  recent  measurements 
undertaken  by  Vogt  in  the  case  of  4,000  bee  cells  gave  the  average  value  of 
3 as  107°  ! 

What  the  cause  of  such  a.  discrepancy  between  the  calculated  and  expected 
result  is,  it  is  impossible  to  say.  Possibly  there  may  be  factors  operating 
other  than  those  of  surface  tension — to  which  latter  is  to  be  ascribed  the 
tendency  for  production  of  minimal  surfaces  (see  “ Child  Physiology,” 
p.  94).  Perhaps  this  discrepancy  may  help  to  bring  about  further 
discoveries  in  the  same  way  as  the  observed  perturbation  in  the  calculated 
orbit  of  Uranus  helped  to  bring  about  the  discovery  of  Neptune. 

(8)  Problem  in  Neurophysiology. — The  ratio  between  the  radius  of  the 
axon  and  that  of  the  myelin  sheath  of  a nerve  has  been  found  to  be  1 : 16. 
Assuming  that  the  myelin  coat  has  an  insulating  function  like  the  covering 
in  a submarine  telegraph  cable,  is  this  value  of  the  ratio  such  as  to  make  the 
velocity  of  a nerve  impulse  a maximum  ? it  being  known  that  the  speed  of 

signalling  along  a submarine  cable  varies  as  x 2 loge  where  x is  the  ratio 

between  the  radius  of  the  core  and  that  of  the  covering. 

If  y = velocity  of  impulse, 

then  y — K«2  loge  = — Kx2  log  x. 

% = - K(2*  l0«  * + *'  • l) 

= — K.r(2  log  x + 1). 
for  a maximum,  log  x = — *• 

x — e~^  — = 1 : 1-65. 

V e 

Hence,  on  the  given  assumption,  the  observed  and  calculated  results  are 
in  perfect  agreement. 

That  x = 1 : 1-65  gives  a maximum  and  not  a minimum  speed  is  seen 
from  a second  differentiation  : 

— f — —•  K . 2 log  a — 2Kx  . 1 - K 
dx 2 x 

— — K(2  log  x + 3)  = — ve. 
x = 1 : 1-65  gives  a maximum. 

(See  W.  M,  Feldman,  Proc.  Physiol.  iSoc.,  1923,) 
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EXERCISES. 

(1)  An  open  tank  is  to  be  constructed  with  a square  base  and  vertical 
sides,  so  as  to  contain  a given  quantity  of  water.  What  must  be  the  relation 
between  depth  and  width  so  as  to  make  the  expense  of  lining  it  with  lead  a 
minimum  ? 

[Answer.  Depth  = | width.] 


(2)  If  y = ;r3  — Qx2  + 11#  — 6,  find  for  which  values  of  x y will  be  a 
maximum  or  a minimum.  * 


[ 


Answer,  For  maximum  x — 2 — 


J3 


3 ’ 


For  minimum  x — 2 + J 


lOCf 

(3)  If  y — — — — , find  for  which  value  of  x y will  be  a maximum. 
oc 


[For  a maximum  log  x = 1.  x — e and  y — e 1-] 

1 

(4)  If  y = x%,  prove  that  the  minimum  value  of  y is  when  x = e. 

= — 2 x — 1).  for  minimum,  log  x = 1. 


Curvature. — By  the  curvature  of  a circle  is  meant  the  rate  at 
which  the  circumference  curves  round.  Thus,  if  we  look  at  the 
various  circles  in  the  diagram  (Fig.  77),  we  see  that  in  the  largest 


Fig.  77. — Diagram  to  illustrate  the  Meaning  of  the  Term  Curvature. 
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circle  the  rate  of  curving  is  least  and  in  the  smallest  circle  it  is 
most.  Hence  we  see  that  the  curvature  of  a circle  is  measured  by 
the  reciprocal  of  its  radius.  Thus,  if  the  radii  of  the  smallest  and 
largest  circles  be  r and  R respectively,  then  the  curvature  of  the 

1 . 1 

smallest  circle  = — and  the  curvature  of  the  largest  circle  = 

Radius  of  Curvature. — Let  DE  be  any  curve  and  A,  B,  C,  three 
points  on  it  very  close 

together  (Fig.  78).  Then  B 

a circle  ABCF  can  be 
drawn  through  these 
three  points,  and  it  will 
be  seen  that  as  the  dis- 
tance between  the  three 
points  becomes  less  and 
less  until  A and  C ulti- 
mately coincide  with 
B,  the  circle  passing 
through  these  points  will 
have  the  same  curvature 
as  the  curve  at  the 
point  B. 

Hence,  the  radius  of 
curvature  at  any  point  B 
of  a given  curve  is  the  radius  of  the  circle  which  has  the  same 
curvature  as  the  curve  at  that  point. 

Formula  for  Curvature. — It  can  be  shown  that, 

if  p = radius  of  curvature  of  the  curve,  y = f(x), 

then  curvature  which  = — is  given  by  the  formula 

P 


Fig.  78. — Diagram  to  illustrate  the 

“ Radius  of 


meaning  of  the  Term 
Curvature.” 


1 

P 


V2 


where 

Vi  = 

and 

y*  = 

and  that 

.*.  p = 

(1  + y^)¥ 

dy 

dx’ 

dPy 

dx2’ 

(i  + yi2)* 

V2 


Example. — Find  the  radius  of  curvature  of  the  parabola  y = 2x2  at  the 
points  where  x = 0 and  x — L 

O 
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From  the  formula 


we  have,  since 


(i  ± 

V2 

y 1 = 4:X  and  y0  = 4, 
_ (1  + 16a;2)5 


where 


and  where 


z = 0,  p = r 


1 

* = 3’ 


P = 


1 + 


16\f 

9 y 


/25\f  / 

(9)  /4 

5\3 


“(§) 

125 

- 108* 


then 


Relation  between  Tension  and  Radius  of  Curvature. 

If  we  stretch  an  elastic  band  between  two  points  on  a flat  surface 
it  will  obviously  exercise  no  pressure  at  all  on  any  part  of  the 
surface  below.  But  if  the  band  is  stretched  over  a curved  surface 
(e.g.,  a cylinder),  then  the  downward  pressure  of  the  band  will  be 
proportional  to  the  curvature  (or  inversely  proportional  to  the 
radius  of  curvature)  of  the  surface.  Hence, 
if  V — downward  pressure  of  band, 

T = tension  with  which  it  is  stretched, 

R = radius  of  curvature  of  surface, 

T 

p = ^ (per  unit  of  surface). 

If,  instead  of  a cylinder  which  is  curved  only  in  one  direction, 
the  band  be  stretched  over  a surface  which  has  curvatures  in  two 
directions,  then 

v = T (r;  +Tt2)’ 

where  Ri  and  R2  are  the  two  radii  of  curvature. 

Further,  if  Rx  = R0  = R (e.g.,  in  the  case  of  a sphere), 

1 “ 2T 

then  p = . 

T = p~. 

But  the  thickness  of  a wall  of  a hollow  vessel  must  be  propor- 
tional to  the  tension  to  which  it  is  subjected. 
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Therefore,  when  P is  constant,  the  thickness  is  proportional  to 
the  radius  of  curvature.  Hence,  in  the  case  of  the  uterus , the 
thickness  of  muscle  is  greater  at  the  fundus,  where  the  radius  of 
curvature  is  greater,  than  at  the  cervix , where  the  radius  of  curva- 
ture is  less.  Also  the  hemispherical  aortic  valves  need  have  only 
half  the  thickness  of  the  cylindrical  aorta. 

Similarly,  the  cardiac  apex,  which  has  the  greatest  curvature 
(or  least  radius  of  curvature),  is  the  thinnest  part  of  the  heart. 
The  same  is  the  case  with  blood  vessels.  Other  illustrations  are 
the  constipation  associated  with  intestinal  distension  (e  g.  megalo- 
colon)  and  the  acceleration  of  labour  after  the  rupture  of  the 
membranes,  because  the  diminution  in  radius  of  curvature  enables 
the  same  tension  in  the  uterine  wall  to  exert  a higher  pressure 
on  the  contents. 

EXAMPLES. 

(1)  The  lumen  of  the  sheejhs  carotid  is  3 mm.  ; that  of  the  ox’s  carotid 
is  6 mm.  The  blood  pressure  in  these  vessels  has  been  found  to  be  40  mm. 
in  the  case  of  the  sheep,  and  60  mm.  in  the  case  of  the  ox.  If  the  thickness 
of  the  walls  of  the  sheep’s  carotid  is  -616,  what  would  you  expect  to  be  the 
thickness  of  the  coats  of  the  carotid  in  the  ox  ? 

The  radii  of  curvature  of  the  sheep’s  and  ox’s  carotids  are  in  the  propor- 
tion of  3 : 6 or  1 : 2. 

The  pressures  in  the  vessels  in  these  cases  are  in  the  proportion  of  40  : 60 
or  2 : 3. 

Now,  thickness  (which  is  proportional  to  the  tension)  is  proportional  to 
the  pressure  and  radius  of  curvature. 

t(sheep)  = KRSPS  (where  Rs  = radius  of  sheep’s  carotid, 

Ps  = pressure  in  sheep’s  carotid, 
and  K = constant), 

and  t(ox)  = KR0Po  (o  standing  for  ox). 

t(sheep)  RSPS  1.2 

t(ox)  RoPo  2 . 3 

1 

~ 3* 

« Thickness  of  ox’s  carotid  should  be  three  times  that  of  sheep’s  carotid 

= 3 X -616  = 1-848. 

(Actual  observation  shows  t(ox)  to  be  1-744.) 

(2)  If  the  radius  of  a capillary  is  0000005  cm.,  find  the  amount  of 
intracapillary  tension  that  will  maintain  a difference  of  pressure  of  50  mm. 
Hg  between  the  inside  and  the  outside  of  the  capillary. 

A pressure  of  50  mm.  Hg  = 5 X 13 '6  — 68  grms.  per  sq.  cm. 

T 

.’.  68  = (j.QQ^Qg,  giving  T = 0-34  mgm.  per  cm.  length. 

[See  Cranston  Walker,  Br.  Med.  Journ.,  Feb.  18,  1922  ; and  Correspondence 
by  Gillispie,  McQueen,  Leonard  Hill  and  others,  Ibid.  1921.] 
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SUCCESSIVE  DIFFERENTIATIONS. 


In  all  the  examples  of  differentiation  that  we  have  been  con- 
sidering in  Chapter  IX.  we  saw  that  the  differential  coefficient 
also  formed  a function  of  a?. 

Thus,  in  the  case  of  linear  functions, 


we  get 


y — mx  -f  b, 


mx°. 


In  the  case  of  such  functions  as 

y = x2  + bx  + c, 
dy 


we  get 


dx 


2a?  + b. 


When 
we  get 


y = x3  + ax2  + bx  + c, 

= 3a?2  + 2 ax  + b, 
ctoo 


and  so  on. 

Hence  the  differential  coefficient  of  every  function  can  itself 
be  differentiated  a number  of  times.  Thus,  let  us  take  as  an 
example 


1st  differential 

y = x*  + 4a?rf  + dx  + 4. 

coefficient  = 6 a?5  + 12a?2  + 3. 

2nd  ,, 

5 5 

= 6 X 5a?4  + 12  x 2x  = 30a?4  + 24a?. 

3rd  ,, 

• j 

= 6x5  X 4a?3  + 12  x 2 x 1 

= 120a?3  + 24. 

4 th  ,, 

= 6 x 5 x 4 x 3a?2  = 360a?2. 

5th  ,, 

5 j 

= 6x5x4x3x2a?=  720a?. 

6 th  ,, 

= 720  x 1 = 720. 

7th 

= =0. 

The  notations  employed  for  denoting  the  successive  differential 
coefficients  of  the  function  y = /(a?)  are  as  follows  : 


1st  differential 


coefficient  =f'{x)  or 


dy 

dx 
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2nd  differential  coefficient  = f"(x)  or 


dx  ’ 


i.e ., 


cPy 
dx 2‘ 


3rd 


5? 


d 

= ff'(x)  or  - 


cPy\ 
dx 2/ 
dx  5 


t.e.. 


d3y 

dx3' 


nth 


- , , dny 

or  35i- 


From  the  above  example  it  will  be  seen  that  for  any  rational 
algebraic  function  of  the  nth  degree  all  the  differential  coeffi- 
cients beyond  the  nth  are  zero.  Thus  in  y = x6,  etc.,  the  7th  and 
higher  differential  coefficients  are  zero.  This  is,  however,  not 
so  in  the  case  of  irrational  and  transcendental  functions.  (Com- 
pare the  various  differential  coefficients  of  ex,  sinx,  cosx,  etc., 
also  of  logx.) 

d2y  dy 

The  Physical  Meaning  of  — We  have  seen  that  ^ represents 

the  rate  of  change  of  a function,  and  if  y represents  space  and  x 

dy 

represents  time,  then  represents  velocity  (i.e.,  rate  of  change  of 


d2y 


space  with  time).  The  second  differential  coefficient  represents 
rate  of  change  of  velocity,  i.e.,  acceleration. 

dy 

If  we  represent  a function  by  a curve,  then^  means  the  slope 


of  the  curve  and 


dhy 


means  the 


dx 2 

rate  of  change  of  slope. 

Thus,  in  the  case  of  a straight 
line,  y = mx  + b (Fig.  79),  the 

slope  -p  is  constant  and 

Ci/jO 


m. 


d*y 

dx 2 


= 0. 


Fig.  79. — Constant  Slope  of  a 
Straight  Line. 


But  in  the  case  of  a curve 
representing  a function  of  higher 
degree  than  the  first,  the  slope, 

i.e.,  keeps  on  changing,  e.y .,  in  Fig.  80,  the  slope  is  gradually 
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increasing,  whilst  in  Fig.  81  it  is  gradually  diminishing,  and  the 
rate  at  which  the  slope  is  changing  is  represented  by  C~~. 

Concavity  and  Convexity.— Inspection  of  Figs..  80  and  81  reveals 

an  interesting  fact,  viz.,  that  if  gradually  increases  as  you  go  to 


Fig.  80. — Increase  of  Slope  in 
Case  of  Convex  Curve. 


Fig.  81. — Decrease  of  Slope  in  Case  of 
Concave  Curve. 


d2y 

the  right,  i.e.,  when  is  positive,  then  the  curve  is  convex  down- 

d2y 

wards,  and  when  ^ is  negative,  then  the  curve  is  convex  upwards. 
Point  of  Inflection. — The  point  A,  or  A'  (Fig.  82),  where  the 


curve  changes  its  direction  from  convexity  to  concavity,  or  vice 

d^y 

versa,  is  called  a point,  of  inflection,  and  at  this  point  = 0. 
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We  may  now  summarise  what  we  said  on  p.  164  about  maxima 

and  minima  and  what  we  have  just  said  about  a point  of  inflection  : 

* • ...  dy 

(1.)  At  a maximum  or  minimum  point  on  a curve,  = 0. 

, dy  d2y  . . 

(n.)  If  from  a point  where  ^ = 0,  becomes  positive  as  we 

go  to  the  right,  then  we  know  that  that  point  was  a minimum ; 
d2y 

whilst  if  becomes  negative  as  we  go  to  the  right,  then  we  know 

that  that  point  was  a maximum.  This,  as  we  have  seen,  is  a 
matter  of  great  importance  in  the  consideration  of  problems  on 
maxim  and  minima. 

d2y 

(iii.)  The  point  where  = 0 is  a point  of  inflection. 


EXAMPLES. 


(1)  Investigate  the  points  of  inflection  of  the  curve  y = sin  x. 

Here  yL  — cos  x, 

ax 


and 


dflfly  - - — sin  x. 
dx 2 


.'.  for  a point  of  inflection  we  must  have  — sin  x — 0. 

This  condition  is  fulfilled  at  the  points  where  x — 0 ; x = i n * x ==  A 

% IT  ....  X = 7llT. 

At  these  points  y = 0. 

.*.  the  points  of  inflection  of  this  sine  curve  lie  on  the  x axis  at  distances 


of  7 r from  one  another.  The  points  0,  A,  B,  etc.,  are  points  of  inflection 
(Fig.  83). 
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(2)  Find  the  point  of  inflection  of  the  normal  curve  of  error  whose 
equation  is 

_ 

y =z  Ae  2 a-3  (see  p.  343), 


dy 

dx 


Ax 


a 


x* 


tv 

dor 


A 


x* 


+ 


Ax  x — 

• ~2 6 
cr"  a"1 


2cr2 


0. 


whence 


, . 2 

A e 2 T (x 

9 

X'T“ 


.)  = 0. 


a; 


<T. 


Higher  Differential  Coefficients. 


The  differential  coefficients  higher  than  the  first  or  second,  viz., 

cPy  d*y  dny  . . 

dofi’  dx*  ‘ * ' dx*1’  cann°k  ^e  mterPreled  geometrically  and  have 

no  physical  meaning.  They  are,  however,  of  great  importance  in 
mathematical  analysis,  and  we  shall  therefore  devote  a few  para- 
graphs to  them. 

Importance  of  Successive  Differentiations. — Apart  from  the 
importance  of  the  second  differential  coefficient  as  a symbol  for 
acceleration,  and  from  the  point  of  view  of  the  investigation  of 
maximum  and  minimum  values  of  functions,  the  successive 
differentiations  of  a function  lead  to  very  important  mathe- 
matical series,  because  by  this  means  we  can  expand  any  function 
in  powers  of  x. 

Expansion  of  ex. — We  have  seen  on  p.  78  that 


e*  = 1 + 


rp  rv*£ 

*Aj  iAj 

n + 2i 


rv*  3 /y»4 

dj  dj 

3!  + 4!  + 


and  that 


de 


X 


dx 
d2ex 
dx 2 


= 1 


= eA 


/y»  •'V'Ld 

dj  dj 

n + 2i 

dsex 


x3 

31 


4! 


+ 


= e 


dx3 


ex,  and  generally  = e 


Now,  supposing  we  did  not  know  what  the  expansion  of  ex  was, 
but  that  we  were  told  that  ex  is  a function  whose  successive  differ- 
ential coefficients  are  the  same  as  the  original  function,  we  would 
then  have  no  difficulty  in  finding  the  expansion  of  e*.  We  would 
proceed  as  follows  : 

Let  ex  = A + Bx  + (Ac2  + Dx3  + Ex4  + Fx5  + . . .,  etc.,  in 
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which  the  coefficients  A,  B,  C,  D,  etc.,  are  for  the  present  un- 
known and  have  to  be  determined. 

By  differentiation 

dex 


dx 


B -f  2Cx  + 3Dx2  + lEx3  + 5x4  -f 
clex 


(i.) 


But  since  by  hypothesis  -j-  = ex, 

therefore  B + 2Cx  + 3Dx2  + 4E xs  -f  . . . 

= A + Bx  + Ox2  + D.r3  -f  . . . 

( = stands  for  identically  equal  to). 

Now,  this  being  an  identity  must  be  true  for  all  values  of  x. 
Bv  putting  x = 0,  we  get 

B = A (a) 

Differentiating  ex  a second  time,  i.e.,  by  differentiating  each 
side  of  (i.)  we  get 

2C  + 3 . 2T)x  + 4 . 3E:r2  + . . . 

~ B + 2Qx  + 3Dx2 

Hence,  by  putting 


* • « 


x = 0,  we  get 

B = 20  . . . . 
By  differentiating  each  side  of  (ii.),  we  get 

3.2.D  + 4. 3. 2.  Ex  + . 
= 2C  + 3 . 2 . Dx  + . . . 

Hence,  by  putting  x = 0,  we  get 

C = 3D  . . . , 

and  so  on. 

Collecting  our  results,  we  get 
B = A; 

o _ 1 _ A. 

2 ~ 2 ’ 

t,  C B A 
D = 3 ■ = £-2  = g— 2>  and  so  on. 


(ii.) 

(b) 


(c) 


ex  = A(  1 + x + 


xi 


xt 


■o  + 


1.2  1 1.2.3 

Now,  this  again  must  be  true  for  all  values  of  x and  is  therefore 
true  when  x = 0. 

e°  = A. 

But  e°  = 1. 

A = 1. 


q*2  qn  3 

e*  = 1 + x + j-g  + j-^273 


finally, 
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In  this  way  we  can  find  the  expansion  of  any  function  in  powers 
of  x. 

The  reader  will  do  well  to  try  and  find  the  expansion  of  any 
function  the  result  of  which  is  already  known  to  him,  e.g ., 

y = (a  + b)x. 

Maclaurin’s  or  Stirling’s  Theorem. — This  is  a theorem  which 
gives  the  coefficients  of  the  various  powers  of  x in  the  expansion 
of  any  function  in  powers  of  x. 

Thus,  if  y =f(x)  can  be  expanded  into  a series  of  the  form 

y = A + Ba;  + Ca;2  + Da;3  + Ea;  + Fa;5  + . . . 

where  A,  B,  C,  etc.,  are  constants,  Maclaurin’s  theorem  enables 
us  to  find  these  coefficients. 


Thus  let  y = A + Ba;  + Ca;2  + Da;3  -f  Ead  + . . . 
% = B + 20x  + SDx2  + 4E;e3  + . . . 

g = 20  + 3 . 2 . T>x  + 4 . 3 . Ex3  + . . . 

g = 3 . 2 . D + 4 . 3 . 2 . E*  + . . . 


dhj 

dad 

etc. 


= 4 . 3 . 2 . E + 
= etc. 


By  making  x = 0 in  each  of  these  identities,  we  get : 


y = a 

dy 
dx 
d2y 
dy2 


= B. 

= 20  or  C 


1 dif 


2 ! dx2' 


(py 
dxs 
Py 
dx * 


= 3 . 2 . D.  D = 

= 4 . 3 . 2 . E.  E = 


1 d3y 
3 ! dxs‘ 
1 d4y 
4 ! da;4’ 


Maclaurin’s  theorem  may,  therefore,  be  expressed  symbolically 
as  follows  : 

f(x)  =/( 0)  + pf( 0)  + f'/"( 0)  + d/"'(0)  + . . . 


Taylor's  Theorem. — Taylor’s  theorem  may  be  regarded  as  a more  general 
expression  than  Maclaurin’s,  and  is  applicable  where  the  latter  is  not.  Thus 
let  f(x)  = log  x. 

Expanding  by  Maclaurin’s  theorem  we  get 

log  x = log  0 + . . . 

But  since  log  0 = — oo  , it  is  obvious  that  the  expansion  is  impossible. 
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Taylor's  theorem  ^ives  the  expansion  of  f(x  + b)  : 


Let  f(x  + h)  = A + Ba;  + Ca;2  + La;3  + . . . 

By  putting  x — 0 we  get 

f(h)  = A + B . 0 + . . . ==  A. 

By  differentiating  (1)  we  get 

f'(x  + h)  = B + 2Ca;  + . . . 
by  putting  x = 0 we  get 

m = b. 

Similarly  f"(h)  = 2 ! C or  C = 

/'"(*)  = 3 ! D or  D - 


(1) 

(2) 


'(h)  - 4 ! E or  E 


rw 

4!  ’ 


etc. 


...  f(x + h)  = /(&) + > + *&> + + . . . 


Trigonometric  Series. — Let  us  now  proceed  to  make  use  of 
successive  differentiation  for  determining  the  expansion  of  any 
function  the  expansion  of  which  we  have  so  far  not  yet  dealt  with. 
Expansion  of  sin  x in  powers  of  x.  We  proceed  as  before. 

Let  sin  x = A + Ba;  + Ca;2  + Da;3  + Ea;4  + • • • * • (1) 

i-e.,  cos x = B + 2Ca;  + 3Da;2  + 4Ea;3  + . . . . (2) 


cl2  sin  a:  . d cos  x . 

i.e.,  — t7. — or  — sm  x = 2C  + 3.2.  Dx 


dx2  9 ’ ’’  dx 
ds  sin  a;  . d(—  sin  a;) 


dx3  9 1,6 *’  dx 
d4  sin  x . d(—  cos  a:) 


dx2 


i.e.. 


dx 


+ 4.3.  Ea;2  + . . . (3) 

or  — cos  x = 3 . 2 . D 

+ 4 . 3 . 2 . Ea;  + . . . . (4) 

or  + sin  x = 4 . 3 . 2 . E + . . . . (5) 


From  (1)  and  (3)  we  have 

sin  x = A + Ba;  + Ca;2  + Da:3  + . . . 

— sin  x = 2C  + 3 . 2 . Da;  + 4.3.  Ea;2  + . . . 
By  putting  x — 0,  we  get 

sin  0 = A,  whence  A = 0 

— sin  0 = 2C,  whence  C = 0. 

From  (2)  and  (4)  we  get 

cos  x = • B + 2Ca;  + 3Da2  + . . . 

— cos  x s 3 . 2 . D . + 4 . 3 . 2.  Ea?  + . . . 

By  putting  x = 0,  we  obtain 

cos  0 = 1 = B,  whence  B = 1 

— cos  0 = — 1 = 3 , 2 , D,  whence  D = — ~ — 
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From  (4)  we  have  sin  je  = 4.3.2.1.E-f-  powers  of  x. 
when  x = 0,  E = 0. 

we  have,  A = 0,  B = 1,  C = 0,  D = — s— E = 0,  etc. 


sin  x 


x — 


x3 


+ 


X5 


3.2.1  1 5. 4. 3. 2.1 

Similarly  we  can  prove  that 


3 . 2: 

— . . . + . 


. ad  inf. 


COS  X 


1 - 


X2 


+ 


X4 


— ad  inf. 


2.1  1 4. 3. 2.1 

Or,  as  an  alternative  method,  cos  x may  be  derived  by  differen- 
tiating sin  x as  follows  : 

/y»3  /y»5 

. t Kj  %aj 

sm  x = x — 


3.2.1 


d sin  x 


1 - 


xi 


+ 


5 . 4 . 3 . 2 . 1 

x 4 


dx  x 2.14.3.2.1 
In  a similar  manner  it  can  be  shown  that 


x 3 2x5 

tan  x = x + -g  + g — g 


sm 


— 1 nr.  — 


X — X + 


Xc 


3x5 


and 


tan  ~lx  = x 


3.2.1 
x% 

3 + 5 


x 5 


5. 4. 3. 2.1  1 

x1 

rj  A .... 

(Gregory’s  series.) 

Exponential  Values  of  sin  x and  cos  x. — 

k5x5 

' TT 


Since 


y tVdj  IX/  lA/ 

pkx  — 1 4_  - - 

' 1 + 2! 


AT  + TT 


IX 


fix2. 


e'X  = 1 + T + 2 ! 


+ 


fix^ 

TT 


+ 


-i4sc4 


+ 


i5x 5 


+ 


4 ! 1 5 ! 

(i  — V — l). 


ix5 


(i 


/y»2  n 'T 3 /y4 

. «Xy  vJj  Jj  

= i + “_n~3i  + r!  + 5T  + • 

/^2  yA  /£  3 ^5 

2l  + + ) + — g-|  + g-j  ~ • • • •)  (see  P-  30), 


i.e.,  eix  — cos  x + i sm  x. 

Similarly,  e~ix  = cos  sc  — i sin  x, 
gix  _)_  g — ix 

- = cos  x (by  addition),  and 


eix  _ e-ix 

2i 


sin  x 


(by  subtraction). 
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These  results  are  important  in  the  solution  of  certain  types  of 
differential  equations  (see  p.  284). 

Calculation  of  the  values  of  sinx,  cosx,  etc.- — Supposing  we  wish  to  find 
the  value  of  sin  30°,  then  since  30°  = 0-5236  radians,  therefore  x = 0-5236. 


/y»5 

tU  */v 


putting  this  value  of  x in  the  series  sin#  = x — — -j-  — 

t)  • u • 

we  get 


sin  30°  = (0-5236)  - ffi5^6)3  + (0-5236)° 


Similarly 


3! 

= 0-5236  - 0-0239  + 0-0003 
sin  60°  = (1-0472)  (±Q^2)3  + _ _ 


5! 


3 ! 


cos  30 


(0-5236)2  (0-5236)4 

T 


2 ! 1 4 ! 

and  so  on,  for  other  trigonometrical  ratios  of  any  other  angle. 

sin  x _ . 

x— >o  v ana  XJVx— >o 

,5 


To  prove  that  Lt 


Since 


x 

sm  x = x 


cosx  = 1. 


X°  X"- 

3 ! + 5!  _ 


0-5000 

0-8660, 

0-8660, 


sin  x x2  x 4 

• ‘ ~x  = 1 37+5"!  ‘ ’ ' ‘ 

when  x — the  right-hand  side  of  the  equation  becomes  1.  (Q.E.D.) 
Similarly  for  Lt2 cos  x. 


EXAMPLES. 


(1)  If 


dy 

dx 


y = (A  -f  Ba;)e  , prove  that 


d^y 

dx 2 


+ 2a  % + a2y  = °- 


- ae  ax(A  + Bx)  + Be~ax  (p.  144). 


and 


£|  = !«2e““^(A  + Bx)  - Bae  “l  _ B ae  ax 

= a?e~ax(A  + Bx)  - 2Bae~ax 
2a  d£  = - 2a2e-ax(A  + Bx)  + 2Bae~ax. 


dA  + 2a  p + a2 

dx 2 dx 


| a2e  ax(A  -f-  Bx)  — 2Bae 


+ 


2a2e 


~ax(A  + Bx)  + 2Bae 


+ ^a2e~ax(A  + B&)j 
= 0 identically.  (Q.E.D.) 
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This  is  a most  important  result,  because  it  teaches  us  that  if 

+ 2a  ^ + a2y  = 0, 
dxz  dx 

then  y — (A  -f-  T>x)e~ax,  a fact  of  fundamental  importance  in  the  solution 
of  differential  equations  of  the  second  order  (see  p.  283).  A and  B are 
constants. 

(2)  Find  the  nth.  differential  coefficient  of  log  x. 

Since  = A,^f  = + 2, 

dx  X dX2  dX3 

d^y  = _ 2^  3 <fiy  _ 2 . 3 . 4 d6y  _ _ 2 . 3 . 4 . 5 

dx 4 a:4  ’ dx 5 a:5  ’ dx 6 a;3 


d^y 

dxn 


= (-  l)n+ 


1 (»-!)! 


a; 


n 


Leibnitz’s  Theorem. — Leibnitz’s  theorem  is  a theorem  by  means  of  which 
the  nth  differential  coefficient  of  a product  of  two  functions  of  x can  be 
written  down,  provided  we  know  the  successive  differential  coefficients  of  the 
separate  factors. 

We  have  seen  that  if  y — uv,  where  u and  v are  functions  of  x,  then 


dy  dv  vdu 
dx  U dx  dx' 


d"y  d~v  . du  dv  , d"u  dv  du 

— % — U 9 H . V -| 

dx 6 dx"  dx  dx  dx  dx  dx 


d"v  , ~du  dv  , d"u 

= '^—9+2’  . f-  V 5. 

dx  dx  dx  dx" 


dx 3 


d3v 

da:3 


d"v  du 
dar  dx 
dv  d2u 


= u —+ ~~r  + 2 - -rv  + % 


du  d2v 
dx  dx2 
d^u 


dv  d"u 
dx  dx 2 


! _L>~  . I ” -1-  y 

dx  dx2  da:3 

d3y  du  d"v  d"u  dv  . d?u 

— U — O + d — . —2  + 3 ~rz  . - — f-  V— S. 

dx  dx  dx  dx"  dx  dx * 

It  will  be  noticed  that  the  numerical  coefficients  in  the  above  formulae 
are  the  same  as  those  occurring  in  the  expansions  of  successive  powers  of 
(a  + b)  by  the  binomial  theorem. 

dny  dn{uv ) 


Hence 


dx 


,n 


dx11 

dnv 


du  dn  1v 


— U — — + ^ — • T 

dx  dx  dxn~ 


+ 


n(n  — 1)  d2u  dn  2 v 
1.2  dx2  ' dxn~2 


dn  xu  dv  , d„u 

+ . . , + n — — t . \-  v • — 

dxn~l  dx  dxn 


This  is  Leibnitz's  Theorem. 
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The  analogy  between  this  theorem  and  Newton’s  binomial  theorem  is 
thus  seen  to  be  a very  close  one.  It  is  remarkable  that  the  two  discoverers 
of  the  differential  calculus  should  have  discovered  two  such  closely  similar 
theorems. 

Partial  Differentiation. — We  have  so  far  dealt  with  the  differen- 
tiation of  functions  of  only  one  independent  variable,  and  the 
differential  coefficients  we  have  obtained  were  the  complete  or 
total  differential  coefficients  of  those  functions.  In  the  study  of 
biochemistry,  however,  one  frequently  has  to  deal  with  functions 
of  more  than  one  independent  variable.  Thus  we  know  that  the 
velocity  of  a chemical  reaction  depends  not  only  upon  the  con- 
centration of  the  reacting  substances,  but  also  upon  the  tempera- 
ture ; or  that  the  volume  of  a gas  depends  not  only  upon  the  tem- 
perature, but  also  upon  the  pressure.  Whenever  we  have  to  deal 
with  such  functions  of  more  than  one  variable,  we  may  differen- 
tiate the  function  with  respect  to  one  independent  variable  at  a 
time,  treating  the  other  independent  variables  as  if  they  were  con- 
stants for  the  time  being.  Each  of  these  differential  coefficients 
is  called  a partial  differential  coefficient,  and  the  total  differential 
coefficient  in  such  cases  is  a combination  of  the  various  partial 
coefficients. 

Thus,  in  the  case  of  a gas,  we  know  that 

PY  = RT  (where  P = pressure,  V = volume,  T = absolute 

temperature,  and  R — constant). 


when  T is  constant 

clVT  _ _ RT 
dP  ” ~ P2 


(i) 


(The  little  t put  as  a subscript  shows  that  T has  been  taken  as  a 
constant.) 


and  when  P is  constant 

dV  P R 
hfr  ~ p 


(2) 


A more  convenient  way  of  writing  a partial  differential  coeffi- 
cient is  to  use  the  Greek  delta  (8)  instead  of  (d),  when  the  subscript 
may  be  omitted. 


Thus 


SV  RT 

SP  ” P2 


(la) 


'SV 


gp  is  called  the  coefficient  of  compressibility. J 


B. 
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and 

0^1  07 

Hi  <1 

II 

Hi  H 

• (2a) 

(h  V. 
\YT  ls 

called  the  coefficient  of  expansion.^ 

Now,  from  (1) 

we  have 

PT 

"V,  = - • d¥ 

and  from  (la) 

ET  SV 

F2  “ tP  • 

gy 

/.  dVT  = -p  • dP  

• ■ (A) 

Similarly 

gy 

dVp  = ~ # dT  

oi 

• • (B) 

A and  B are  'partial  differentials  of  V. 

the  total  variation  of  V,  when  both  P and  T vary  together, 
is  given  by 

dV  = dVT  + dY P 

8V  7T)  7m 

* — - d- P -f-  . dT. 

RT  7T>  R 7m 

= - p2  . dP  + p . dT. 

This  is  called  the  total  or  complete  differential  of  Y,  and  we  thus 
see  that 

The  total  or  complete  differential  of  two  or  more  independent 
variables  is  equal  to  the  sum  of  their  partial  differentials. 


EXAMPLES. 

(1)  Find  the  partial  differential  coefficients  of 

2 = y — 2 xs  y — 2 \y2x  + |, 

and  find  the  value  of  clz  (the  complete  differential). 

— = x2  — Cryx2  — 2y 2. 

8x  J 

%=  - ^ + s- 

dz  = Sii-dx  + r/y 

— (; x 2 — Gyx2  — 2 y2)dx  — ^2a’3 


+ 4 yx  + r^jdy. 
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(2)  Find  the  total  differential  of  y — u 3 sin  v. 

dy  _ 9 . 5 y o 

— = ,]iC  sin  v ; — = u cos  v. 
du  dv 


(3)  If 


dy  — 3 v?  sin  vdu  + vr  cos  vdv. 

, dy  5y 

y = sm  0 + cos  <*,  then— = cos  0 ; -z— 

Op  o<|> 


sin  <f>. 


dy  — cos  — sin  cpd<p. 

Maxima  and  Minima  of  Functions  of  more  than  One  Indepen- 
dent Variable. — The  conditions  for  maximum  and  minimum  are 
that  each  partial  differential  coefficient  should  vanish  ( i.e . = 0). 


EXAMPLES. 


(1)  Find  maximum  and  minimum  of 

s = 2/  + 2x  - 2 loge  y - loge  x. 

~ = 2 - - 
dx  X 

dz  _ 2 

*y~  ~ y 

for  maximum  or  minimum 

„ 1 n . . 1 

2 - -=  0,  giving  x = g* 

2 

and  1 = 0 giving  y — 2. 

y 

(2)  Find  maximum  and  minimum  of 

ex+y 
z = — — 
xy 

Since  ex+y  = ex  . ey. 


dz  1 xeyex  — e<x . ey  . . . t4.w/  , . 

dx  = ~ — — = 0,  giving  e>x+y(x  - 1)  = 0,  or  x = 1, 


and 


dz 

dy 


1 ye: 


a; 


V . px  _ 


ex  . e 


y 


x 


y 


0,  giving  y — 1 = 0,  or  y = 1. 


(3)  Find  the  condition  which  must  subsist  between  the  initial  concentra- 
tions a and  b when  (a  + b ) is  constant,  so  that  the  velocity  of  reaction 
shall  be  a maximum  in  a bimolecular  reaction. 

Velocity  V = K(a  — x)  (b  — x). 

5V 

.*.  — = — K(6  — x)  — 0,  giving  b = x. 

OCl 


dV 

db 


K (a  — x)  — 0,  giving  a = x. 


condition  is  that  a — b. 
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Note. — We  have  seen  that  if 

2 = /(«,  V ), 


then 


dz  — dx  -f  ~ dy. 


5a’ 


Hence  if  we  are  given  an  equation  like 

M dx  + N dy  = A, 

such  an  equation  can  only  be  a complete  differential  if 

™ 52  52 

M = — , and  N = — . 
dx  dy 

This  is  an  important  result  in  connection  with  the  solutions  of  differential 
equations. 


CHAPTER  XII. 


INTEGRAL  CALCULUS. 


The  integral  calculus  may  be  considered  as  the  inverse  of  the 
differential  calculus.  Thus,  in  the  section  on  the  differential 
calculus  we  concerned  ourselves  with  the  methods  of  differen- 
tiating any  given  function  in  order  to  ascertain  the  rate  at  which 
the  dependent  variable  y changed  with  every  momentary  or 
infinitesimal  change  of  the  independent  variable  x in  that  function. 
The  object  of  the  integral  calculus  is  the  exact  opposite  of  this, 
viz.,  to  discover  the  original  function  from  which  the  given 
differential  coefficient  or  expression  has  been  obtained. 

Integration  is  the  name  given  to  this  process  of  finding  in  terms  of 


x the  value  of  y from  the  given  value  of 


dy 
dx ’ 


and  is  indicated  by  the 


symbol  J,  which  being  merely  a long  S stands  for  “ the  sum  of 
such  quantities  as.”  Thus,  since  dy  stands  for  an  infinitesimally 
small  bit  of  y,  therefore  Jdy  (which  is  read  “ the  integral  of  dy,” 
and  means  the  sum  of  all  the  infinite  number  of  little  bits  “ dy  ” 
of  which  y is  made  up),  is  equal  to  y,  i.e.,  Jdy  = y. 

Similarly  fdx  = x. 


Hence,  given 


dy 

dx 


1, 


=Jdx  or  y = x.  (But  see  p.  198, 

regarding  addition  of  a constant.) 

In  many  easy  cases  our  knowledge  of  the  differential  calculus 
is  sufficient  to  enable  us  to  write  down  by  mere  inspection  what 
is  the  original  function  whose  differential  coefficient  is  presented 


we  have  dy  — dx  and  Jdy 


to  us.  Thus,  since  when  y = x2,  we  get,  b'7  = 2x. 


dy 

dx 


can  say  that  when 


dy 

dx 


2x,  y = x 2,  or  if  dy 


therefore  we 
= 2 xdx,  then 
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Jdy  = y. 

J^xdx  = 
cly 


xL 


Similarly,  since  when  y — x 4,  y = 4,r3, 


fix3dx  — 


xq 


Again,  since  when  y = sin 


a? 


dy 

’ dx 


cos 


J cos  xdx  = sin  a;. 

If,  therefore,  we  are  familiar  with  the  differential  coefficient  of 
any  function,  we  can  at  once  write  down  the  original  function  of 
which  the  given  expression  is  the  differential  coefficient. 

The  function  to  be  integrated  is  called  the  integrand. 

Addition  of  Constant. — There  is,  however,  one  point  (to  which 
we  have  already  alluded  on  p.  144),  of  very  great  importance  in 
connection  with  the  integration  of  known  differential  expressions. 
Since  an  infinite  number  of  functions  which  differ  only  in  respect 
of  the  constant  term  have  the  same  differential  coefficient  (see 
p.  144),  it  will  be  clear  that  if  we  work  back  from  the  differential 
coefficient  to  the  original  function,  it  will  be  necessary  to  add 
some  symbolical  constant,  C,  called  the  “ integration  constant.” 


Thus 


y = x3 
y = xs  -f 


1 


2’ 

3 1 

y = & - §, 

y = xs  + 71, 

and  y = x3  -j-  C (where  C stands  for  any  constant), 

dy 

have  all  the  same  differential  coefficient,  viz.,  ^ = 3x2,  and 
therefore  it  is  not  quite  correct  to  say  that  J3x2dx  = x3,  because 
x 3 + xS  — A?  etc.,  would  also  have  the  same  differential  co- 


2’  ~ 3* 

dy 


1 


efficient  j — 3x2,  and  therefore  J3x2dx  might  also  be  = a?3  + ^ 
or  x3  — or  x3  + 71,  or  x3  -f  C,  etc.,  where  C stands  for  any 


constant. 
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Hence  we  say  that  J?>x2dx  — £3  + C. 

Similarly  JixHx  = x4  + C, 

/cos  xdx  = sin  x + C, 

and  so  on. 

Evaluation  of  the  Integration  Constant. — If  no  further  data 
are  given  us,  we  cannot  by  mere  inspection  of  the  differential 
coefficient  find  out  the  value  of  C.  In  actual  practice,  however, 
some  further  information  is  given  which  makes  it  easy  to  evaluate 
this  constant. 

Thus,  supposing  we  are  given 

dy 


dx 


= 5x4, 


and  we  are  told  that  when  x = 0,  y — 7,  then  we  can  at  once 
write  down  the  whole  original  function  (including  the  constant 

term)  which  gave  rise  to  ^ = 5x4. 

For  since  J5xklx  = x5  + C, 

y = ^5  _p  c. 


But  when 
, when 


x — 0,  y = 7 (by  condition  of  the  problem). 
x = 0,  y = C = 7. 


if 


% 


then 


^ = 5x4  and  when  x — 0,  y = 7, 

Jbx^dx  = x5  + 7. 

In  all  the  above  cases,  if  we  indicate  ^ by  y',  then  dy  — y'dx. 
and  y = Jy'dx. 

The  symbol  Jy'dx  is  read  as  “ the  integral  of  y'  with  respect 
to  x.” 


Geometrical  Interpretation  of  C. — Consider  three  straight  lines 
(Fig.  84). 

y — mx. 
y ■ mx  + a, 
y = mx  — h. 

All  of  them  are  inclined  to  the  x axis  at  the  angle  tan-1  m. 

m is  the  differential  coefficient  (i.e.,  the  slope)  of  all  of 

them. 

Hence,  when  we  are  asked  to  draw  the  graph  whose  differential 
coefficient  is  m,  all  we  can  do  is  to  draw  a line  whose  inclination 
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to  the  x axis  is  tan-1  m.  Such  a line  might  either  pass  through  the 
origin  (y  = mx)  or  cut  off  an  intercept  a from  the  y axis  ( y = mx 
+ a),  or  cut  off  any  other  intercept  such  as  — b from  the  same 

dy 

axis  (y  — mx  — b).  Hence,  if  we  are  told  that  = m,  we  pro 


visionally  write  down  the  equation  of  the  original  function  as 
y = mx  + C,  where  C may  be  any  constant  from  — oo  through 
0 to  + co  . If,  however,  we  are  also  told  that  the  graph  cuts  the 
y axis  at  a point  (0,  3),  then  by  writing  down  y = mx  + C,  and 
putting  x = 0,  we  get 

y = m . 0 + C = C. 

But  when  x = 0,  y = 3. 

original  function  is  y — mx  + 3. 


Technique  of  Integration. 

Algebraic  Functions. 

To  find  the  integral  of  a power  of  x,  such  as  xm. 

xm  + l 

Since,  when  y = , . 

5 J m + 1 

(In  / 0 nrfiYl 

£ = • ^Ti  (see  p- 137) 


rr-m 

* tXy  9 
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* e-> 


or 


m -f  1 

Hence,  the  integral  of  xm  = 


dy  = xm  . dx. 
J dy  *=  J xm  . dx, 

y =J  xm  . dx, 

J xm  . dx. 
xm+ 1 


xm+l 


c. 


m + 1 

We  therefore  have  the  following  rule : 

To  find  the  integral  of  any  power  of  x,  add  unity  to  the  index 
(converting,  for  instance,  xm  into  xm+1) ; divide  the  result  by  the 
index  thus  increased  (i.e.,  by  m + 1)  and  add  the  integration 
constant  C. 

EXAMPLES. 

,3 


I 

1 

I 


x ~dx 


d dx 


x^dx 


= S'  + C- 
~.8 

= 8-  + 0- 


h-  C C -- + C. 


,+  1 


x 


-4 


dx  = 


x 


•4  + 1 


-4  + 

*-i+1 


C = — 


x 


C. 


x 8dx  — — 


x ® 


7 + 0 — ^ + C — 8a;s  + C. 

-l+i  1/8 


7 

f.x  sdx 

9 


7 

9 • 


x 


-I  + i 


-2/5 


IP  7 . P _ 35  , p 

1 + C - 9 375  + C 27  *5  + C- 


To  verify  any  of  these  results  differentiate  them  and  you  get 

the  expressions  upon  which  the  integration  has  been  performed. 

Thus,  to  take  a couple  of  the  above  examples. 

3 s r. 

V — + C. 

dy  5 3 

* ‘ dx  ~ 3 X 5 
y = 8ccs+  C. 


l-i  = 


cb l _ A § ri~i  _ x~i 

dx  " 8 * ~ • 

y - — *^5  ~h  t. 

dy  35  3 „ . 7 

tx  “ 27  * 5 X5  ~ 9 * 8* 
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Exception  to  the  above  Rule  in  the  Case  of  x-1. — Whilst  the 
above  rule  is  generally  true,  there  is  one  exception — and  one 
only — to  which  this  rule  does  not  apply.  This  important  excep- 

1 

tion  is  - or  x~x.  If  we  apply  the  ordinary  rule  we  get 
x 

f 1 7 X~1  + 1 

\ X~L  dx  = ^ r— T + (J 


] 


- dx 
x 


xv 

0 


1 + 1 

+ C 


= 00  + C. 

This  is  not  an  infinite  but  an  indefinite  expression,  since  the 
value  of  G may  be  anything  between  — go  and  + go  , and  thus 

j*  ^ dx  may  be  anything  between  0 and  go  . But  if  we  refer  to 


1 . 


p.  154,  we  find  that  - is  the  differential  coefficient  of  loge  x. 
Thus  if 

then 


y = loge  x, 
dy  1 
dx  ~~  x 

dy  = \ dx. 

[dy  = f \ dx, 

| \ dx  = l0ge  X + C. 

This  integral  is  one  of  the  most  important  ones  in  Biomathe- 
matics (see  p.  216). 

There  follows  from  it  that  I — t — dx  — + loge  + x)  + C 

J a + x ~ & v _ / 

Exponential  Functions. — 

Jtf'dx.  Since  when 


i.e., 


= ex 
= e-fi 


Ia 


Xdx.  Let 


y 

dy 
dx 

Jexdx  = 6^  + 0. 
a = e1'. 
ax  — ekx. 

Jaxdx  = J&kxdx 
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Put 


hx  = z. 
dz 


dz 


j = k or  dx  — , 
dx  k 


je^cfoc  = J 


ezdz 


= ije2ffe 


But 


= Tc  * + C- 
a = eA 


logea  = k. 


1 

k 


e2  = 


finally 


logeu 
~ logeG 

dx 

log3a' 

axdx  — )-  C. 

logeu 


Trigonometrical  Functions.  (Circular  and  Inverse  Circular.)  — 


Since,  when 


y = sm  x 
dy 
dx 


— COS  X. 


Also,  when 


J cos  xdx  = sin  a;  + C. 

y = COS  X, 

dy 

t = - sin  x. 
dx 


Jsinxdx  = — cosx  + C. 

Similarly  for  all  the  other  trigonometrical  functions. 

Fundamental  Formulae. — Collecting  all  the  results  so  far  obtained 
we  get  the  following  table  of  formulae  : 


y 


xm+1  dy 


m 


v dx  = xm{ p-2°i) 


dy  i , 1K/Iv 


jxmdx 


xm+ 1 


c. 


m + 1 

except  when  m = — 1. 

(*  d x 1 ' 

i n 
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y = eJ, 

dx 

y = sin  x, 

dy 

dx 
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= cos  x (p.  156) 


j \xdx  = e*  + C. 

Jcos  xdx  = sin  x + C. 

J sin  xdx  = — cos#  + C. 


dy 

y = — cos#,  = sm  x (p.  156) 
y = tan#,  = sec2  x (p.  156)  j*sec2d#  = tan#  + C. 


dy 

y = — cot  x}~^  = cosec2  x 


Jcosec2#d#  — — cot#  + C. 


y = sin-1  x, 


dy 


1 


w(P-  157) 


dx 


, dy  1 

y = tan  - 1 x,  -j-  = = — • 

J ’ dx  1 + x 

1 


i dy 

y = sec-1#,  -V  — — 
° dx  x v 


dx  V\  _ 

2 (P-  157)  Jj 

(p.  157) 


VI  - X2 


dx 


x2  - 1 


x * 
dx 


xVx2  - 1 


= sin-1#  + C. 

= tan-1  x + C. 
= sec-1  x + C. 


Integration  of  a Function  containing  a Constant  as  a Factor.- 


If 


dy 

dx 


= a f(x),  where  a is  a constant 


then  J af(x)  dx  — a J /(#)  dx. 

In  other  words,  if  there  is  a constant  factor  in  the  integrand 
then  the  constant  can  always  be  placed  outside  the  integration 
sign. 

Thus  | 5 #4d#  = 5J  xHx  = 5 ^ + C 

= #5  + C. 

Integration  of  a Constant  by  Itself. 

Since  when  y = ax 


dy 
dx 

j adx  = a 


j-  = a. 
dx 


Integration  of  the  Algebraic  Sum  of  Several  Functions. — The 

algebraical  sum  of  several  functions  is  integrated  by  integrating 
each  function  separately,  adding  them  together  (algebraically) 
and  then  adding  the  constant  of  integration. 
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Thus 


f(Y4  - 3^3  + 7x2  + 5x  4-  - + — + 3)  (lx 
J V x 2 v x ) 


■ 


= xidx  — 3 


x3dx  + 7 


x2dx  + 5 ^xdx  + a 

br  1 


- dx 
x 


+ i^xdx  + z\dx 

3 7 5 ^ 

^ ^4  4*  ^ 3 4~  ^ loge  4"  ^ • 2s4  4*  3s?  4~  C 

x5  3 . 7 0 5 ._ 

■ 14  ^ 4~  3 “I-  2 ^ ^ loge  x 4"  x 4"  3$  4"  0. 

Note. — Although  when  each  of  the  separate  functions  a;4  da:,  3 JY3da:,  etc., 
is  evaluated  a constant  must  he  added  to  each,  thus : | x^dx  = °L.  4 Ci  . 

f J 6 ’ 

3 \x3dx  = - a;4  4 C2,  etc.,  yet  when  integrating  their  algebraic  sum  it  is 

sufficient  to  add  only  one  constant  C ; since  the  algebraic  sum  of  all  the 
separate  constants  Ci  + C2  + • • . is  in  itself  a constant,  and  0 can  be 
considered  to  represent  this  sum. 


Similarly, 

'7xQ  + 3a4  4-  — 3' 


■ 


x/ 


7 r5  Q 

| dx  — -g-  4-  £3  + 2 logea?  4-  - 4-  C. 


EXAMPLES. 

(1)  Find  the  integral  of  y'  — X- — — k — 

1 + r 


J <?  + ri 

:p2fe + fry 


da: 


x 


dx 


^x3  4 tan  lx  4 C (see  p.  204). 
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(2)  Find  the  integral  of  y'  — 3a;4  — 4 cos#. 


(3#4  — 4cos  x)dx 


■ 1 3 x^dx 


3 r 

cos xdx  =-=■  #'J  + 4 sin  # + 0. 
5 


(3)  Find  the  integral  of  y' 


3 


■ 


2 • 4 

sm  x — sir  x 


dx  = 3 

= 3 

= 3 

- 3 


• 2 -4 

sm  x — sm  x 


i y 

Jsin2#(l  — si 


dx 


— sinz#) 


• 9 9 

sm  x cos  x 


dx 


■*  . o , 9 

sm"  x + cos  x 
sin2  x cos2  x 


dx 


f(-f 

J \sinh 


sm2#  _j_  cos2  # 


9 ' • 2 2 

# cos  x sm  # cos  #/ 


= 3 


= 3 


1 


cos2  # 


dx  + 3 


sec2  xdx  + 3 


— V <Z# 

Sill  # 


cosec2  #d# 


= tan#  -f  cot  # + C (see  p.  204.) 
(4)  Integrate  the  following  expression  : 

y'  — 4#°  -f  3 tan2  #.  ' 

(4#3  -f-  3 tan2#)d#  = j”  ^4#3  + 3 


J' 


sin2  #\ 

1 d# 

o I 

cos  #/ 

f sin2  # 

dx 

o 

J cos  # 

4 #3d#  -(-  3 

J COS“ 

(1  — cos2#) 


#*  + 3 


#4  + 3 I (secz#  — 1)  d# 


2 

COS  # 


dx 


* 


= #4  + 3 | sec 2#^#  — 3 J d# 
= #4  -f-  3 tan#  — 3#  + C. 


(5)  Find  the  value  of 


1+ yi-r 

1 — x2 


dx 


f 


1 + Vl  - a2  = 
Vi  — £2 


sin”1  # + # C (see  p.  204). 


d# 
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(6)  Integrate  sin  2 xdx. 
Put 


2x  = 2. 
dz 


dx 


= 2. 


dz 


dz  — 2 dx  or  dx  = — . 
sin  2a;da;  = \ - ^ Z . dz 


1 

5 1“ 


2 

sin  zdz 


Similarly 

(7)  Integrate 
Put 


P 


sin  ax 


1 , n 

= — 2 cos  s -f  C 

= — i cos  2a;  + C. 

— — cos  a#  + C. 
a 


then 


1(U 

a + bx  — s, 
dz  , 
dx  ~ ' 


bx) 


n 


dx. 


I,U 


bx) 


n 


dz  = bdx  or  dx  = — 

b 

dx  = I — . dz 


fL 

J bz 

il 


6(1  — n) 

1 

6(1  - n) 

1 


~n  dz 

. ?(!  - n)  _|_  c 


(a  + 6a;)1  w + C 

1 


(8)  Find  the  value  of  I eaxdx. 


} 


6(1  — w)  (a  •+-  bx) 


n 


ZTj_  + 0. 


Put 


ax  — 2. 
dz 
dx 


a or  dx 


dz 

a ’ 


J eaxdx  — ~-jezdz 


= ~ez+C 
a 


_ 

a 

= ie“x  + C. 

a 
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(9)  Integrate 


a;3  da; 


x" 


3x  + 2 

Divide  the  numerator  by  the  denominator  until  the  numerator  contains 
a lower  power  of  x than  the  denominator. 

x°  n . lx  — (j 

Thus  -k = x + 3 + 


J 


x“  — 3x  + 2 
x^dx 


x 


0 - dx  — 1 (x  -f  3 )dx 

x2  -3x  + 2 J 


x 


3x  + 2 

f lx  - 6 
)x2  — 3x  2 

lx  -6 


dx 


lx  — 6 

By  resolving  

J a;2  - 3a;  + 2 


we  get 


— 9“  + 3a;  + I ~9 

^ J x"  — 3.r  + 2 

into  partial  fractions  (p.  26), 

lx  - 6 8 1 


dx. 


x“  — 3a; 


lx  - 6 
i x2  — 3a;  -f  2 


dr 


a;  - 2 
8 


a; 


r 


a? 


dx  — 


1 


x 


1 


dx 


x 


x 2 — 3x  -f-  2 

(10)  Integrate 


da; 


= 8 loge  (a;  — 2)  — log2  (x  — 1). 
a;2 


2"  + 3a;  + 8 log  (x  — 2)  — log  (x  — 1)  + C. 
3 x2dx 


1 + a;3 

Here  we  notice  that  3a;2  is  the  differential  coefficient  of  1 + a;3. 
Hence  by  putting  1 -f  a;3  = z we  obtain 

3 a;2  or  dx 


dz 

dx 


dz 

3?' 


3xrdx 
1 + a;3 


-f 


3X-1  dz 
z ' 3a;2 

dz 


= log  z + C 

= log  (1  + ) + c. 

Hence  we  obtain  the  following  most  important  rule : 

If  the  numerator  of  a fraction  is  equal  to  the  differential  coefficient  of  the 
denominator,  then  the  integral  of  the  fraction  is  equal  to  the  natural 
logarithm  of  the  denominator  + C. 

4r3  . 

Thus  . dx  — log  (1  -f-  a;4)  + C. 

1 + x* 
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J 

)' 


2x 


1 -f-  x 
nxn~l  dx 


2 dx  = log  (1  + xz)  + C. 


1 + xn 
4^3  + 7x2  -f  3a;  + 5 
a-4  + ^ ^ x2  + 5x  + 7 


(11)  Integrate 

1 + x1 


= log  ( 1 + xn)  + C. 


log  ( x4  + l Xs  + f X2  + 5x  + 7 ) + C. 


5*' 


1 -f-  x‘ 


dx 


1 + x? 

= ' log  (1  + X7)  + C 
= log  (1  + x7)  % + C. 


(12) 


1.- 


xdx  1 , o 

~ 2 = (*  + %“)  + C 

+ x 2 


= log  vi+x2  + c. 

(13)  Find  the  value  of  Jt&nxdx  and  j cot  xdx. 


\ 


tan  xdx  ==  1 Sm  X dx. 

| COS  X 


But 


sm  x — — 


d cos  x 


I 

1 


dx  ' 

tan  xdx  = — log  cos  a;  -f-  C. 


cot  xdx  = dx. 

1 sm  a; 


But 


COS  X ---  -- 


d sin  x 


dx  ’ 


COS  X 

sin  x 


dx  = loge  sin  x + C. 


B. 


v 
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The  following  is  an  instructive  example  of  how  an  expression  can  be 
manipulated  so  as  to  make  the  numerator  the  differential  coefficient  of  the 
denominator : • 


(14)  Find  the  value  of 


1 


1 


dQ 


sin  (/3  — ey 


sin  (13  — d) 


2 sin  ^(j3  — 0) . cos  ~ (J3  — 0) 


sin  - e) 


9 1 1 

2 sin^^  (j8  — 0)  . cos  ^ (J3 


0) 


1 1 

= g cosec2  ^ ($  — 6)  . tan  ^ ( /3  — 0 ) 


1_ 

2 


,2  1 
2 


cosec“  -k  (/3 


0) 


cot  2 ()8  — 0) 


But  2 cosec2  g (fi  — 0)  is  the  differential  coefficient  of  cot  (ft  — 0), 


d 


sin  ([3  — 0) 


which 


^ cosec2  ^ (ft  — 0)  d0 
cot  i (/3  — 0) 


now 


= log  cot  2 (3  — 0)  + c. 

This  is  a very  important  integral  (see  p.  246). 

Definite  Integral. — All  the  integrals  we  have  considered  up  to 
, viz.,  those  of  the  form  _[/(*)  . dx,  are  called  indefinite , or 

general , integrals,  because  when  the  integration  has  been  per- 
formed, an  expression  is  obtained  which  is  another  function  of  x 
of  the  form  F ( x ),  and  whose  value  is  undetermined  so  long  as  the 
value  of  x is  undetermined.  If,  however,  we  write  the  integral 

0a 

in  the  form!  f(x)dx,  we  get  a definite  integral,  because  the  symbol 
Jb 

tells  us  that,  having  found  the  expression  F(x),  of  which  the 


f; 


function  f(x)  is  the  differential  coefficient,  we  are  first  to  sub- 
stitute a for  x,  then  substitute  b for  x,  and  finally  subtract  the 
latter  from  the  former  value. 
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A definite  integral  of  the  form  j f(x)dx  is  yead  as  follows  : 

“ The  integral  of  f(x)dx  between  the  limits  a and  5.”  The  upper 
value  (a)  is  called  the  superior  limit,  and  the  lower  value  ( b ) is 
called  the  inferior  limit. 

A couple  of  examples  will  make  this  clear. 

(a)  Find  the  value  of  | x3dx. 

The  general  or  indefinite  integral  is,  of  course,  ~ x4  + C. 

Putting  x = 4 we  get  ^ . 44  + C = ^ . 256  + C = 64  + 0. 


Putting  x = 2 we  get  . 24  + C = 4~-  16  + C = 4 + C. 


1_ 

4 


Subtracting  4 + C from  64  -f  C we  get  60. 


j: 


x3  dx  — 60. 


It  will  be  noticed  that  the  integration  constant,  which  is  always 
added  in  the  general  integral,  disappears  by  subtraction  in  the 
definite  integral. 


(*) 


sin  x dx. 


Proceeding  in  the  same  way  we  get 

sin  xdx  = — cosx  + C. 


J 

I 


sin  xdx  — — cos  - — ( — cos  - 


7T 

6, 


= — cos  45°  + cos  60° 

4 l l , /s 
- - J + 2 2 * _ 

= - 0-205. 

(c)  Generally  / (x)  dx  — F(a)  — F (b). 

Jb 
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Note. — Since 


Ja 

h 


f(x)clx  — F(a)  — F(6), 


and 


I- 

i 


f(x)dx  = F (b)  — F (a), 


f(x)dx 


J*/ 

J a 


f(x)dx. 


Poisseuille’s  Law  for  the  Flow  of  a Viscous  Liquid  through  a Tube. 

If  v = velocity  of  a layer  of  the  liquid  parallel  to  the  axis 
and  at  a distance  r from  it,  then  the  tangential  stress  due  to 

dv 

viscosity  (per  unit  area)  = V ^ (v  = coefficient  of  viscosity). 

dv 

total  retardation  over  length  Z is  F = — 2 irrVq  -g-  (retarda- 
tion being  opposed  to  the  velocity  must  have  a minus  sign). 

But  F = difference  of  thrusts  at  ends  of  the  tube  = ^ rr2p 


(where  p 

= pressure  of  fluid  inside  the  tube)„ 

a , dv 

itr^p  = — 2? Tflrj  ^r, 

or 

— Irjdv  — ^ prdr, 

r 1 

% 

i.e., 

— lr]\dv  = 2^ 

rdr , 

or 

— lr]V  = ^pr2  + C. 

But  when  the  layer  is  at  the  periphery,  r — It  (radius  of  tube) 
and  its  velocity  v — 0. 

•••  c = - l Pm 

Ivfo  = -t  j)(R2  — r2). 

„ _ P(R2  ~ r2) 

Urf  \ ' 

Now,  cross-section  of  annulus  of  thickness  dr  is  % rrdr. 

volume  of  flow  (per  unit  of  time)  due  to  this  annulus  is 
given  by  the  equation  : 

7 n(R2  — r2) . 2-n-rdr 

dY  = Wr, 

p7rf(R2  — r2)dr 

= 2lrj  * 
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total  volume  of  flow  from  the  tube  per  unit  of  time  is 

f11  p7rf(R2  — r2)dr 

Jo  2lV 

= wvlr^~r^dr 

Ptt  / R4  R4\ 

= Wq  \Y  ~ T) 

P7tR4 

8b/ 

Ylv  7rpR4 

p = or  v = ~svi  ’ 

which  is  Poisseuille’s  law. 

I am  indebted  for  the  above  proof  to  Dr.  W.  A.  M.  Smart, 


A 


1 / 

L,  ! 



r. 
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CHAPTER  XIII. 


BIOCHEMICAL  APPLICATIONS  OF  INTEGRATION. 

Value  of  Integration. — Integration  serves  many  useful  and 
valuable  purposes.  In  scientific  work  one  frequently  forms  an 
hypothesis  regarding  the  process  of  a certain  phenomenon.  Such 
an  hypothesis  is  expressed  in  the  form  of  a differential  equation. 
In  order  to  test  the  validity  of  such  an  hypothesis,  however,  the 
differential  equation  is  in  itself  of  no  use,  because  a differential 
coefficient  expresses  an  instantaneous  rate  of  change  which,  of 
course,  it  is  impossible  to  measure  experimentally.  If,  however, 
by  means  of  integration,  we  can  convert  the  differential  expression 
into  some  relation  between  y and  x,  in  which  no  differentials  are 
found,  we  can  at  once  subject  this  relationship  to  the  test  of 
experiment  and  compare  the  observed  with  the  calculated 
results. 

As  an  example  let  us  consider  the  case  of  two  chemical  inter- 
acting substances  A and  B giving  rise  to  the  substances  A'  and  B'. 
Such  transformation  does  not  occur  instantaneously. 

If  we  plot  a graph  (Fig.  85)  showing  the  amount  of  transforma- 


tion in  time  t we  get  a curve  like  the  one  in  the  diagram.  From 
this  graph  we  learn  the  following  facts,  viz.  : 

(i.)  At  the  beginning  of  the  reaction,  when  t — 0,  the  amount  of 
substance  transformed  = 0. 

(ii.)  The  reaction  starts  rapidly  and  then  gradually  slows  off. 
This  is  shown  by  the  fact  that  the  curve,  which  is  steep  at  first, 
gradually  becomes  flatter  and  flatter. 

Now  imagine  the  reaction  to  occur  between  the  molecules  of  A 
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and  B in  such  a way  that  single  molecules  of  A and  B are  respec- 
tively transformed  into  single  molecules  of  A'  and  B'.  Then, 
since  reaction  occurs  between  molecules  in  contact,  it  is  clear  that 
the  rapidity  of  the  reaction  or  transformation  will  depend  upon 
the  frequency  wTith  which  A and  B will  meet.  In  other  words,  the 
reaction  velocity,  or  the  rate  of  change  of  concentration,  must  be 
proportional  to  the  concentration  of  each  of  the  reacting  sub- 
stances. But  when  one  quantity  varies  as,  or  is  proportional  to, 
two  or  more  other  quantities,  then  it  varies  as  the  product  of  these 
other  quantities  multiplied  together. 

reaction  velocity  = KCA  , CB, 

where  CA  = concentration  of  A (i.e.,  number  of  molecules  per 

litre). 

CB  = ,,  B (i.e.,  number  of  molecules  per 

litre) . 

and  K = constant. 

This  is  Guldberg  and  W aage’s  law  of  mass  action. 

If  the  reaction  takes  place  between  two  molecules  of  A and  one 
molecule  of  B,  according  to  the  equation 

2A  + B = A'  + 2B', 

then,  since  the  left  hand  side  of  the  equation  may  be  written  as 
A + A + B, 

reaction  velocity  = KCA  . CA  . CB 

- KCa2  . Ob. 

Similarly,  if  the  equation  for  the  reaction  is 

mk  + nB  + JcC  + ED  -f  . . . = m'k'  + n'B'  + k'G'  + I'D'  + . . . 

the  reaction  velocity  = KCAW  . CBn  . Co'1' . (V  • • • 

Unimolecular  Reactions. — Supposing  now  we  have  a reaction 
like  the  inversion  of  cane  sugar, 

C12H22O11  + H2O  = + C6H1206 

Dextrose  Lsevulose. 

The  reaction  velocity  = KCS  . Cw, 

where  Cs  = concentration  of  cane  sugar, 

CVJ  = concentration  of  water. 

If  we  start  with  a dilute  solution,  then  the  change  in  the  concentra- 
tion of  the  water  is  negligible  (see  p.  90),  and  therefore  KCiP 
remains  constant  during  the  reaction. 

Let  KCA  = Jc,  reaction  velocity  = k . Cs. 

doc 

But  reaction  velocity  = 

where  x is  the  amount  of  cane  sugar  transformed  during  a time  t. 
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Hence,  if  a — the  original  amount  of  cane  sugar,  we  have  Cs, 
i.e.,  the  concentration  of  cane  sugar  at  any  instant  = (a  — x). 

dx  , . 

dt  = k(a  ~ v 


This,  then,  is  the  theoretical  expression  for  the  reaction  between 
cane  sugar  and  water.  Now  it  is  clear  that  such  an  expression,  or 
differential  equation,  does  not  lend  itself  to  experimental  verifica- 
tion, since  the  interval  of  time  would  have  to  be  taken  fairly 
large,  say  a good  few  minutes,  to  give  any  appreciable  change 
of  concentration,  and  during  that  time  x would  have  gone  on 
increasing,  and  a — x would  have  been  correspondingly  diminish- 
ing. But  if  we  can  integrate  this  expression  and  get  a relation 
between  x and  t without  any  differentials,  then  it  would  be  easy  to 
subject  the  equation  to  the  test  of  experiment.  Let  us  therefore 
proceed  to  integrate  it. 


Since 


x). 


By  separating  the  variables,  i.e.,  by  grouping  all  the  x’s 
with  the  (dx)’ s,  and  all  the  £’s  with  the  (dt)’ s,  we  get 

dx  j -i. 

— = hat. 

a — x 

f Ut  = f 

J )a  - x 

i.e.,  kt  = — log  (a  — x)  + C (see  p.  202). 

It  remains  therefore  to  find  the  value  of  the  constant  C.  This 
can  be  done  as  follows  : When  t = 0,  i.e.,  before  the  reaction  has 
started,  x = 0 (i.e.,  no  transformation  has  taken  place).  Substi- 
tuting these  values  of  t and  x in  the  equation  let  = — log  (a  — x) 
-f-  C,  we  get 

k . 0 = — log  (a  — 0)  + 0, 
i.e.,  0 = — log  a + C. 

C = log  a. 

Hence  we  get  finally 

kt  = log  a — log  (a  — x) 


whence 


log 


a 


- log  - 
t 6 a 


a — x 
a 


x 


(see  pp.  77  and  86). 


Hence,  by  measuring  at  different  intervals  t\,  t2,  h . . . tn,  the 
corresponding  values  of  x\,  x%,  x%  . . . xn,  we  ought  to  find  (if  the 
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original  supposition  of  the  law  of  mass  action  holds  good,  viz., 
= lc  (a  — x)),  that 


1 

h 


a 


a — 


a 


a — x 2 


1 i a 

— log  — 

h a - xz 


k. 


The  following  table  shows  the  value  of  k at  different  times  t. 
From  this  it  will  be  seen  that  within  the  limits  of  experimental 
error  k is  constant,  and  therefore  there  is  yrimci  facie  evidence 
that  the  law  of  mass  action  holds  good  in  this  particular  case. 

t (in  minutes  from  start) . — l°gio 


a 


k. 


a 


x 


1435 

4315 

7070 

11360 

14170 

16935 

19815 

29925 


0-2348 

0-2359 

0-2343 

0-2310 

0-2301 

0-2316 

0-2291 

0-2330 


Mean 


0-2328 


EXAMPLES. 


(1)  Madsden  and  Eamulener  investigated  the  loss  of  activity  of  vibriolysin 
at  28°  C.  by  measuring  the  haemolytic  power  of  a vibriolysin  solution  kept 
in  a thermostat  for  different  periods  of  time,  t^,  1 2,  ...  . 

Now  assuming  that  the  loss  of  activity  takes  place  in  accordance  with 
Guldberg  and  Waage’s  law  for  a monomolecular  reaction,  viz.,  that 


K == 


X 


where  a = amount  of  original  lysine,  and  x — amount  of  lysine  destroyed 
in  time  t,  one  can  easily  calculate  lc,  and  therefore,  by  a transformation 
of  the  equation,  we  get  a — x = cie—kt  (see  p.  86). 

The  following  are  the  observed  and  calculated  results  of  a — x at  different 
times  : 


Time  in  minutes. 

( a — x)  observed. 

(a  — x)  calculated. 

0 

100 

100 

10 

78-3 

83-2 

20 

67-6 

69-5 

30 

59-3 

57-9 

40 

49-8 

48  3 

50 

40-8 

40-8 

60 

34-4 

33-6 
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from  which  it  is  seen  that  the  agreement  is  very  close,  suggesting  that  the 
hypothesis  is  correct. 

(2)  After  what  interval  of  time  will  the  initial  concentration  of  a 
substance,  undergoing  chemical  transformation  in  accordance  with  the  law 
of  a unimolecular  reaction,  be  halved  ? 

The  equation  for  a unimolecular  reaction  is 


When 


kt  — log 


a 


a — x 


x 


2 a>  we  get 


kt  — 


a 


i°g  ^ = Io8‘  2' 

1 


= Tloge2 

2.3.  o 

= — logio  2 

•69 


Ic 


In  other  words,  the  time  is  independent  of  the  initial  concentra- 
tion in  all  cases  of  unimolecular  reactions.  It  only  depends  upon 
the  reaction  constant  k,  with  which  it  varies  inversely.  This  is  a 
fact  of  great  practical  value  when  it  is  necessary  to  determine  the 
order  of  any  particular  reaction. 

For  example,  when  diphtheria  antitoxin  was  injected  into  the 
bodies  of  animals  in  various  strengths  and  amounts,  Bomstein 
found  that  the  quantity  of  antitoxin  present  in  the  blood  four 
days  after  injection  was  in  every  case  the  same  fraction  of  the 
original  amount.  Hence,  he  infers  that  the  rate  of  disappearance 
of  the  antitoxin  takes  place  according  to  the  law  of  a unimole- 
cular reaction.  He  confirmed  this  by  plotting  log  n (n  = content 
of  antitoxin)  against  time,  when  a straight  line  was  obtained 
(see  Chapter  XX.,  pp.  303  et  seq.). 


Bimoleeular  Reaction. — Let  us  now  consider  such  a reaction  as 
the  following  : 

CH3COOC2H5  + NaOH  = CH3COONa  + C2H5OH. 

- r — ^ 

Ethyl  acetate. 


Let  a and  b represent  the  original  concentrations  of 
CH3COOC2H5  and  NaOH  respectively,  and  x the  amount  of  each 
(i.e.,  in  molecules)  transformed  during  the  time  t.  Then  by  the 
law  of  mass  action 


dx 

dt 


k(a  — x)  (b 


dx 


(a  — x)  (b  — x) 


— kdt . 
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In  order  to  integrate  this  equation  it  is  necessary  to  split  up 
(h  — x)  (b x)  Par^a^  fracti°ns  (sce  P-  26). 


If  we  do  that  we  find  that 

dx  dx  f 1 

(a  — x)(b  — x)  (a  — b)  \ b — x a — x 


i ! 


f 


dx 


(i a — x)  (b  — x)  a — b 

1 


dx 


a°g 


b — X 

b 


r dx 

)a  — x_] 


log  — - — } + C 
° a — x ' 


a — b ( 6 b — x 

1 Jlog  b — log  (b  — x)  — log  a | 


a — b\ 


a 


+ log  (a  — x) 


1 , b (a  — x)  „ 

log  - 71 d + C. 


J 


+ c 


we  have 


i.e.. 


a — b 5 a {b  — x) 


kit  = — log  - ^ ^ + C, 
a — b 6 a (b  — x)  1 ’ 

i 1 , b (a  — x) 

kt  = tt  log  - + C, 


whence 


k 


a — b b a (b  — x) 

1 1 b (a  — x)  ] n 

i0g  a (b  - x)  + U 


Supposing  we  start  with  equal  number  of  molecules  of  the 
reacting  substances,  we  then  have  a — b,  and  our  differential 
equation  becomes 

dx 


dt 

This  yields  on  integration 

k = 


k(a  — a:)2. 


1 x 


at  (a  ~ x) 


EXAMPLES. 

(1)  The  following  figures  have  been  obtained  for  the  values  of  a — x at 
different  times  t in  the  case  of  the  hydrolysis  of  ethyl  acetate  by  means 
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of  NaOH.  Prove  that  the  reaction  proceeds  as  a bimolecular  one.  The 
reaction  was  started  with  equivalent  quantities  of  the  reacting  substances. 


t (mins.) 
0 
4 
6 
8 
10 
12 


a— x 

8-04 

5-30 

4-58 

3-91 

3-51 

3-12 


This  gives  a = 8-04,  since  at  t — 0,  x = 0. 

x at  any  time  = 8-04  less  the  corre- 
sponding value  of  a — x.  Thus  at  t — 4, 
x — 8-04  — 5-30  = 2-74,  and  so  on. 


In  order  to  prove  that  the 


reaction  is  a bimolecular  one  it  will  be  sufficient 


if  we  prove  that  by  putting  k 


1 x 

at  ( a — x)’ 


and  substituting  the  various 


corresponding  values  of  x and  t in  this  equation,  we  shall  get  uniform  results 
for  the  value  of  k. 

By  doing  so  we  find  the  following  results  : 


ki 


X 


2-74 


8-04  x4A  5-30 


0-0160. 


k2  ~ 8.04  x 6 X 


3-46 

T58 


0-0156. 


1 w 4-13 
A’3  - 8-04  x“8  x zm 

1 w 4-53 
*4  ~ 8-04  x 10  X 3-57 


0-0164. 

0-0160. 


1 w 4-82 
~ 8-04  X 12  X M2 


0-0162. 


Hence,  within  the  limits  of  experimental  error  the  value  of  k is  uniform, 
and  therefore  the  reaction  proceeds  as  a bimolecular  reaction  (see  further 
pp.  310  et  seq.). 

(2)  The  following  figures  have  been  obtained  by  Senter  in  the  study  of 
the  decomposition  of  H2Oo  by  hsemase  (blood-catalase).  The  reaction  was 

followed  by  withdrawing  a portion  of  the  solution  at  fixed  intervals  ( t ), 
stopping  the  catalysis  by  means  of  excess  of  H2S04,  and  titrating  with 
KMnO^  solution. 


t (mins.). 

rjQ 

(c.c.  KMn04). 

cc 

(c.c.  KMn04). 

k. 

0 

46-1 

0 

5 

37-1 

9-0 

0-0435 

10 

29-8 

16-3 

0-0438 

20 

19-6 

26-5 

0-0429 

30 

12-3 

33-8 

0-0440 

50 

5 

41  1 

0-0444 

Prove  that  the  reaction  proceeds  as  a unimolecular  one. 
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Proceeding  as  in  the  last  example,  we  find  that  putting  k — - log  — — 

t ct 


X 


the  values  of  k are  those  given  in  the  last  column,  i.e.,  are  uniform.  There- 
fore reaction  is  unimolecular. 

(3)  Madsen  and  Walbum  studied  the  destruction  of  coli-agglutinin  by- 
means  of  trypsin,  at  35-6°  C.,  in  the  following  manner  : They  observed  the 
quantity  of  agglutinin  ( q ) which  must  be  added  to  a suspension  of  Bacillus 
coli  to  obtain  a given  agglutination  in  a given  time.  The  strength  (S)  of 
agglutinin  is,  of  course,  inversely  proportional  to  q. 

The  following  values  of  S were  found  for  the  corresponding  values  of  t. 
Show  that  these  values  agree  with  those  one  would  expect  to  find  in  the 
case  of  a bimolecular  reaction. 


Time  (hours). 

S (observed). 

S (calculated  on  the  supposition 
that  reaction  is  bimolecular). 

0 

2 . 1000 

-J  1000 

0-5 

775 

763 

1 

610 

600 

2-25 

389 

395 

3 

280 

329 

j 

4-17 

259 

261 

„ I f 

5 

233 

227 

6 

189 

197 

8 

149 

155 

7-  ■ f t " 

10 

140 

128 

12 

108 

109 

1 >0 

55 

59 

56 

k = 68.10“ 5. 

It  is  seen  that  the  agreement  between  the  observed  and  calculated  results 


is  very  close. 

Corollary. — Since 


k = 
t 


x 


at(a  — x)’ 
x 


ka(a  — x)' 

Hence,  when  the  reaction  is  half  complete,  i.e.,  when 


a 


x = g , we  get 


t = 


a 

2 


7 a ka 
ka  x - 

A 


In  other  words,  the  time  taken  to  change  ^ the  original  quan- 
tity is  inversely  proportional  to  the  concentration  a,  i.e.,  t±  x - 
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Similarly,  in  the  case  of  an  n-molecular  reaction , in  which  the 
original  concentration  of  the  reacting  substances  is  the  same, 

doc 

it  can  be  easily  shown  by  integrating  the  equation  = k(a  — x)n, 

1 

that  the  time  taken  to  change  ^ the  original  quantity  is  pro- 
portional to  an~  v inversely  proportional  to  an  ~ 1 (see 


Chapter  XXL,  p.  313). 

Chemical  Equilibrium. — If  in  the  reversible  reaction 
CHgCOOH  + C2H5OH  7— > CH3COOC2H5  + h2o, 

k\  represents  the  velocity  constant  of  esterification, 

and  Jc2  represents  the  velocity  constant  of  the  opposite  reaction, 

then  we  have 

V\  — ^iCacid  X Cal cohob 
and  V2  — ^2 Cester  X CWater> 

where  v\  and  v2  are  the  reaction  velocities  in  the  two  directions, 
when  equilibrium  exists 

vi  = v2, 


i.e.. 


wherefore 


^lCacid  X Calcohol  — ^sCester  X Owater> 
k\  Cester  X Cwater 


k%  Cacid  X Calcohol 

Now,  experiment  shows  that  if  one  starts  with  equal  numbers  of 
molecules  of  acid  and  alcohol,  then  equilibrium  is  reached  when 
2 

- of  the  original  amount  of  the  substance  present  is  decomposed, 
o 

But  when  equal  numbers  of  molecules  are  present,  then 
Cacid  = Calcohol  = C. 


h 

kz 


or  k 


- C x - C 

3°  3° 

3CTC 


= 4. 


From  this  value  of  k one  can  always  predict  when  equilibrium 
will  be  established  if  we  start  with  any  known  amounts  of  acid 
and  alcohol. 


EXAMPLES. 

(1)  One  molecule  of  acetic  acid  is  mixed  with  a molecules  of  alcohol. 
Find  the  number  of  molecules,  n,  of  acid  decomposed  when  equilibrium 
has  been  established. 
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Since  original  CAcid  = 1, 

CAcid  when  equilibrium  exists  = 1 — n, 


and 


^alcohol 

n 

ester 

0 

water 
K = 4 


5? 


— a - 

~ n, 

99 

= n, 

JJ  ??  )) 

n X n __  w2 

(1  — n)  (a  — n)  ~ (1  — n)  (a  — n)‘ 


n 2 = 4(a  — an  — n + n 2). 

3?i2  — 4w(a  + 1)  -f  4a  = 0, 

2 

whence  + l — ^a2  — a+1)  (see  p.  33). 


(2)  Berthelot  and  Pean  de  St.  Giles  tested  the  above  formula  by  mixing 
one  molecule  of  acetic  acid  with  the  following  number  of  molecules  (a)  of 
alcohol,  and  after  the  establishment  of  equilibrium  found  the  following 
values  of  n. 


— 

a 

n 

(1) 

0-05 

0-05 

(2) 

0-08 

0-078 

(3) 

0-18 

0-171 

(4) 

0-28 

0-226 

(5) 

1 

0-665 

(6) 

8 

0-966 

Find  whether  the  calculated  agree  with  the  observed  results. 
From  formula 

n — ^ (a  -f  1 — Ja2  — a -f-  1)  we  get 

(1)  nx  = | (1-05  - J- 9525) 

= | (1  05  — *975)  = | X -075, 

= -05. 

(2)  w2  = ? (1-08  - 7-9264), 

= | (1-08  - -96)  = | X -12, 

= 0-08. 

(3)  nz  = \ (M8  - J-S52 4y  = | (1*18  - -923), 

= | X -257  = 0-172. 

t J 

Similarly  w4  = -26 ; n5  — -67  ; and  n6  — -96. 
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Application  of  the  Law  of  Mass  Action  to  the  Dissociation  of 
Oxyhaemoglobin. 

The  equation  for  this  reversible  reaction  is 

Hb  + 02  > Hb02. 

Put  Hb  concentration  = C(Hb) 

O2  ,,  = C(o2) 

and  Hb02  „ = C(Hb02)- 


We  then  have,  when  equilibrium  is  established, 

KiC(Hb)  • C(0a)  = K2C(Hbo2) 

• _ TV  _ C(Hb02) 

• • K2  ~ ^ “ 


C(Hb)  • C(02)‘ 

Now,  percentage  saturation  of  Hb  with  oxygen  is  obviously 

100C(HbQ2) 

C(Hb)  + C(Hb02) 

if  we  designate  the  oxygen  concentration  by  x, 

and  the  percentage  saturation  of  Hb  by  y, 

TV  C(Hb02)  _ C(Hb02) 

XV  n n 5 /q  . . . • . 

^Hb  • ^02  ^(Hb) 

100  C(Hb02) 


we  get  from 
Also  from 
we  get 

100  - 


(1) 


y 


y 


y 

100 

y 

i.e 


C(Hb)  + C(Hb02) 
C(Hb)  + C(Hb02) 


But  from  (1). 


C(HbOo) 

1 

0 

0 

r—i 

-0-i 

C(Hb)  / 

y 

b(Hb02)  \ 

y 1 

C(Hb02) 

100 

1 - y 

C(Hb) 

C(Hb02) 

CHb 

= Kx. 

y 

= Kx. 

100  — y 

100  - y 

1 

y 

“ Kx 

100 

1 + 

i.e., 


C^Hb  + C(Hb02) 


C 


(Ilb02) 


— 1 


(2) 


y ~ Kx 

{i.e.,  by  adding  1 to  each  side  of  the  equation). 

lOOKx 
y = 1 + Kx 
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I am  indebted  to  Dr.  W.  A.  M.  Smart  for  the  method  of  deriving 
this  formula. 

The  general  equation  of  a reversible  reaction  may  be  written  in  the 
form  : 


aA  + 6B  -|-  cC  + . . . . < > gjAi  -j-  &1B1  -j-  fr  • • • • 


(where  a molecules  of  A react  with  h molecules  of  B,  c molecules  of 
C,  etc.,  to  form  a\  molecules  of  Ai,  bi  molecules  of  Bi,  C\  molecules 
of  Ci,  etc.). 


Kr\a  r^b  p{C 

. L'n  • • • 


'C 


k2ci*  . <& . c& 


B, 


'Ox 


where  Ca,  Cb,  etc.,  have  the  same  meaning  as  similar  symbols 

on  p.  215. 

when  equilibrium  is  established  we  have 


i i 

A,  • 


Cl 


r\b  re 


C 


From  this  it  follows  that,  if  instead  of  taking  one  molecule  of 
Hb  and  combining  it  with  one  molecule  of  O2,  we  take  n molecules 
of  each,  we  get  our  reversible  equation 


K = 


C 


n 

(Hb02 


n«  r\n 
V(Hb)  • v 


(02) 


K = CgbOj) 

r\n 

^(Hb) 


100  C(Hbo2) 


Also 


y 


y 


nn  1 nn 
C'(Hb)  i"  MHb02) 

100  Kxw 


1 + Kxn 

which  is  A.  V.  Hills’  equation  for  dissociation  of  oxyhsemoglobin. 


B. 


Q 


CHAPTER  XIY. 


THERMODYNAMIC  CONSIDERATIONS  AND  THEIR 
BIOLOGICAL  APPLICATIONS. 


Thermodynamic  Equations. — This  is  a convenient  place  to  take 
up  the  mathematical  consideration  of  a few  points  in  connection 
with  the  general  gas  equation  PY  = RT,  where  P = pressure, 
Y ==  volume,  T = absolute  temperature,  and  R = a constant, 
called  the  gas  constant.  This  equation,  as  we  shall  see,  is  of  great 
importance  in  the  study  of  numerous  problems  of  biological 
interest. 

(1)  To  Find  the  Numerical  Value  of  R. — 

Since  PY  - RT, 

PV 

R = -jjr  for  any  value  of  P,  V and  T. 


If  we  take  a gram-molecule  of  any  gas  at  0°  C.  and  76  cm. 
pressure  (i.e.,  atmospheric  pressure),  we  have 

P = 76  x 13-6  = 1033  grams  per  sq.  cm.  (since  the  sp.  gr. 
of  mercury  = 13-6). 

Y = 22*4  litres  = 22,400  c.c.  (since  by  Avogadro’s  law  a 
gram-molecule  of  any  gas  at  N.T.P.  occupies  22-4 
litres) 


and  T - 273. 

PV  1033  x 2240 
R - T - 273 


84,760  grm.-cm. 


— 848  kilogram-metres. 


Also,  since  42,640  grm.-cm.  is  equivalent  to  one  calorie, 

84,760 


R 


42,640 


2 calories. 


AB 


AB 


Fig.  86. 


(2)  Work  done  by  a Gas  during 
Isothermal  Expansion. — By  iso- 
thermal expansion  is  meant  the 
expansion  which  takes  place  at 
constant  temperature,  as  when 
the  gas  is  allowed  to  expand 
inside  a cylinder  (with  a mov- 
able piston)  (Fig.  86),  which  is 
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enclosed  in  a thermostat  supplying  heat  to  the  gas  to  keep  its 
temperature  constant.  Let  the  original  volume  of  the  gas  be  V, 
when  the  piston  is  at  AA.  Let  the  gas  expand  so  as  to  shift 
the  piston  through  the  infinitesimally  small  distance  AB.  The 
volume  of  the  gas  will  then  become  V + dY  (where  dY  = the 
infinitesimally  small  increase  in  Y).  Let  dW  represent  the 
infinitesimally  small  amount  of  work  done  by  the  gas  during  this 
expansion  from  V to  Y + dY. 

Then,  since  the  pressure  of  the  gas  may  be  considered  to 
remain  constant  during  this  infinitesimally  small  increase  in 
volume  ; and  since  also  work  is  measured  by  force  or  pressure 
multiplied  by  the  space  through  which  it  acts,  we  have 

dW  = P dY. 

We  now  have  to  find  the  amount  of  work  done  by  the  gas  when 
it  expands  by  a finite  amount,  i.e.,  from  volume  Yi  to  a volume 
V2.  This  we  do  by  integrating,  between  limits,  as  follows  : 


Now  whilst  j*d\Y  = W, 

f P dY  is  not  equal  to  P f dY,  or  P(V2  — Vi), 

J Vi  J Vi 

because,  although  P was  practically  constant  during  the  minute 
increase  of  volume  dY,  it  keeps  on  varying  during  the  finite 
increase  in  volume  from  Vi  to  V2.  But  remembering  the  gas 
equation 

PY  - RT 


(where  T is  the  absolute  temperature,  which  under  isothermal 
conditions  remains  constant  and  R is  the  gas  constant),  we  can  put 


Hence  our  differential  equation  becomes 

dW  = RT 

r rv 2 dY 

RTy, 

J JVi  v 

• - - " 

W = RT  loge  y2  — 2*3  RT  Iog10  ^ 


or 
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Application  of  the  above  Equation  to  Solutions. — Since  it  has 
been  shown  experimentally  that  electrolytes  in  solution  behave 
like  gases  and  since  the  concentration  of  a substance  is  inversely 
proportional  to  the  volume  of  the  solution,  we  have 

Cl  _V2 
c2  “ Vi* 

the  amount  of  work  that  must  be  done  on  a solution  to 
increase  its  concentration  from  c\  to  c2  is 


W = 2-3  RT  logi0  — . 

Further,  since  the  depression  in  freezing  point  (A)  of  a solution 
is  proportional  to  the  concentration — 

the  amount  of  work  that  must  be  done  on  a solution  to 
change  the  freezing  point  from  Ai  to  A2  is 

W = 2-3  RT  log10 

This  is  an  equation  of  fundamental  importance  in  biochemistry. 

Note. — The  gas  constant  has  the  following  values,  viz.  : 

R = 2 gram -calories  ) 

= 0-85  kilogram -metre  Y (see  p.  226). 

= 0-82  litre -atmosphere  ) 

Example. — The  freezing  point  of  blood  is  — 0-56°  C.  ; that  of  urine  is 
— 1-85°  C.  Assuming  a healthy  adult  to  pass  T5  litres  of  urine  a day, 
calculate  the  work  done  by  the  kidneys  in  a day. 

The  work  done  by  the  kidneys  is  to  concentrate  one  litre  of  a glomerular 
filtrate  which  has  a Ai  = — 0-56  to  a urine  whose  A2  — — T85,  at  body 
temperature  37°  C. 

1 -85 

W = 2-3  R (273  + 37)  log10 

Taking  ft  = 0-85  kilogram -metre  we  get 

W = 2-3  X 0-85  X 310  (log  1-85  - log  0-56) 

= 606  (-2672  - 1-7482) 

= 606  X -519 
= 315  kilogram -metres. 

to  concentrate  1*5  litres  of  the  glomerular  filtrate,  the  amount  of 
work  necessary  = T5  X 315 

= 472-5  kilogram -metres. 

Note. — This  calculation  of  the  work  done  by  the  kidneys  takes  into  account 
only  the  total  concentration  of  the  blood  and  urine,  and  is  meant  merely  as 
an  illustration  of  the  application  of  the  isothermal  expansion  formula  to 
physiology.  In  order  to  calculate  the  actual  work  of  the  kidneys,  account 
must  be  taken  of  the  change  of  concentration  of  each  of  the  urinary  con- 
stituents. (See  Cushing,  “ The  Secretion  of  Urine  ” ; and  Bayliss,  “ The 
Principles  of  General  Physiology,”  1920,  p.  340.) 
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Application  of  the  Isothermal  Expansion  Equation  to  Concentra- 
tion Cells,- — If  we  put  two  electrodes  of  the  same  metal,  such  as 
copper,  into  two  solutions  of  the  same  salt,  but  of  different  con- 
centrations, ci  and  c-2,  then  physico-chemical  considerations, 
similar  to  those  in  the  preceding  paragraph,  lead  to  the  equation 

E = 2-3  KT  log  ~ 

where  E is  the  E.M.F.  (electromotive  force)  in  volts, 

R is  the  gas  constant  expressed  in  coulomb  x volts 
= 8-36  (since  1 calorie  = 4*18  coulomb  x volt), 
at  room  temperature,  i.e.,  at  17°  C. 


E = 2*3  x 8-36  x 290  log  coulomb  x volts 
2-3  x 8-4  x 290 


Cl 

c? 


98,530  l0g  cl  faradays 

(1  faraday  being  the  amount  of  electricity  that  liberates  one  gram 
of  hydrogen  = 96,530  coulombs) 

= 0-058  log  faradays. 


This  formula  must  also  be  multiplied  by  — - — , where  u and  v 

r J u + v 

are  the  velocities  of  the  ions  in  question  (because  it  is  the  ions  that 
carry  the  electrical  charge). 

finally,  E = 0-058  U log  -2. 

U -p  V Cj_ 

Hence,  if  the  electrode  be  of  hydrogen  (e.g.,  platinum  saturated 
with  hydrogen),  this  equation  enables  one  to  calculate  the  H-ion 
concentration  of  a given  solution.  (See  further,  books  on  Physical 
Chemistry.) 

(3)  The  Relation  between  the  Two  Specific  Heats  of  Gases. 

(i.)  The  Value  of  the  Arithmetical  Difference  Sp  — Sv. 

(а)  If  we  raise  1 grm.  of  gas  from  0°  to  1°  C.,  keeping  the  volume 
constant,  then  the  quantity  of  heat  required  is  called  the  specific 
heat  at  constant  volume  and  is  designated  S,;. 

(б)  If  the  same  quantity  of  the  same  gas  is  raised  from  0°  to  1°, 
but  is  allowed  to  expand  at  constant  pressure,  then  the  quantity  of 
heat  required  for  the  purpose  is  called  the  specific  heat  at  constant 
pressure,  and  is  designated  S^. 

It  is  clear  that  Sp  > Sy,  since  if  the  gas  is  allowed  to  expand 
from  Vi  to  V2  at  the  constant  pressure  P,  it  does  an  amount  of 
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work  which  is  measured  by  P(V2  — Vi),  and  hence  the  quantity  of 
heat  supplied  must  be  sufficient  not  only  to  raise  the  temperature 
of  the  gas  by  1°  G.  but  also  to  supply  heat  to  make  up  for  the 
cooling  entailed  by  the  work  of  expansion. 


- Sy  - P(V2  - V!). 

But  PVi  - RT1, 

and  PV2  = RT  . 

P(V2  - Vi)  = R(T2  - Ti). 

when  T2  — Ti  =1°, 

P (V2  - Yi)  = R. 

8P  - Sv  = R. 

If,  instead  of  heating  1 grm.  of  the  gas  to  1°  C.,  we  heat  1 gram- 
molecule,  the  amounts  of  heat  required  in  each  case  are  called  the 
molecular  heats  at  constant  volume  or  pressure.  In  that  case, 
the  difference  between  the  2 molecular  heats  — 2 calories  (which  is 
the  value  of  R for  a gram-molecule  of  gas). 

(ii.)  The  Ratio  between  the  Two  Specific  Heats 

(i.eKi  the  value  of  y which  = ^ . 

(a)  Let  dQ  be  the  minute  amount  of  heat  imparted  to  a gram- 
molecule  of  gas  at  constant  volume.  This  will  go  entirely  to  raise 
the  temperature  of  the  gas  by  dT. 

dQ  = S dT. 


(b)  If  dQ  be  the  minute  quantity  of  heat  imparted  to  a gram- 
molecule  of  gas  at  constant  pressure,  then  dQ  is  distributed  among 
two  forms  of  energy,  viz.  (a)  a portion  goes  to  raise  the  tempera- 
ture by  dT  ; (fi)  another  portion  goes  to  perform  work  of  expan- 
sion. 

The  portion  under  (a)  is  represented  by  SydT  and  the  portion 
under  (f3)  is  represented  by  PdV. 

dQ  = S,dT  + P dV. 


i.e., 


But  PY  = RT. 

when  PiVi  and  T are  variable  we  get  by  differentiation 

d(PV) 
dT 

PdV 

dT  1 dT 
PdV  + VdP  - RdT 


= R, 

VdP 

rr  = R (p.  144). 


PdV  VdP 

R + R 


dT. 


and 
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Blit 


dQ  = SvdT  + PdV. 
d Q — & o 


P dY  VdP 
R + R 


PdV 


IV 


R 


+ 


+ P dV 
SyVdP 


= S.PdV  SyVdP 


R 


(see  p.  230). 


R 1 R 

If  the  cylinder  containing  the  gas  be  now  surrounded  by  a non- 
conducting envelope  so  as  to  prevent  heat  from  entering  or 
leaving  the  cylinder,  and  Pi,  Vi  and  T be  allowed  to  change 
adiabatically  (he.,  without  transfer  of  heat  to  or  from  it),  then 
clQ  = 0. 

SpPdY  + SvVdP  - 0, 

S/PdV  + V<iP  = 0, 

Ov 

yP  dY  + VdP  = 0, 


or 


^.e., 

or,  dividing  by  PV, 


dY 

Y 


dP 

P 


y v + w — 0. 


7 


J 


dY 

T 


dP 


= 0, 


Vx 


J 


Pi 


?.e., 


or 


7  4 * * * * *  log 


V2 

Vi 


i P'2  p. 

t logjr  = °> 

, V2  , Pi 

yl°g?i  = logp- 

/V2y  Pi 
\vJ  ~ Pa- 


(4)  Law  of  Adiabatic  Expansion  (he.,  expansion  without  transfer 

of  heat  to  or  from  the  gas). 

Since  dQ  = SydT  + PdV  (see  equation  above), 

and  also  PdV  = RdT  — YdP  (p.  230), 

.7  dQ  = S,dT  + RdT  - YdP 

= (S„  + R)  dT  - YdP 
= S^dT  — VdP  (see  p.  230). 
dP 

= SpdT  - RT  ~ (since  PV  = RT). 
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or 


i.e. 


or 


i.e., 


or 


For  an  adiabatic  expression  when  dQ  = 0, 

r/P 

SpdT  = ET  p-. 

But  E = Sp  — Sv  (see  p.  230). 

dV 

SPdT  - (S,  - S,)T  p-, 
dT  dP 


- S,  T 


S. 


/•  Tr. 


'P 


dT 

T 


P * 

•Po 


dP 

p 9 


Tx  ^ P1 
$p  , T2  7 P2 

Sp  - S„  ogT!  log  p ! 


Sp/S„  , T2  P2 

og  Ti  = logFp 


S 


Jt  _ 1 

s. 


7 


7 -1  , T2  1-^2 

_ 1 ^ — p1* 


'To\  7-1 


T. 

v x 1/ 


1’ 


P2 

pp 

®r 


But  we  have  seen  (p.  231)  that 

P2  _ /Vi\  V 

Pi  = VV2/  ’ 

/T2\  V = f (Jffi  vl  y-1 


or 


t2 

Ti 


l \V2/  , 

®r- 


(5)  Efficiency  of  an  Engine.— By  the  efficiency  of  an  engine  is 
meant  the  proportion  of  the  heat  developed  by  the  machine  or 
engine  which  is  transformed  into  mechanical  work.  Considera- 
tions based  upon  the  second  law  of  thermodynamics  lead  to  the 
conclusion  that  the  maximum  efficiency  is  obtainable  only  from  a 
reversible  engine,  i.e.,  an  engine  which,  “ after  converting  a certain 
fraction  of  the  heat  into  work,  will  return  to  its  original  state  in 
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every  respect  if  made  to  act  backwards  step  by  step.”  In  order 
therefore  to  estimate  the  maximum  efficiency  of  an  engine,  we 
must  consider  Carnot's  rever- 
sible cycle. 

Carnot’s  Cycle  (Fig.  87).- — 

(i.)  Let  a gram-molecule  of 
gas  of  volume  Yi,  pressure  Pi 
and  Temperature  Ti  (repre- 
sented in  the  diagram  by  the 
point  A)  be  allowed  to  expand 
isothermally  to  the  point  B 

(V2,  P2).  . 

Then,  if  during  the  process, 

Qi  units  of  heat  have  been 
absorbed  from  the  thermostat, 
we  have 


Qi 


’V2 


V2 


, PdV  = RT1log^ 


Fig.  87. — Carnot’s  Cyck 


(ii.)  Now  let  the  gas  expand  adiabatically,  i.e.,  without  allowing 
the  gas  to  gain  or  lose  heat,  to  C (V3,  P3).  The  temperature  of  the 
gas  will  fall  from  Ti  to  T2,  and  we  have 


Ti 

T2 


TbV": 

,vJ 


(see  p.  232). 


(iii.)  Now  let  the  gas  be  compressed  isothermally  at  temperature 
T2  to  D (V4,  P4).  Then  if  Q2  is  the  amount  of  heat  evolved  from 
the  gas  into  the  thermostat,  we  have 


— Q2 


r 

jy. 


PDY  = RT2  log  ^ 


(heat  evolved  being  of  opposite  sign  to  that  absorbed). 


V3 


( 


since 


or  Q2  = PvT2  log  v ' 


Y4  V 

log  V.  = - loS  V 


v3 

Qi 

Q2 


Ti 


Ion 


4, 

v_2 

6 Vi 


Vo‘ 

T2logT 


(iv.)  Finally,  let  the  gas  be  compressed  adiabatically  from  D 
(V4,  P4)  to  A (Vi,  Pi),  i.e.,  back  again  to  its  original  volume,  pres- 
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sure  and  temperature.  The  temperature  will  rise  from  T2  to  T], 
and  we  have 


T2 

Ti  “ 


or 


But 


Ti  _ /v4y-i 

T2  " \Yi)  • 

Ti  /y3\7-i  , .. 

T»  = VV2)  (u'b  011  P'  233b 

V3  _ V4 

v2  “ vr 


or 


equation 


v2  _ y3 

Vi  " vt 


Qi 

Q2 


V2 

Tl  lOg  y- 


T9  log 


Vs 


&V4 


becomes 

Qi 

Q2 

Tr 

"To 

Q2 

°rQr 

or 

Q2  . 
Qi  1 

t2 

Ti 

-1, 

or 

Q2  - Qi 

t2 

-Tx 

Qi 

Ti  ’ 

or 

Qi  — Q2 

Ti 

- To 

Qi 

Ti 

But  since  Qi  is  the  amount  of  heat  absorbed  by  the  gas  and  Q2 
is  the  amount  evolved, 

Qi  — Q2  . 

— q is  the  proportion  of  absorbed  heat  which  is 


converted  into  work,  and  represents  the  efficiency  of  the  system, 
which  being  a reversible  cycle  must  possess  the  maximum  possible 
efficiency. 


maximum  efficiency  of  a reversible  engine  (or  any  reversible 


Ti  - To 

process)  = — , where  Ti  and  T2  are  the  absolute  tempera- 
tures of  the  first  and  second  isothermal  operations. 
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E.g.,  if  a steam  engine  receives  steam  at  140°  and  exhausts  into 
the  air  at  105°,  then  the  efficiency  is 

140  - 100  40  A . 

273  + 140  = 4l3  = °'097  = 9'7  per  cent- 
The  ordinary  efficiency  of  a steam  engine  is  about  20  per  cent. 


Example. — Calorimetric  experiments  have  shown  that  the  efficiency  of 
human  muscle  ( i.e .,  the  proportion  of  energy  converted  by  muscle  into  work) 
is  20  per  cent.  Find  whether  it  acts  as  a steam  engine. 

If  it  acts  as  a steam  engine,  then  we  have 

Ti  — To 
Efficiency  = — = . 

I i 

If  we  take  T2  as  the  absolute  body  temperature 
= 273  + 37  = 310, 

then 

Ti  = 5Ti  - 1550. 


Ti  - 310  , . Q2 
- (since  — 


Ti 


Qi 


— = ~ by  hypothesis). 


4Ti  = 1550, 

or  Ti  = 387-5°  absolute 

= 114-5  C. 


Hence  the  body  must  show  a fall  of  temperature  during  work  from  an 
internal  temperature  of,  presumably,  114-5  to  37°  C.,  which  is  absurd,  as  the 
body  never  attains  such  a temperature  as  114  5. 

If,  on  the  other  hand,  we  call  the  absolute  body  temperature  Ti,  then  we 
have 


1 _ 310  - T2 
5 ~ 316 


or  62  = 310  - T2. 

T2  = 310  — 62  = 248  absolute  - - 25°  C. 

In  other  words,  during  contraction  the  temperature  of  the  body  must 
fall  to  — 25°  C.,  Avhich  is  equally  absurd.  Hence  muscle  does  not  act  like 
a steam  engine. 


Deductions  from  the  Efficiency  Equation. 

(4)  Connection  between  the  Latent  Heat  of  Vaporisation  and 
Change  of  Vapour  Pressure  with  Temperature. — When  any  fluid  is 
heated  the  pressure  of  the  saturated  vapour  varies  with  the  tem- 
perature, e.g.,  in  the  case  of  water  the  vapour  pressure  at  10°  = 
9*  165  mm.  Hg,  and  that  at  400°  = 760  mm.  Hg.  This  means 
that  if  water  be  heated  to  40°  at  9-465  mm.  pressure  or  to  400° 
at  760  mm.,  it  will  turn  into  vapour.  In  other  words,  the 
boiling  point  of  water  at  9-465  mm.  is  40°,  and  at  atmospheric 
pressure  is  100°.  Now,  suppose  water  at  99-5°  (whose  vapour 
pressure  is  746-5)  has  the  pressure  reduced  from  atmospheric 
pressure  760  mm.  to  746-5  mm.,  then  it  will  boil  at  99-5°  instead  of 
at  400°. 
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If  we  indicate  the  minute  change  of  pressure  by  dP  and  the 
minute  change  of  temperature  by  dT,  then  the  work  done  by  a 
gram-molecule  of  water  in  such  a process  is 

(V2  -Vi)dP  dT 
Q — T ’ 


(where  V2  = volume  of  a gram-molecule  of  the  vapour 
Vi  = „ „ „ liquid 

Q = amount  of  heat  required  to  change  a gram-molecule 
of  the  liquid  to  the  same  volume  of  vapour).  But 
as  Vi  is  negligible  in  comparison  with  V2  the 
equation  may  be  written 


But  since 


V2dP  __  dT 

Q — T * 

PV2  = RT,  V2 
RT  dT 

pQdB  = Y’ 


RT 
P ’ 


dP  _ QdT 
P ~ RT2 


Q dT 
- 2 T2 


[since  R 


= 2 (see  p.  226)]. 


Now  if  we  assume  that  Q remains  constant  between  the  limits 
of  temperature  Ti  and  T2,  then 


i.e., 

or 


2-3  log 


Q /i  _i  \ 

2 VTi  T 2)’ 

Q (T2  - TO 

2 TiT2  * 


Hence,  if  we  know  the  values  of  P2  and  Px  for  the  known 
temperatures  Ti  and  T2,  Q may  easily  be  calculated.  If,  now, 
we  add  to  the  value  of  Q thus  found  the  amount  of  work  done  by 
the  expansion  of  the  vapour  from  Vi  to  V2,  which  is  PV2  (since 
Vi  is  negligible)  = 2T,  the  quantity  so  obtained  is  the  mean 
latent  heat  of  vaporisation  of  a gram-molecule  of  liquid  between 
Ti  and  T2. 

(2)  Influence  of  Temperature  upon  the  Velocity  of  a Chemical 

Reaction. — Since  substances  in  solution  behave  as  if  they  were 
gases  occupying  the  same  volume  as  the  solution,  therefore  P 
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in  the  case  of  a solution  (i.e.,  the  osmotic  pressure)  is  proportional 
to  the  concentration  of  the  solution  (i.e.,  inversely  to  the  volume). 
But  since  by  the  law  of  mass  action  the  reaction  velocity  is  pro- 
portional to  the  concentration,  therefore  P is  proportional  to  the 
reaction  velocity  at  that  temperature. 

Hence,  if  reaction  velocity  at  Ti  = Kx, 

„ T2  = K2. 

K2  = Q (T2  - TO 

Kx  2 


and 

We  have 


5? 


log 


or 


K2 

Kx 


TxT2 
Q (T2-T3) 

TiT, 


e 


(Yan’t  Hoff- Arrhenius  law). 


Here  Q is  the  amount  of  heat  evolved  in  the  reaction. 
(For  numerical  examples,  see  pp.  238  et  seq.) 


Note  (1). 
QdT 


-Since  is  the  same  ^ 

JL 


KT" 


(on  p.  236)  may  be  written  as 


dP 

d loge  P _ Q 


therefore  the  equation 


dP 


dT 


RT2‘ 


And  as  this  equation  enables  us  to  calculate  the  influence  of  temperature 
upon  equilibrium  at  constant  volume,  it  is  called  by  Van’t  Hoff  the  isochore 
equation  in  contradistinction  to  the  mass  action  equation,  which  deals  with 
the  influence  of  change  of  concentration  at  constant  temperature,  and  is 
therefore  called  the  reaction  isotherm. 

pv>  9 !Ti~  Tp 

Note  (2). — It  follows  from  the  equation  = e 2 (iqTa)  that  when  Q = 0 

then  K2  = Ki.  This  means  that  when  the  reaction  is  “ thermo -neutral,” 
(i.e.,  is  not  accompanied  by  any  thermal  change),  then  temperature  has  no 
influence  upon  its  velocity.  Thus,  in  the  reaction 

CH3(CH2)2COOC2H5  * ~ CH3(CH2)2COOH  + C2H5OH, 


Ethyl  Butyrate.  Butyric  Acid. 

the  calorific  value  of  CH3(CH2)2COOH  = 85T3  calories,  and  those  of 
CH3(CH2)2COOH  and  C2H50H  are  325-7  and  524-4  respectively,  giving 
a total  of  850-2  calories.  Therefore  there  is  practically  no  evolution  or 
absorption  of  heat  in  this  reaction,  and,  according  to  theory,  temperature 
should  have  no  influence  upon  its  velocity.  Experiment  has  confirmed 
theoretical  expectation,  for  it  has  been  found  that  in  similar  reactions  the 
velocity  at  10°  is  practically  the  same  as  that  at  220°. 

Note  (3). — If  the  temperature  interval  is  sufficiently  small  to  make  the 

Q (T2  - Tx) 

may 


product  TiT2  fairly 
C(T2  — Tx),  where  C = 


constant, 

Q 


then 


T1T2 


be  written  as 


K2 

Ki 


- ,C(T2 


- = e 


2TiT2‘ 

' J *)  orlogio 


K2 

Kx 


K2 

Kx 


= -434  C (T2  - Tx) 
= A (T2  — Tx). 


- = 10A  (T^“Ti). 
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If  T2  — Ti  = 10,  this  equation  becomes 


IQ + 10  _ 

K t 


= 10 


10A 


■ is  called  the  temperature  coefficient  (see  p.  15),  and  is  generally 

found  to  lie  between  2 and  3. 


The  efficiency  equation  has  also  been  applied  to  calculate 

(3)  Ths  Heat  of  Solution  of  a Substance. — In  this  case 


2-3  logio 


C2 

Ci 


Q (T2  - Ti) 

2 TiT2  ’ 


where  Ci  and  C2  are  the  concentrations  of  the  saturated  solutions 
at  Ti  and  T2,  and  Q — heat  of  solution. 

(I)  Heat  of  Dissociation  of  Gases,  where  a similar  equation 
applies. 


EXAMPLES. 


(1)  Madsen  and  his  co-workers  found  the  influence  of  temperature  upon 
the  velocity  of  haemolysis,  agglutination  and  precipitation  to  be  the  same 
as  for  other  chemical  reactions,  viz., 


*2 

Ki 


Q (Ta  - TJ 
2 TxT2 


If  the  addition  of  0-085  c.c.  of  an  ammonia  solution  to  8 c.c.  of  a 1 per  cent, 
solution  of  horse’s  erythrocytes  produces  haemolysis  in  ten  minutes  at  a 
temperature  of  34-8°  C.,  how  many  c.c.  of  the  same  ammonia  solution 
added  to  the  same  quantity  of  erythrocytes  will  produce  the  same  amount 
of  haemolysis  in  the  same  time  at  a temperature  of  29-7°  C.  ? [Q  in  this 
case  — 26,760.] 

As  at  29-7°  the  velocity  will  be  less  than  at  34  8°.  .*.  A greater  amount 

of  NH3  solution  will  be  required  at  29-7°,  to  produce  the  same  result  in  the 
same  time,  than  at  34-8,  and  if  x be  the  quantity  required,  then 


K34-8 

K29-7 

X 

04)85 


x 


0085 

Q (T34.8 

e 2 T34.8 


- To 


. T 


29-7 


13380  X 
e 


5-1 

307:8  x 302-7 


e0'67. 


log  X - log  0-085  = -67  X -4343  = -291. 
log  x — 2-9294  = -291,  or  log  x = 1-2201, 
whence  x = 0-166  c.c. 


(The  observed  result  was  found  to  be  0-17  c.c.) 

Note. — It  is  easy  to  evaluate  Q in  any  particular  case,  for  Tx  and  T2 
being  known,  and  Kx  and  K2  being  ascertainable  for  any  reaction,  Q is 
readily  calculated.  This  is  seen  from  the  next  example. 
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(2)  Spohr  found  the  velocity  of  reaction  in  the  case  of  inversion  of  cane 
sugar  to  be  9-67  at  25°  and  139  at  45°.  Find  what  should  be  the  theoretical 
velocity  at  40°  C. 

Here  we  first  have  to  find  the  value  of  Q from  the  two  data  at  25°  and  45° 
and  then  substitute  it  in  the  formula  for  K at  40°. 

Thus 


k45 


Q 

2 298  X 318’ 


(20) 


Kof 


i.e., 


2-3  loc 

e 9-67 


Zb 

10Q 

139  94764 

= e 

139 


10Q 

94764 


t.e.. 


i.e. 


94  764- 

2-3(2-1430  - -9854)  x = Q, 

10 

Q = 2-3  X 1-1576  x 9476-4 
= 25,230. 

K at  40  is  given  by  the  equation 

25230  (T40  — T25) 


K 


K 


40  = e 2 


313  X 298 


25 


or 


or 


2-3  log  K40  - 2-3  log  9-67  - 12665  X 


15 

93274 


2-3  log  K40  - 2-266  = 2-036. 

, Tr  4307 
• • ^40  2 3 

K40  = 74-2. 


1-87. 


(The  observed  value  of  K40  was  73-4.) 

(3)  Barcroft  found  the  influence  of  temperature  upon  the  dissociation 
velocity  of  oxyhaemoglobin  to  be  of  the  usual  character,  viz.  : 

Q ( P 2 — P 1 ) 


= e 2 rP2  . Tx 


Calculate  the  molecular  weight  of  hsemoglobin  from  the  following  data  : 

(1)  Percentage  of  haemoglobin  converted  into  oxyhaemoglobin  at  various 
temperatures  when  the  pressure  of  oxygen  was  kept  constant  at  10  mm.  Hg 
were  found  to  be  as  follows  : 


Temperature 

16° 

24° 

32° 

38° 

49° 

(2)  Calorific  value  of  1 grm 


Percentage  converted. 
92 

71 
37 
18 

6 

haemoglobin  = 1-85  calories. 


(3)  The  dissociation  is  a reversible  reaction  as  follows : 

Oxyhaemoglobin  haemoglobin  -f  oxygen. 
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If  we  call  the  concentration  of  oxyhaemoglobin  C(HbO)>  the  concentration 
of  haemoglobin  C(Hb),  and  the  concentration  of  oxvgen  C(Ob  then,  by  the 
kw  of  mass  action  (see  p.  215), 

£lC(HbO)  = feC(Hb)  X C(O). 

Now,  by  Henry’s  law,  the  oxygen  concentration  C(O)  is  proportional  to 
the  pressure  of  the  oxygen,  p. 

Therefore  we  can  put  the  equation  into  the  form 

fci  C(HbO)  = &2C(Hb)  • p- 
ki  _ C(Hb)  • P 
* * h ~ C(HbO)  ’ 

C(Hb)  • p 


or 


k = 


C(HbO) 

(where  k is  the  dissociation  constant). 

Hence  if  the  pressure  of  oxygen  (p)  is  kept  constant  at  any  temperature, 

then  k is  proportional  to 

k\Q  is  proportional  to  and  may  be  put  as  equal  to  q^o)  at  19°,  vlz' 


k% i 
#32 
i^38 
&49 


24°  5? 


63 

’ ” 37 
82 


32° 

38°,  „ 


49°,  „ 


18’ 

94 

IT 


Now, 


Q/7I34  — T16\ 

e 2 ' T24 . 1 16  . 
4Q 


&24 

ku  " 

2Q  Q2 
_ X — = e 297  . 289  = e 21458 

71  8 

Q 


Q 


or 


log  4*7 


4*7  = e 21458. 

Q 


X -4343. 


21458 

2-3  X -6718  X 21458  = Q = 32,450. 


&32  63  71 


Q 


Similarly  or  yj  X 29  = e 22646, 
giving  Q = 32,700. 


Also 

giving 

Lastly 


ko  0 

' or  2-675  = e3T6T8, 


£32 

&49 

Hs 


Q = 31,120. 
Q 


or  3-439  = e 18207, 


Q = 22,500. 


giving 
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The  mean  of  these  four  values  of  Q 

(32,450  + 32,700  + 31,120  + 22,500) 
— 4 


- 29,700. 


Hence  amount  of  heat  given  off  by  the  union  of  1 grm. -molecule  of  hoemo- 
globin  with  oxygen  = 29,700  calories.  But  from  (2)  the  union  of  1 grm.  of 
haemoglobin  with  oxygen  liberates  1-85  calories. 


molecular  weight  of  haemoglobin 


29,700 

1-85“ 


16,500, 


which  is  practically  identical  with  the  known  weight  of  haemoglobin. 

Note. — Amongst  the  vital  processes  which  are  accelerated  by  a rise  of 
temperature  in  accordance  with  the  above  law  may  be  mentioned  the 
following  : the  development  of  sea-urchin  and  other  eggs  (see  p.  15)  ; the 
conduction  of  impulse  along  a nerve  ; the  action  of  drugs  upon  muscle  ; the 
rate  of  the  heart-beat ; phagocytosis ; the  reaction  velocity  of  disinfection  ; 
the  rhythm  of  the  small  intestine ; respiration  in  plants,  etc.  Thus,  in  the 
case  of  nerve,  experiment  shows  that 

Velocity  of  nerve  impulse  at  tn  + io  t> 

Velocity  of  nerve  impulse  at  tn 

Hence  it  follows  that  metabolism  occurs  more  rapidly  in  cases  of  fever 
than  normally.  Similarly  in  the  case  of  phagocytosis.  But  in  this  case 
it  has  been  shown  by  Madsen  and  his  collaborators  that  the  temperature  of 
the  body  at  the  time  the  corpuscles  have  been  obtained  is  the  optimum. 


B 


R 


CHAPTER  XV. 


USE  OF  INTEGRAL  CALCULUS  IN  ANIMAL  MECHANICS. 

The  Relation  between  the  Actual  and  Potential  or  Inherent 
Work  of  Fan-shaped  Muscles.— Fan-shaped  muscles  are  muscles 
whose  one  attachment  (origin  or  insertion)  is  a point,  and  whose 
other  attachment  (insertion  or  origin)  is  a line.  These  muscles 
are  divisible  into  three  groups  : 

(1)  Circular  Muscles,  i.e.,  those  in  which  the  line  of  attachment 
is  the  arc  of  a circle  (e.g.,  Pectoralis  Major,  Latissimus  Dorsi,  etc.). 

(2)  Elliptical  Muscles,  i.e.,  those  in  which  the  line  of  attachment 
is  a portion  of  the  circumference  of  an  ellipse  (e.g.,  Temporalis, 
etc.). 

(3)  Triangular  Muscles,  i.e.,  those  in  which  the  line  of  attach- 
ment is  a straight  line  (e.g.,  Trapezius). 

The  circular  muscles  are  the  easiest  ones  to  deal  with  mathe- 
matically, whilst  the  elliptical  ones  are  the  most  complicated  of 
all.  Here  we  shall  deal  with  the  circular  and  triangular  varieties 
only.  But  first,  let  me  explain  what  is  meant  by  the  actual  and 
'potential  work  of  a muscle.  We  have  seen  (p.  47)  that  in  the  case 
of  a prismatic  muscle,  both  the  total  force  of  the  muscular  fibres, 
as  well  as  the  direction  in  which  the  insertion  moves  towards  the 
origin,  are  entirely  in  the  line  of  the  fibres  themselves,  whilst  in 
the  case  of  muscles  like  Rhomboid  muscles,  in  which  the  fibres 
are  not  attached  to  their  origin  and  insertion  perpendicularly, 
the  effective  component  of  the  contractile  force  of  each  fibre  is 
less  than  the  actual  force  with  which  the  fibre  contracts,  and  also 
the  effective  movement  of  the  insertion  is  not  the  same  as  the 
actual  amount  by  which  the  fibres  contract.  Hence  we  say  that 
the  actual  work  of  a muscle  is  the  product  of  its  effective  force  by 
the  effective  shortening.  The  potential  or  inherent  work  of  a muscle 
is  the  amount  of  work  that  the  muscle  is  capable  of  doing  under 
the  most  favourable  arrangement  of  its  fibres  (i.e.,  if  its  fibres 
were  arranged  in  a prismatic  manner),  when  both  the  force  of  its 
contraction  as  well  as  the  direction  of  shortening  is  entirely  in  the 
direction  of  its  fibres. 

(a)  Circular  Muscle  (Fig.  88). — Let  AB  = circular  arc  repre- 
senting the  origin  of  the  muscle,  and  0 = centre  of  the  circle 
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representing  the  insertion.  Let  / AOB  = 20,  and  let  OC  be 
the  middle  fibre  bisecting  the  angle  AOB,  so  that  / AOC  = 
Z BOC  — 0.  Also  let  L = length 
of  each  fibre.  Then,  since  each 
fibre  must  contract  with  the  same 
force, 

resultant  of  any  pair  of 
fibres  like  OA  and  OB,  or  OD,  and 
OE,  etc.,  making  equal  angles  at 
opposite  sides  of  the  bisector  OC, 
will  act  along  OC. 

OC  will  represent  the  direc- 
tion of  the  resultant  of  the  whole 
muscle. 

Now  since  the  component  of  the 
force  / of,  say,  the  fibre  OA  along 
OC  =/  cos  0. 

dlR, 

~d0  = f C0S  ^ ^ being  the  resultant  of  all  the  fibres). 

dR  =/  cos  OdO  — force  of  a single  fibre. 

•+0 


— Arrangement  of 
Fibres  in  a Circular  Muscle. 


( + 9 

f cos  OdO  — 2 f sin  0, 


i.e.,  the  resultant  R of  the  forces  of  all  the  fibres,  estimated  in  the 
direction  OC  is  equal  to  2/  sin  0 (i.) 

Also,  since  the  length  of  each  fibre  is  the  same  = L. 

the  amount  of  shortening  of  each  fibre  during  contraction 
is  also  the  same  = l,  (say) 

amount  of  shortening  in  direction  of  resultant  = l. 

total  amount  of  work  done  by  muscle  = 2 fl  sin  0. 

actual  work  of  muscle  = 2 fl  sin  0 (ii.) 

But  Potential  or  Inherent  work  of  the  muscle  is  the  amount  of 
work  that  all  fibres  are  capable  of  performing,  and  as  each  fibre 
acts  with  a force/,  and  contracts  by  an  amount  l, 
amount  of  inherent  work  of  each  fibre  — fl. 
amount  of  inherent  work  of  whole  muscle  — 2 flO. 


actual  work 
inherent  work 


of  a circular  muscle  = 


2 fl  sin  0 sin  0 

~2fl0~  = IT* 


Example. — Find  the  amount  of  work  lost  by  (1)  the  Pectoralis  Major , 
(2)  the  Latissimus  Dor  si,  (3)  the  Iris,  as  the  result  of  the  circular  fan-shaped 
arrangement  of  their  fibres  ; given  that  the  angle  between  the  extreme 
fibres  of  these  muscles  is  : 

(1)  In  the  case  of  the  Pectoralis  Major  = 90° 

(2)  In  the  case  of  the  Latissimus  Dorsi  = 35°. 
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(3)  In  the  case  of  the  Iris  = 180°  (since  the  fibres  radiate  through  a 
semicircle).  (See  S.  Haughton,  “ Animal  Mechanics.”) 

(1)  TA°tUal7°rkr  of  Pectoralis  Major 
' Inherent  work 

V2 

sin  45  2 


(2) 


7T 

4 

2 V2 

7 r 

2-82 
~ dT4 
- 0-90. 

amount  of  work  lost  =10  per  cent. 
Actual  work 


7 r 


Inherent  work 


of  Latissimus  Dorsi 


sin  17°-30/ 
•3054 


•3007 

41054 


= 0-98. 


amount  of  work  lost  = 2 per  cent. 
(3)  In  the  case  of  the  Iris,  d = 90. 

sin  6 _ 1 __  2 

~~e  ^72  “ 7 

amount  of  work  lost  = 36  per  cent. 

(b)  Triangular  Muscle  (Fig.  89). — 


O 


Fig.  89. — Diagram  of  a Triangular  Muscle. 


z 


0 = Insertion; 

AB  = Origin. 

AOB  = 20. 

00  = bisector  of  angle  AOB  making  an  angle  = j$  with  the 
base. 

OP  = perpendicular  to  base. 

CD  ==  perpendicular  from  C to  side  OA. 
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Each  fibre  contracts  with  the  same  force  / independent  of  the 
length  of  the  fibre  (which,  of  course,  is  variable). 

Let  L = the  variable  length  of  a fibre 
and  l = the  amount  of  shortening  of  a fibre 

being  constant  = K. 

Now,  since  the  contractile  force  of  each  fibre  is  the  same, 

OC  represents  the  direction  of  the  resultant  of  the  whole 
muscle  (as  in  the  case  of  a circular  muscle). 

as  in  the  case  of  a circular  muscle,  the  resultant  of  the  forces 
of  all  the  fibres  estimated  in  the  direction  OC  is 


cos  6 = 2 /sin  0. 


Now  let  6 = amount  of  shortening  of  the  bisector  OC. 
actual  work  done  by  triangular  muscle  = 2/6  sin  0 . 


But 


6 

OC 

6 


- K 

= K . OC. 


actual  work  W = 2/K  . OC  sin  0. 

j)  , DC  . a 

But  ^ = sin  0, 

DC  = OC  sin  0. 

actual  work  W = 2/K  . DC  . . 

Now  let  us  find  the  inherent  work  of  the  muscle. 


OP 

OC 


sin  [3. 


Also,  if  we  take 
have 


.*.  OP  = OC  sin  /3. 

any  fibre  such  as  OA,  whose  length  — L,  we 


OP 

OA 


or 


OP 

L 


sin  ((3  — 0). 


OP  = L sin  ((3  — 6). 
L sin  ((3  — 0)  = OC  sin  j3. 


OC  sin  [3 
sin  (f3  — 6)' 


l (i.e.,  amount  of  shortening  of  any  fibre)  which  = KL, 


K . OC  sin  (3 
sin  ((3-6)' 
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We  therefore  have  as  follows  : 

Amount  of  shortening  of  a fibre  = ^ ^ s*n  @ 

° sin  (/3  — 0) 

Force  of  contraction  of  a fibre  = /. 

amount  of  work  inherent  in  a fibre 

_/.  K . PC  sin  ft 
sin  (/ 3—0 ) 

.’.  inherent  work  of  whole  triangular  muscle  is 


r 


+ e 


W' 


/ . K . OC  . sin  (3 
sin  (/3  — 0) 


. dO 


/ . K . OC  . sin  |3 


4-  0 


dO 


J 


sin  (/?  — 0) 
- 0 


/.  K . OC . sin  /3  log 


cot  2 ^ 


cot- 0 + 0) 

1 


(see  p.  210). 


= / . K . OP  log 


cot  2 (/3  — 0) 


cot  | (/?  + 0) 


actual  work  . J . . . 

v— r 7 oi  a triangular  muscle 

inherent  work  ° 

2/K.DC 


2 DC 


/ K . OP  log 


cot  2 (/3  - 0) 
C0t'-o  (P  + $) 


cot  -(P  - 0) 


OP  log 


cot  1 (3  + 9) 


Example. — Find  the  amount  of  work  lost  during  the  contraction  of  the 
two  Trapezii  muscles,  the  following  measurements  being  given  (Fig.  90). 

/3  = 83°. 
e = 47°  30k 
OP  — 7 ins. 

DC  = 5-16  ins. 
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Fig.  90. — Diagram  for  Calculating  the  Work  done  by  the  Contraction  of 

the  two  Trapezii  Muscles. 

W _ 2 DC 

W'  — 1 “ 

cot  h-  (j3  - 0) 

OP  log  — ± 

c°ty(/3  + 0) 

2 X 5-16 

cot  — (83  - 47°  30') 

7 log  — f • 

cot  -4- (83  + 47°  30') 


10-32 


7Iog(Cgtl7°.44 

8 \cot  65°  157 


0-77. 


each  Trapezius  muscle  loses  23  per  cent,  of  its  inherent  work,  in  virtue 
of  the  fan-shaped  arrangement  of  its  fibres. 


CHAPTER  XVI. 


USE  OF  THE  INTEGRAL  CALCULUS  FOR  DETERMINING 
AREAS,  LENGTHS  AND  VOLUMES  AND  MOMENTS  OF 
INERTIA. 


Areas. — The  finding  of  areas  is  of  great  importance  in  all  prac- 
tical mathematical  work  (see  Chapters  XVIII.  and  XXL). 


R 


S 


y 


Area  5 A 
y 


n s 

Fig.  92. 


Let  AB  (Fig.  91)  be  any  curve  whose  equation  is  y =f(x),  and 
let  it  be  required  to  find  the  area  (A)  of  the  portion  PMNQ. 

If  we  call  ON  = x,  then  NQ  = y. 

Now  take  NS  = 8x}  and  draw  the  ordinate  SR, 
then  SR  = y + 8y 

and  area  PMSR  = A + SA. 

/.  area  QNSR,  which  = PMSR  - PMNQ 

= A + SA  — A 
= 8A. 


Now  if  the  short  distance  QR  were  straight,  then,  as  in  the 
diagram  (Fig.  92),  we  would  have 

Area  SA  = y . Sx  + J 8x  . 8y. 

Jj 


8A 

8x 


= y + \%y- 


« • 
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as  Sx  and  8y  get  smaller  and  smaller  and  become  dx  and  dy , 
SA  becomes  dA  and  we  ultimately  get  (in  the  limit  when  dx  and 
dy  = 0) 

dA 


dA  — ydx  = f(x)dx. 

Jydx  = 

A = ¥(x)  where  F(a;)  is  the  integral  of  f(x)dx.  Hence,  if 
we  have  any  curve  whose  integral  is  known  or  can  be  found, 
then  its  area  A can  be  determined. 

Whenever  we  have  to  find  the  area  of  any  curve  we  have  always  to 
integrate  between  limits.  Thus,  in  the  above  case,  the  limits  are 
OM,  ON,  because  we  are  concerned  with  finding  the  area,  not  of 
the  surface  under  the  whole  curve,  but  only  that  under  PQ,  which 
is  limited  on  the  left  by  PM  and  on  the  right  by  QN. 


Example. — Find  the  area  of  a circle  of  radius  r.  The  whole  area  may  be 
considered  as  being  made  up  of  a series  of  concentric  rings.  Consider  one 
such  ring.  It  consists  of  two  concentric  circles  whose  radii  are  a and  a + da. 
As  the  circumference  of  the  inner  of  these  two  circles  = 2tt a,  and  the  cir- 
cumference of  the  outer  of  these  two  circles  = 2-rr(a  + da), 

.‘.  area  of  ring  = 2 7 r(a  + da)  . da  = 2irada  (since  (da)2  is  of  the  second 
order  of  magnitude). 


fR  2 

area  of  circle  = 2?r  l ada  = 7rR  . 

.0 


Lengths  of  a Curve. — Supposing  it  to  be  required  to  find  the 
length  of  the  curve  APQR  in  Fig.  91  : 
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If  we  refer  to  Fig.  92  we  see  that  QR2  = (Sx)2  -f  (8y)2. 
QR  = VW)2  + (W 


i.e., 


SI  — * 1 1 ~\~ 


Sy' 

Sx, 


. Sx  (where  l = length  of  curve). 


But  the  limit  of  the  chord  QR  (Fig.  91)  is  equal  to  the  arc  QR 
(Fig.  90). 


dl  - 


i+(t0  -dx 


l — \ / 1 + 


'dyy 

dx) 


. dx. 


dy  • 


Hence,  if  the  equation  of  the  curve  is  known,  ^ is  known  and 
l can  be  calculated. 


Example. — What  is  the  length  of  the  circumference  of  a circle  of  radius  r ? 
Equation  of  circle  is  x2  + y2  — r2 

- y2  — T2  — x2 


dy  _ x 
dx  y 


Determination  of  Moments  of  Inertia. — In  the  study  of  locomo- 
tion, as  well  as  of  the  physics  of  bone  and  in  the  construction  of 
various  physiological  recording  apparatus,  the  moment  of  inertia 
is  a constant  of  great  importance.  The  integral  calculus  affords  a 
ready  method  of  evaluating  this  constant. 
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Definitions. — (1)  The  moment  of  inertia  of  a particle  about  a 
given  point  or  line  is  the  product  of  the  mass  of  that  particle  by 
the  square  of  its  distance  from  that  point  or  line,  and  represents 
the  kinetic  energy  of  the  rotating  particle. 

(2)  The  moment  of  inertia  of  a body  about  a given  point  or  line 
is  the  sum  of  the  products  of  the  mass  of  every  particle  in  that 
body  by  the  square  of  its  own  distance  from  that  point  or  line, 
and  represents  the  kinetic  energy  of  rotation  of  the  whole  body. 

If  m be  the  mass  of  a unit  volume  of  the  substance, 
dx  be  the  size  of  the  particle, 

x be  the  distance  of  the  particle  from  the  point  or  line, 
then  mjx2dx  — I (where  I stands  for  the  moment  of  inertia). 

EXAMPLES. 

(1)  To  find  the  moment  of  inertia  of  a circle  about  its  centre  (he.,  about  a 
line  passing  as  an  axis  through  its  centre). 

Let  ABC  represent  the  circle  (of  radius  r)  and  A'B'C  a thin  annulus  of 
thickness  dx  at  a distance  x from  the  centre. 


Fig.  94. 

Then  the  moment  of  inertia  of  every  particle  in  that  annulus  about  0 is 
mx2dx  ; (m  = mass  of  unit  volume  of  substance), 
moment  of  inertia  of  entire  annulus  about  0 is 

2nx  . mx2dx  = 2-7T mx^dx. 
moment  of  inertia  of  whole  circle  is  given  by 

I = 27rmj>  xsdx  = T^I4. 

(2)  Find  the  moment  of  inertia  of  a circle  about  one  of  its  diameters 
(e.g.  of  a transverse  section  of  a circular  bone). 


252 


BIOMATHEMATICS. 


The  moment  of  inertia  of  any  particle  P about  the  diameter  AB  is  Pa;2 
(where  P,  represents  its  mass). 

The  moment  of  inertia  of  P about  the  diameter  CP  is  Vy2. 


A 


sum  of  these  moments  of  inertia 

= Pa;2  + P y2  — P(.r2  + y2) 

_ pr2  _ momenf  0f  inertia  of  P about  0, 

i.e.,  the  moment  of  inertia  of  the  particle  about  0 is  equal  to  the  sum  of 
the  moments  of  inertia  of  the  particle  about  the  two  diameters. 

the  moment  of  inertia  of  the  whole  circle  about  the  centre  is  equal  to 
the  sum  of  the  moments  of  inertia  of  the  whole  circle  about  its  diameters  at 
right  angles. 

But  the  moment  of  inertia  of  a circle  about  one  diameter  is  equal  to  that 
about  the  other  diameter. 

moment  of  inertia  of  circle  about  a diameter 

= ^ moment  of  inertia  about  its  centre 

_ 7rmr4 

4 ’ 

For  an  approximate  method  of  finding  the  moment  of  inertia  of  a section 
of  bone  b}^  means  of  squared  paper  (similar  to  that  mentioned  under  2 (a) 
on  p.  263  in  connection  with  approximate  integration),  see  J.  C.  Koch, 
Am.  J . Anatomy,  1917. 


CHAPTER  XVII. 


SPECIAL  METHODS  OF  INTEGRATION. 

Tiie  integrals  so  far  considered  are  so  called  standard  or  funda- 
mental integrals  with  which  the  student  is  expected  to  be  familiar. 
When  he  meets  with  other  expressions  which  he  has  to  integrate 
he  must  by  some  means  bring  them  into  one  or  other  of  these 
standard  forms  to  enable  him  to  perform  the  integrations.  The 
following  are  the  methods  most  frequently  employed  for  the 
purpose. 

(1)  The  Method  of  Substitution,  by  which  a new  variable  is 
introduced  which  enables  the  integrand  to  be  put  in  a simple 
form. 


EXAMPLES. 

(1)  Find  the  integral  of  cos ^xdx. 


Put 


But 


sin  x — z. 
dz 


dx 


cos  x. 


dx  = 


dz 


COS  X 


-1 


dz 

cos  x 


cos  2xdz. 
cos  # = 1 — sin  # = 1 — z . 
cos  2xdz  =1(1—  z2)dz 


I' 

J*  ~ 1 


z2dz 


— z — — sin  x ( 1 


1 

3 


,2,  Find  value  of  j aecixdx. 


| sin2#  j -j-  C. 
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Put 


tan  x 
d,z 
dx 

dx 


sec2  x. 


dz 

■ 

sec“  x 


jsec“;rf*  = J j 


dz 


sec ^xdx  = | sec4#  — „ 

sec^  x 


— {sec  2xdz. 


But 


, f 

sec2#  = 1 + tan2# 

= 1 + z2. 

'•  fsec‘^  = l(1  + 2Vz 

= Z + I 23  + C 
= tan  x -f-  ^ tan3 a;  -f  C. 

O 

(2)  The  Method  of  Partial  Fractions. — By  this  method  a com- 
plicated algebraic  fraction  is  broken  up  into  a sum  of  a number 
of  simpler  fractions  which  render  themselves  very  suitable  for 
integration. 


Example. — Find  the  value  of 


I 


x6  — lx  -j-  1 
x6  — 6a:2  llx  — 6 


dx. 


Splitting  the  expression  up  into  its  partial  fractions  in  the  manner 
described  on  p.  26,  one  finds  that 


x 


lx  + 1 


9 


11 


. f ± 

• J*3- 


x6  — 6ar  -f-  1 In; 
3 - lx  + 1 


6av  + 1 la? — 6 


6 

dx  = 9 


x 


X 


2 2(x  - 3)  2(x  - 1)* 

4-2  “}^3 


dx 


11 


5. 


= 91og  (x-2)-~ log  (a:— 3)  — ^ log  (#— 1)  + 0 


log 


(x  - 2 y 


V (x  - 3)11  (#  - l)5 


C. 


1 


EXERCISE. 

dx 


{x  + 1)  (x  + 2)“  (#2  + 1)' 


Find  the  value  of 
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[Answer. 

2 log  ^ + ^ + ~5  (x  + 2)  _ 2b 


log  {x  + 1)  — log  A7#2  -f-  1 — ^ tan' 
o 


1 

50 


‘"I 


(3)  The  Method  of  Trigonometrical  Transformation,  whereby 
trigonometrical  differential  expressions  are  reduced  to  easily 
integrable  forms. 

EXAMPLES. 


(1)  Find  the  value  of  jcosz0<i# 


i 


Since 


cos  2#  = cos2#  — sin2#  = 2 cos2#  — 1 . 

9 cos  20+1 
cosz  # = 2 • 

j'cos2#^#  = ^j*(cos2#  -f-  l)dO 

= ^ Jcos2#cZ#  + ^ Jd# 

_ sin  2#  # 

4 + 2 ' U 


(2)  An  important  integral  is  j V az  - xzdx. 

It  can  easily  be  integrated  by  transforming  it  into  the  form 
thus  causing  the  square  root  to  disappear,  as  follows  : 


./„2 


cos  20d0, 


Put  x — a sin  #,  then  V a 2 — a;2  becomes  a cos  # and  dx  becomes  a cos  Odd. 
j*  A7  a2  — x2cZx  = ft2 Jcos2  Odd 


— ft“  I — j f-  2)  + C 


a 


2 /sin  2#  ( O' 

\ 4 

2 

A-(sin#  cos#  + #1  + C 
V a2  — 

+ sin 


a fx  v a 

¥ u* 


a 


1?\ 

a) 


+ C 


X ./  9 9 ft  . i X ^ 

= 5 V — x2  + sm  1 — f-  C. 

2 '2  ft 


(4)  Integration  by  Parts— This  method  is  based  on  the  rule  for 
differentiating  a product  of  two  functions. 

Thus  d(uv)  = vdii  + udv. 

vdu  = d(uv)  — udv. 

Jvdu  = Jd{uv)  — Judv. 

Jvdu  = uv  — J udv . 
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Hence,  if  the  integral  of  vdu  is  not  known,  but  that  of  nclv  is 
known,  then  by  means  of  this  formula,  fvdu  can  be  found. 

As  an  example,  let  us  take  again  the  one  we  considered  under 
the  last  heading,  viz.,  Jcos20dv. 

Put  cos  OdO  = dv  and  cos  0 = u, 
then  J cos 20d0  = fudv 

= uv  — J vdu 

— cos  0 . sin  0 + Jsm20d6  (since  v = Jdv 
= /cos  OdO  = sin  0 and  du  = sin  OdO) 

1 


i.e.} 


= o sin  20  + /(l  — cos 20)d0 
Jcos20d0  = ^ sin  2(9  + 0 — fcos20d0. 


2 Jcos26d0  = ^ sin  2d  + 0. 

Jcos20d0  = ^ sin  20  + | -f  C. 

Example. — Find  Jlog  a%fo 

Let  u = log  a?,  and  dv  = dcr. 

.'.  |*i°g  aa£c  = fwdv  = uv  — J vdw 

= a;  log  a;  — Ja;  . 


dx 

x 


- x log  x — x -j-  C 
= x (log  x — 1)  + C. 

Multiple  Integration, — Just  as  it  is  possible  to  differentiate  a function 
successively,  so  it  is  possible  to  perform  successive  integration.  Thus,  if 


d2y 

-3  = «,  then  -2  = «c  + Cl. 


d2y 


A second  integration  gives 


— 2 ax"  + C1x  + C2. 

1 3 1 


A third  and  final  integration  yields  y — ^ ax 6 + ^ ar  -f-  C2x  -j-  C3 
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These  operations  might  have  been  written  as  follows 


ffV 
J dx3 


— o . dx  = ax  -f-  Ci . 
dx 6 

d?y 

\dxs  9. 


1 2 


d3y 
dx 3 


• dx  • doc  — - ctx  — J—  C^x  C^* 

2 

dx  . dx . dx  — n ax 3 + s C-^2  + C2x  + C3. 


In  this  case  the  successive  integrations  have  been  performed  with  respect 
to  the  same  independent  variable.  It  is  sometimes  necessary,  however, 
to  perform  the  task  with  respect  to  a different  independent  variable  each 
time.  Thus  we  might  have  a multiple  integration  as  follows  : 


ffi 


U dx  dy  dz 


where  U stands  for  some  function  of  x,  y,  z.  The  expression  would  then 
mean  that  we  have  to  integrate  first  with  respect  to  one  of  the  variables 
(say  x),  then  integrate  the  result  with  respect  to  any  other  of  the  variables 
(say  y),  and  finally  integrate  the  second  result  with  respect  to  the  third 
variable  (z). 


Thus  if 


J 


U dx  = A,  then  I i I U dx  dy  dz  = I I A dy  dz, 


and  if  j*A  dy  = B,  thenjj  A dy  dz  = j*B  dz. 

Each  integration  can  be  performed  between  given  limits. 


e.g. 


fa  Cb  rc 

1 I U dx  dy  dz. 
o Jo  Jo 


Examples. — (1)  Find  the  value  of  j e dx. 

00 


]: 


oo 


— X2 


Let 


+ » 


I = \ e x dx. 
— 00 


Then  since  the  limits  of  x are  between  + oo  and  — oo  , it  is  obvious  that 
if  we  put  y instead  of  x,  the  value  of  the  integral  between  + oo  and  — go 
would  still  be  the  same. 


I = 

I2_ 


+ 00  - 


e y dy. 


oo 


f+C°e  x*dx[+  ™e~  r"dy  = f"* 

J-«  J-»  J- 

-f::t 


00 


— x2,  7 — y 3 7 

e dx > e dy 


GO 


e-^  + ^dxdy. 


B. 
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By  changing  to  polar  co-ordinates  we  get 
I2  = 1 1 e~r  rdrdd 


= 03 _ ^ 

| e “ r\dr[ 2,7 de  = ^ e ~ r*dr*j ^ dd 

= (2)  t2*)  = 7r= 


2t r 


\/ 


i.e., 


+ CO  _xz 

e dx  — y 7r. 

— 00 


This  is  a very  important  integral  in  the  theory  of  statistics  (see  p.  343). 

(2)  The  gravid  uterus  may  be  considered  as  a prolate  spheroid,  i.e.,  the 
solid  of  revolution  generated  by  the  rotation  of  an  ellipse  about  its  major 

axis.  Find  its  volume  and  its  surface, 
if  its  major  and  minor  axes  are  12 
and  8 ins.  respectively.  Also  find 
the  radius  of  a sphere  having  the  same 
volume  as  the  uterus. 

If  AB  and  CD  are  the  two  axes  of 
the  ellipse  as  well  as  the  co-ordinate 
axes,  and  PR,  two  points  on  the  cir- 
cumference, then,  as  the  ellipse  revolves 
round  AB,  P and  R will  describe  circles 
of  radii  PQ  and  RS.  Now,  if  P and  R 
are  infinitesimally  close  to  each  other, 
QS  will  be  equal  to  dx,  and  PQ  will 
become  ultimately  equal  to  RS.  Therefore  the  volume  traced  out  by  the 

revolution  of  the  slice  PQSR  will  be  ?r . (PQ)2  . dx  = y2dx. 


But 


2 2 

j [where  a and  b are  the  semi -axes 
a 2 62  (major  and  minor).] 


■11 

62 


= 1 - 


ar 


a 


x 


y = 


b2 


a 


a a* 

( a 2 — x2)- 


ra 


volume  of  ellipse  which  = 2 


7r  y2dx 


Jo 
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/*a 


2k 


CL~ 


(a2  — x2)  dx 


J o 


%a 


(%a 


„ 6*  I o 7 „ b2  o T 

= 27r  I 0 a — 2k  — x ax 
cr  or 

Jo 


0 


b2  1 


2^6"  . a — 2k  ~ . r a 
a ^ 6 


= ^ b~a  ('  - 1) 


= g Kb2 a. 


volume  of  uterus  = 0 k . , 0 , • vr 

\^/  o 


4 ^8\2  12 

3 ^ 

= 402-2  cub.  ins. 

The  surface  of  the  prolate  spheroid 

•a 


2 I 27 Tifdx. 
0 

»a 


= 47r  | - \Ja2  — 

a 


since  y“  — 


u b 

a 


f*a 


2KCib 


'sin  1 e 


\a2  — x2dx 
Jo 

+ \/l  — e2  V 


/ 2 

2 


£B 


'] 


where  e is  the  eccentricity  (p.  Ill) 


= 2k.  6.4 


V 1-a*j 


sin 


/20 


V 36  4 

20  ~ + 6 


sm 


36 

.1  A/5 


= 487T 


1 V 

3 


3 2 

+ 3 


/0-84  radians  . 
48tt1 ^ + 


•475 
= 270-7  sq.  ins. 


•67^ 


S 2 
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If  a and  b are  equal,  then  the  spheroid  becomes  a sphere,  and  its  volume 
^ irab“  becomes ir a?  = ~ nrs  (where  r = radius). 

4 o 4 

-Trr3 --7T  . 16.6. 

rs  = 96. 

. ' 3 log  r = log  96  = 1-982271. 

r = 4-579. 

mean  curvature  of  uterus  is  that  of  a sphere  whose  radius  = 4-579  ins. 

Approximate  Integration. — There  are  some  functions  the  inte- 
gral of  which  cannot  be  expressed  in  finite  terms.  For  example, 

jex*dx  cannot  be  expressed  in  finite  terms  because  we  do 

not  know  any  function  whose  differential  coefficient  is  ex2. 

Another  integral  of  the  same  type  is  j* e~x2dx . Such  integrals,  how- 
ever, are  frequently  met  with  in  practical  work.  Thus  J e~x*dx  is 

of  great  importance  in  statistical  work  because  the  equation  of 
the  probability  curve — whose  area  between  given  limits  of  x has 


X ' 


to  be  found — is  y = Ae  2o"2  dx  (see  p.  342).  In  physics  also  this 

particular  integral  is  frequently  encountered.  There  are  several 
methods  by  which  such  integrals  may  be  calculated. 

(1)  Method  of  Converting  into  an  Infinite  Series. — 


EXAMPLES. 

(1)  Find  the  value  of  Je— X2dx. 

Expanding  e~x2  into  an  infinite  series  we  get 

— x2  i 

e = 1 


x 


X 


.8 


X 2 X * 

T + 172  ~ 1 . 2 . 3 T 1 . 2 . 3 . 4 


je  x*dx  — J.r2d.r  ~ 


• • • • 

x8dx  — . . 


- _r 1x3  I ^ x5  _! 

o T in  ^ A ( 


10 


42 


x7  + 


216 


x " 


(2) 


4 
e 

J o 


~x°dx  = l 


1 + 2 L 

24  ^ 320  5376 


+ . . . = -545. 


+ • 


. -j-  . . . -f-  C. 


For  the'value  of  the  integral  when  x is  equal  to  oo  see  p.  257. 
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(3)  Find  the  value  of  x which  makes 


y 


(lx  = -1. 


Here  we  have  to  find  x from  the  equation 

e 


■ 


-*a  dx  = ^ = -4431. 


Expanding  and  integrating  as  in  the  first  example  we  get 

^.3  X^ 

x — .>  + -jqj  — . . . + . . . = '4431. 
Ignoring  in  this  case  terms  of  x higher  than  x 5,  we  may  put 


*3  . *5 


V = * - T + 10  - '4431' 


We  therefore  have  to  find  a value  of  x which  will  make  y = 0 (see  p.  117). 
Tabulating  the  values  of  y corresponding  to  various  values  of  x,  we  get 
the  following  table  : 


X 

X 

x 3 

“ 3 

Xs 

+ 10 

- -4431 

y 

0 

0 

0 

0 

- -4431 

- 4431 

•1 

•1 

- -0003 

+ -000001 

t-  -4431 

- -3434 

•2 

•2 

- -0026 

+ -000032 

- -4431 

- -2457 

•3 

•3 

- -0090 

+ -00024 

- -4431 

- -1519 

•4 

•4 

- -0213 

+ -00102 

- -4431 

- -0234 

- r* 

•O 

•5 

- -0417 

+ -00313 

- -4431 

+ -0183 

I 


Plot  the  curve  which  will  be  found  to  cut  the  x axis  at  the  point  where  x 
is  between  0-4  and  0-5,  as  can  be  seen  from  the  table,  since  when  x — -4,  y is 
+ ve  and  when  x = *5  y is  — ve.  Hence  x must  lie  between  0-4  and  O' 5. 

Now  tabulate  the  corresponding  values  of  y and  x for  x = -41,  -42,  *43, 
. . . -49,  when  it  will  be  found  that  x lies  between  -47  and  -48. 

We  may  get  a still  closer  approximation  by  tabulating  for  values  of  x = 
•471,  -472,  . . . etc.,  when  x is  found  to  lie  between  -476  and  -477. 

Tabulating  still  further  we  get  x — -4769  to  four  places  of  decimals. 

For  exercises  on  approximate  solutions  of  complicated  equations, 
see  p.  262,  exercises  2 — 4. 


(4)  Find  the  value  of  7 r 
We  know  that 


I 


dx 


J 1 


sin  ^x  + C 


(A) 


V^l 


X 


X 

9 _1  1 

(1  - x2)  2=1+2 


x*  3 
1 +4 


x 4 15  xQ 

2 ! + ¥ * 3!  + 


dx 


V 1 — xl 


1 1 3 1 3 5 15  7 

* + 6*  + 20*  + 336*  + 


+ c . 


<B) 


But 
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Equating  A and  B we  get 


sin  *x 


x — I- 


X 


,3 


3x 


5 7 

20  + 112  * + ’ ' ’ 


Now,  if 


1 

2 


x = rr  then  sin'  "x 


.-T 


7 r 
6* 


*_i  , i M JL  , A JL  + 

6 2 ' 6 * 8 ' 20  ’ 32  ' 112  ’ 128  "r 
= -52342  + C. 


+ C, 


But  since  sin  10  = 0.  C = 0. 


7T 

6 


•52342,  whence  7 r = 3-141  .... 


EXERCISES. 


X^  rj/A 

( 1 ) Prove  that  log  ( 1 + x)  — x — — -f  — -f  . . . 


dx 

1 d~  x 


— log  (1  x)  and  also  = 


(1  — x + ar  — x^  -f-  . . .)  dx 


0$  X 4 

J ~ ~4 


+ . . . . 


(2)  Find  a value  of  x which  satisfies  the  equation 

x2,  — 5 log10  x — 2-531  = 0. 
Proceeding  as  in  example  3 above,  we  get  as  follows  : 


X 

1-99 

2-00 

2-01 

2-02 

y 

- 0-065 

- 0-036 

- 0-07 

+ 0-023 

Hence  x lies  between  2-01  and  2-02.  By  tabulating  further  (and  plotting 
if  desired),  x is  found  to  be  2-012. 

(3)  Solve  the  equation  x + log  x — 2.  [Answer,  x = 1-755.] 

(4)  In  the  theory  of  developmental  mechanics  the  following  equation 
occurs : 


^ — 0 + 0 cot 20  — cot  0 = 0.  (See  “ Child  Physiology,”  p.  101.) 


Find  the  value  of  0 which  will  satisfy  this  equation  (notice  that  in  the 
equation  0 is  in  radians). 

Tabulating  we  get : 


e 

(in  degree) 

7 r 

4 

- 9 

— cot# 

+ e cot2# 

= y 

34°  37' 

•7854 

- -6042 

- 1-4487 

+ 1-2680 

= -0005 

34°  38' 

•7854 

- -6045 

- 1-4478 

+ 1-2671 

= -0002 

34°  39' 

•7854 

- -6048 

- 1-4469 

+ 1-2661 

= -0002 

0 must  lie  between  34°  38'  and  34°  39',  i.e.,  0 = 34°  37'  30". 


SPECIAL  METHODS  OF  INTEGRATION. 
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(2)  Graphically. — Plot  the  curve,  whose  integral  is  to  be  deter- 
mined, and  find  its  area  (enclosed  between  two  given  values  of  x 
and  the  x axis)  in  one  of  the  following  ways  : 

{a)  Count  the  squares  on  the  squared  paper  on  which  the  area 
has  been  traced  (Fig.  97). 


r 

T 

"I  •" 

i 

i 

1 

) 

s 

/ 

I 

Fig.  97. — Squared  Paper  Method  of  Approximate  Integration. 

(b)  Cut  out  the  area,  weigh  it,  and  compare  its  weight  with  that 
of  a known  area  of  the  same  paper.  This  is  a method  adopted  for 
finding  the  surface  area  of  the  human  body. 

(c)  By  the  Planimeter,  which  is  a special  instrument  that 
rapidly  and  accurately  measures  the  area  of  any  irregular  curve. 
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The  one  commonly  used  is  Amsler’s  planimeter.  It  consists  of  two 
arms  pivoted  together.  The  end  of  one  arm  is  fixed  down  to  any 
point  either  inside  or  outside  the  area,  whilst  the  point  fixed  to 
the  end  of  the  other  arm  is  made  to  move  round  the  outline  of  the 
curve.  A graduated  wheel  records  the  area  traced  out. 


(3)  Mean-Ordinate  Method  (Fig.  98). — Since  any  area  can  be 
split  up  into  a number  of  rectangles,  as  in  the  figure,  it  is  obvious 
that  the  whole  area  is  equal  to  the  product  of  the  base  and  the 
average  height  of  all  these  rectangles.  Hence,  by  dividing  the  base 
into  a number  of  equal  parts  and  drawing  perpendiculars  at  the 
mid-point  of  each  (dotted  lines  in  the  figure),  the  area  of  the 
figure  is  obtained  by  multiplying  the  base  by 


(the  sum  of  all  these  ordinates) 


base  x mean  ordinate. 


number  of  ordinates 

= bh  (where  h — height  of  mean 
ordinate). 

See  application  of  this  method  in  the  case  of  Harmonic 
Analysis,  p.  266. 

(4)  Newton- Cotes’  rule,  and)  , , t , 

;r(  q • , i ’ - can  only  be  mentioned  here. 

(5)  Simpson  s rule  1 J 


CHAPTER  XVIII. 


FOURIER’S  THEOREM. 


We  have  seen  that  Maclaurin’s  theorem  enables  us  to  expand  any  function 
of  x into  a series  of  ascending  powers  of  x.  If  we  have  to  deal  with  a 
'periodic  function,  then  Fourier’s  theorem  enables  us  to  expand  any  such 
function  into  a series  of  sines  and  cosines  of  multiples  of  the  independent 
variable. 

Thus,  while  Maclaurin’s  theorem  states  that 

f(x)  — Aq  -j-  Apx  ~i~  A2a'“  -j-  Ag.v^ 

Fourier’s  theorem  in  the  case  of  periodic  functions  states  that 
f(x)  = A0  + (Aj^  sin  x + Bx  cos  x)  + (A2  sin  2x  + B2  cos  2x) 


-f  (A3  sin  3x  -f  Bo  cos  3x)  + . . . . 


This  theorem,  apart  from  its  enormous  importance  in  all  branches  of 
physics,  is  of  interest  to  the  student  of  the  physiology  of  hearing.  It  expresses 
the  fact  that  every  musical  sound,  such  as  a violin  note,  may  always  be 
resolved  into  a number  of  simple  tones  corresponding  to  the  fundamental 
and  its  partials,  and  Helmholtz’s  theory  of  hearing  assumes  that  the 
various  radial  fibres  of  the  basilar  membrane  and  the  corresponding  arches 
of  Corti  will  be  excited  only  by  those  partials  of  the  compound  sound  to 
which  the  fibres  are  tuned. 

To  evaluate  the  constants  Aq,  Ai  . . . An,  Bi,  . . . Bn-  Since, 
during  a complete  period,  x changes  from  0 to  2tt , therefore  we  integrate 
both  sides  of  the  equation  between  the  limits  of  0 and  2tv. 


Thus 


/*2f7T  27T 

f{x)dx  = Aq  j dx  -f-  Ai 


r 2t 


JO 


r2 


7 r 


sin  xdx  -f  A2 

Jo  Jo 

"2;t  /*2tt 

+ Bi  I cos  xdx  -f  B2  cos  2 xdx  + • • • 


sin  2 xdx  -j-  . . . 


Now 

/°2tt 

sin  nxdx  — 

1 

cos  nx 

Jo 

n 

(*  2tt 

sin  xdx  = 0 


2 rr 


0. 


Jo 


r*  27 


sin  2 xdx  = 0 ; 


0 


etc. 
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Similarly 


/»Z7T 


1 . 

- sm  nx 
n 


cos  nxdx  = 

Jo 

f*2ir 

cos  xdx  — 0. 

Jo 

>27 T 

cos  2xdx  = 0 ; 

0 

etc. 

'2tT  /*2n 

f(x)dx  = A0  [ dx  = 2ttA( 


2tt 

= 0. 

0 


. 1 

A0  - 2 7T 


S*2tt 

f(x)dx 


r27 


Jo 


2ir 


ydx. 


Ji 


/®2t 


when 


f(x)dx  is  known,  A0  is  known. 


Jo 

To  find  the  values  Of  An  and  Bn,  multiply  throughout  by  sin  nx  and 
cos  nx  respectively  and  integrate. 


f 


'2-it 


2 TT 


Thus  j f(x)  sin  nxdx  — Ao  | sin  nxdx  -T  Ai  1 sin  nx  sin  xdx 


jo 


10 

*2ir 


J2n 

sii 

0 


+ . . . + An  I sin2  nxdx  + . . . 

C2w 

+ Bi  sin  nx  cos  xdx  -f-  B2 1 sin  nx  cos  2 xdx 

Jo 


+ • • • + Bn  1 sin  nx  cos  nxdx  + . . . 

.0 


But  1 sin  nx  — 0 (see  p.  205). 


2tt 

/» 2n 

sin  nx  sin  xdx  = 

1 

2 

(n  — 
cos  — 

2 

0 

J 

0 

J 

/»2t t 


(n  -f-  1)  7 7, 

' — - xdx  = 0 

2 

0 (see  p.  53). 


Similarly  for  all  the  other  terms  except  1 sin  2 nxdx , 

Jo 
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1 f2-  1 r 2tt  I 

which  = ^ (1  — cos  2nx)dx  = - dx  — ^ 

2 o 2 0 


2tt 


cos  2nxdx  = 7r  — 0 = tt. 


/(&)  sin  = A/j7r. 


1 C2n 

An  = - \ f(x)  sin  nxdx. 

77  Jo 


Similarly 


B 


n 


-Cj 

’Jo 


f(pc)  cos  nxdx. 


1 f"71"  j,  . 1 C^TT 

Hence  Ai  = - 1 f(%)  sin  xdx  ; A2  = — fix)  sin  2 xdx  ; etc. 

• ttJo  ttJ0 


Bi  = 


If2- 


7T 


That 


if2") 

^Jo 


f(x)  cos  xdx  ; B 2 = - I f(%)  cos  2 xdx  ; etc. 


sin  nxdx  and  j cos  nxdx  is  each  equal  to  zero  is  easily  seen 


by  looking  at  the  sine  and  cosine  curves  (Figs.  50,  51).  For  each  period  the 
area  of  the  portion  below  the  abscissae  is  equal  and  negative  to  that  above. 

We  shall  now  make  use  of  these  formulae  for  the  purpose  of 

Harmonic  Analysis,  i,e,,  the  analysis  of  a periodic  curve  into  its 
component  curves. 

Suppose  we  are  given  a curve  (Fig.  99)  representing  some  har- 
monic vibration — say,  a sound  wave — and  we  wish  to  find  its 
equation  or  its  component  waves,  viz.,  the  fundamental  and  the 
partials.  (Example  after  W.  N.  Rose,  “ Mathematics  for  Engineers  ” 
— D.N.  series.)  To  simplify  matters,  suppose  we  are  told  that  the 
wave  consists  only  of  the  fundamental  tone  and  its  first  harmonic. 

If  we  call  the  fundamental  x and  the  1st  harmonic  2x  then  the 
equation  of  the  curve  will  be 

y = f(x)  = A0  + Ax  sin  x + A2  sin  2x  + Bx  cos  x + B2  cos  x. 
The  problem  is  to  evaluate  the  constants  A0,  Ap  A2,  and  Bp  B . 

The  base  of  the  whole  curve  is  the  period  — 27 r = 360°.  Divide 
the  base  into  ten  equal  parts  representing  the  angles  36°,  72°,  108°, 
etc.,  as  shown  in  the  figure,  and  erect  the  mid-ordinates  y , y2,  y3 

. . . y10  at  the  points  corresponding  to  the  angles  18°,  54°,  90°, 

etc.  (Compare  p.  264.)  Measure  these  mid-ordinates  and  tabu- 
late their  values  as  follows  : 


yx  = 1-56 

y2  = 3-75 

y 3 = 4 
2 u = 2'91 
ys  = i-is 


y6  = - M3 
y7  = - 2-9i 

ys  = - 4 

y9  = - 3-75 

y10=  ~ i-6« 
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Then  since  the  sum  of  these  ordinates  — 0, 

,2tt 


r 


ydx  (which,  of  course,  is  equivalent  to  (y  + y2  + • • 
Jo 

+ y10)  = 0.  (See  mean  ordinate  method  of  approximate  inte 
gration,  p.  264.) 

2n 

1 r 


Ao  whioh  =-  2ir 


ydx  = 0. 


J 


the  equation  of  the  curve  is 
y = Ax  sin  a?  + A0  sin  2x  + Bx  cos  x + B2  cos  2x. 

x2l T 


Now,  A = - 


5 i 


7 r 


y sin  xdcc 
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which  is  approximately  the  same  as 

- sin  18°  + y2  sin  54°  + y3  sin  90°  + . . . + y10  sin  342° 

= ^ j^l  56  x -309  + 3-75  x -809  + 4x1  + 

2-91  x *809  + 1*13  X -309 

+ (-  M3)  (-  -309)  + - 2-91  (-  -809)  + ( - 4)  ( - 1) 

+ ( —3-75)  (--809)  + (-  1-56)  (-*309). 

(See  table  below.) 

= - [-309  (1-56  + M3  + M3  + 1-56)  + 4 (1  + 1)  + -809  (3-75 

+ 2-91  + 2-91  + 3-75)] 

= - [-309  (3-12  + 2-26)  + 8 + -809  (7-5  + 5-82)1 

7 r 

= +•309  x 5-38  + 8 + -809  x 13-32)  = - (1-662  + 8 + 10-776) 

7 r 7T 

= - x 20-44. 

7 r 

But  since  10  parts  of  the  base  = 2tt. 
tv  = 5 parts. 

1 

Ai  = g X 20-44  = 4*09. 

i r2- 

Similarly,  A2  = - I y sin  2 xdx. 

* Jo 

= g [yi  sin  36°  + y2  sin  72°  + y%  sin  108°  + . . . 

+ ...  ?/io  sin  684°] 

- g [1-56  x -588  + 3-75  x -951  + 4 x0 

+ 2-91  (--951)  + 1-13  (--588) 

+ (-  M3)  x -588  + (-  2-91)  x -951 
+ ( - 4)  x 0 + ( - 3-75)  (-  -951) 

+ (-  1-56)  (-  -588)] 

= g [-588  (1-56  - M3  - M3  + 1-56) 

+ -951  (3-75  + 2-91  - 2-91  + 3*75)] 

= i (-588  x -86  + -951  x 1-68). 

A2  = g X 2*104  = *421. 
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- i y cos  xdx 

^Jo 

* [-951  (1-56  - M3  + M3  - 1-56) 

+ -588  (3-75  - 2-91  + 2-91  - 3-75)j 

0 

* [-809  (1-56  + M3  - M3  - 1-56) 

+ 1 ( - 4 + 4)  + -309  ( - 3-75  - 2*91 
+ 2-91  - 3)75)] 

0. 

the  equation  contains  no  cos  terms. 

Hence  we  get  the  final  equation 

y = 4*09  sin  x + *42  sin  2x. 

In  other  words,  the  components  of  the  function 

are  yx  = 4-09  sin  x 

and  y%  = *42  sin  lx. 

The  original  curve,  together  with  its  two  components,  is  shown 
in  Fig.  99.  To  facilitate  the  work  the  values  are  tabulated  as 
follows  : 


Similarly,  Bi  = 


and  B2  = 


y 

X 

Sin  x 

Cos  x 

Sin  2x 

Cos  2x 

Vi  = 1-56 

18° 

•309 

•951 

•588 

•809 

y2  =3-75 

54° 

•809 

•588 

•951 

- -309 

Vz  = 4 

90° 

1 

0 

0 

- 1 

y 4 =2-91 

126° 

•809 

•588 

- -951 

- -309 

y 5 = M3 

162° 

•309 

- -951 

- -588 

•809 

y6  = - M3 

198° 

- -309 

- -951 

•588 

•809 

y7  =-  2-91 

234° 

- -809 

- -588 

•951 

- -309 

ya  = ~ 4 

270° 

- 1 

0 

0 

- 1 

y9  =-  3-75 

305° 

- -809 

•588 

- -951 

- -309 

yio  = ~ B56 

342° 

■ 

- -309 

•951 

- -588 

•809 

EXAMPLES. 


Analyse  the  curve  resulting  from  the  following  plotting  table  : 


x° 

0 

45° 

90° 

135° 

180° 

225° 

270° 

315° 

360° 

y 

0 

21-5 

31-25 

11-25 

0 

9 

30 

26-5 

0 

assuming  it  to  consist  of  the  fundamental  and  the  first  two  harmonics. 


Fourier’s  theorem. 
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The  curve  is  shown  in  Fig.  100.  If  we  draw  the  mid-ordinates  and 
measure  them  we  can  tabulate  the  values  as  follows : 


y 

X 

2/i=12 

22-5 

2/2=27-75 

67-5 

2/3  = 23 

112-5 

2/4=5-25 

157-5 

2/5  = 3 

202-5 

2/6=23-5 

247-5 

2/7  = 28-75 

292-5 

2/s  = 19'5 

337-5 

Sin  x 

Cos  x 

•3827 

•9239 

•9239 

•3827 

•9239 

-•3827 

•3827 

-•9239 

-•3827 

-•9239 

-•9239 

- 3827 

-•9239 

•38827 

-•3827 

•9239 

Sin  2x 

Cos  2x 

•7071 

•7071 

•7071 

-•7071 

-•7071 

-•7071 

-•7071 

•7071 

•7071 

•7071 

•7071 

-•7071 

-•7071 

-•7071 

-•7071 

•7071 

Sin  3x 

Cos  3x 

•9239 

-■3827 

-•3827 

-•9239 

-•3827 

•9239 

•9239 

-•3827 

-•9239 

-•3827 

•3827 

•9239 

•3827 

-•9239 

-•3827 

•9239 

2y 

value  of  mean  ordinate  = — 17-4, 

O 

i.e.,  Ao  = 17-4 

Ai  = i sin  x = | [-3827(12  + 5-25  - 3 - 19-5) 

+ -9239(27-75  + 23  - 23-5  - 28-75)] 

= i[-383(—  5-25)  + *924(-  1-50)] 

= - -85. 


A2  = 2y  sin  2x  = ~ [*71(12  -j-  27-75  + 3 
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A3  = ~ 2// sin  3a;  = i [-924(12  + 5-25  - 3)  - -383  (27-75 

+ 23  - 23-5  - 28-75  -f  19-5)] 

= ~ [-924  x 14-25  - -383  x IS] 

= 1-6. 

T>  1 1 

Bi  = 4 2y  cos  x = ^ [-924(12  - 5-25  - 3 + 19'5) 

+ -383(27-75  - 23  - 23'5  + 28;75)] 

= ~ ( 1924  x 23-25  + -383  x 10) 

= 6-3. 

B2  - ~ 2y  cos  2x  = -707(12  - 27'75  — 23  + 5’25 

+ 3 — 23-5  — 28-75  + 19-5) 

= - 11  2. 

1 1 

B3  = 4 2y  cos  3a;  = ^ [-383(12  — 5'25  - 3)  - -924  (27-75 

- 23  - 23-5  + 28-75  - 19-5)] 

= ^ [ 383  X 3-75  = 9-24  x (-  9-5)] 

= 2-5. 

Hence,  the  equation  of  the  curve  is 

y = 17-4  — -85  sin  x — 18  sin  2a;  -f-  1*6  sin  3a; 

-f-  6-3  cos  x — 112  cos  2a;  + 2-5  cos  3a;. 

Note. — The  number  of  ordinates  given  is  not  sufficient  to  ensure  any 
accurate  results. 

Composition  of  Harmonic  Motions. — The  reverse  process  of 
finding  the  resultant  curve  when  its  components  are  known  is 
very  easy.  Thus,  supposing  we  were  given  that  the  two  com- 
ponents are 

yl  = 4-09  sin  x,  y2  = *425  sin  2x, 


we  tabulate  as  follows  : 


X 

0 

18° 

54° 

90° 

126° 

162° 

198° 

234° 

270° 

306° 

342° 

Sin  x 

0 

•309 

•809 

1 

•809 

-•309 

•309 

-•809 

-1 

-•809 

-•309 

Sin  2x 

0 

•588 

•951 

0 

-•951 

-•588 

•588 

•951 

0 

-•951 

-•588 

Vi 

0 

1-264 

3-309 

4-09 

3-309 

1-264 

-1-264 

-3-309 

-409 

-3309 

-1-264 

2/2 

0 

•247 

•399 

0 

-•399 

-•247 

•247 

•399 

0 

-•399 

-■247 

II  + 

0 

1-511 

3-708 

409 

2-910 

1017 

-1017 

-2910 

-409 

-3-708 

-1-511 
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If  we  plot  the  three  curves  from  the  values  of  yi,  y%  and  y , we 
get  on  the  same  diagram  the  two  components  and  their  resultant 
curve  (see  Fig.  99). 

If  the  actual  graphs  of  the  two  components  are  given,  then  the 
resultant  curve  is  quickly  drawn  by  adding  (algebraically)  the 
ordinates  at  various  points  on  the  abscissa.  Thus,  at  the  abscissal 
point  54°,  the  ordinate  of  the  resultant  curve  = arithmetical  sum 
of  yi  and  y%  and  at  abscissal  point  126°,  the  ordinate  of  the 
resultant  is  equal  to  the  arithmetical  difference  of  y\  and  y 2. 


B. 


T 


CHAPTER  XIX. 


DIFFERENTIAL  EQUATIONS. 

Definitions. — (1)  A differential  equation  is  an  equation  which 

(2^n  elfin 

connects  the  differential  coefficients  etc.,  with  the 


variables  x and  y themselves. 
E.g.: 


dy 

dx 


= K 


dy 

dh  + ay  - b = 0 


_1_  n§M  , Q., 
dx 2 dx 


0 


+ 2x 


dy 

dx 


n = 0. 


Differential  equations  are  of  great  importance  in  all  scientific 
work,  since  not  only  can  many  of  the  so-called  “ laws  ” be 
expressed  in  their  most  general  form  by  such  equations,  but  they 
continually  occur  as  the  result  of  the  mathematical  analysis  of 
various  phenomena. 

(2)  By  the  solution  of  a differential  equation  is  meant  the 
obtaining  from  such  an  equation  another  called  the  primitive, 
which  contains  the  variables  alone  without  the  differentials. 
Thus,  as  we  shall  see  presently,  the  solution  of 


dy 
dx ’ 


+ ay  = 0, 


a 
— lx 


IS 


y = Ae  b' , where  A is  a constant. 


(3)  Order  and  Degree  of  a Differential  Equation. — The  order  of 
a differential  equation  is  determined  by  the  order  of  the  highest 
differential  coefficient  occurring  in  it.  Thus,  an  equation  con- 
taining ^|,  ^J§.  . . or  , is  called  an  equation  of  the  1st,  2nd, 
3rd  ...  or  nth  order.  The  degree  of  a differential  equation  is 


DIFFERENTIAL  EQUATIONS. 


275 


determined  by  the  degree  or  highest  power  of  the  differential 

• • dy 

coefficient  occurring  in  it.  Thus,  an  equation  containing 


'dy\  2 / dy\  3 


jlx 


Ax, 


[ Oj'1]\  n 

or  ( ^ ) is  called  an  equation  of  the  1st,  2nd. 


3rd  ...  or  nth  degree. 


Examples. 

3 + 25  - 1%  = 0 

dx2  dx 

is  an  equation  of  the  second  order  and  first  degree,  i.e.,  a linear  equation 
of  the  second  order  ; but 


is  an  equation  of  the  first  order  and  second  degree. 


(4)  Homogeneous  and  Non-homogeneous  Equations. — A differen- 
tial equation  is  homogeneous  or  non-homogeneous,  according  as 
the  sum  of  the  exponents  of  the  variables  is  or  is  not  the  same  in 
each  term  of  the  equation. 

Thus  (ax  + by)dx  T-  (a'x  + b'y)dy  = 0 

x2  + 2 xy  7^  — y2  = 0 


are  homogeneous. 

But  (ax  + by  + c)dx  + (a'x  + b'y  + c')dy  = 0 

(x  + y2)dx  + 2 xydy  = 0 
are  non-homogeneous. 

(5)  Exact  and  Non-exact  Equations. — A differential  equation 
is  exact  or  inexact  according  as  it  is  presented,  exactly  as  derived 
by  the  differentiation  of  a function  of  x and  y,  or  it  has  subse- 
quently been  modified  by  cancelling  out  some  common  factor 
consisting  of  some  function  of  x and  y. 

Thus  (x  + y2)dx  -f  2 xydy  = 0 is  an  exact  differential  equation 
because  it  has  been  derived  directly  from  the  differentiation  of 

2 x2  + %y2  = c. 


On  the  other  hand,  ydx  — xdy  ==  0 is  a non-exact  equation 
because  after  differentiation  of  the  primitive  ^viz.,  - = cj  yielding 

1 1 

^2  (ydx  — xdy)  — 0,  the  factor  has  been  cancelled  out.  When 

this  factor  is  restored  the  equation  ^ (ydx  — xdy)  = 0 becomes 
exact. 
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Integrating  Factor. — While  every  exact  equation  can  he  solved 
directly,  a non-exact  equation  can  only  be  solved  after  it  has  been 
made  exact  by  restoring  the  factor  which  has  been  cancelled  out. 
Such  a factor  is,  therefore,  called  an  integrating  factor  and  is 
generally  denoted  by  the  letter  /i. 

The  great  difficulty  of  solving  non-exact  equations  consists  in 
finding  the  appropriate  integrating  factor, — although  it  is  to  be 
noted  that  not  only  has  every  non-exact  equation  some  integrating 
factor,  but  it  has  an  infinite  number  of  such  factors. 

Thus,  let  ijdx  — xdy  = 0. 


We  have  seen  that  is  an  integrating  factor  yielding  the 

y 


X 


primitive—  = c. 


Similarly  — 2 is  an  integrating  factor  yielding  the  primitive 

tZ/ 


y 

x 


= Cl. 

Again,  — is  also  an  integrating  factor  because  it  converts  the 
xg 

dx  dy  x 

equation  into =0,  whose  solution  is  log  - = c^. 

x y y 


Euler’s  Criterion  of  Integrability. — If  the  equation  be  expressed 
in  the  most  general  form  M dx  + N dy  = 0,  where  M and  N are 


functions  of  x and  y,  then  the  equation  is  exact  if 
Thus  (x  + y2)dx  + 2 xydy  = 0 is  exact,  because 


SN 
8x  * 


so  that 


8{x  + y 2) 
8y 


2 y,  and 


m _ SN 
8y  8x ' 


On  the  other  hand,  ydx  — xdy  = 0 is  not  exact,  because 


8y 

8y 


1,  and 


S(  — x ) 

8x 


= - 1. 


so  that  -s-  is  not  e 

8y 

By  restoring  any  one  of  the  integrating  factors,  however,  the 
equation  becomes  exact. 


qual  to 


SN 

Sx  ’ 
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Thus,  putting  y 


^2,  equation  becomes  - dx 


x 


dy  = 0,  and 


SM  _ _ _1  _ H ^ 

8y  ~ y2  ’ 8x 


Putting  /x  = -g,  equation  becomes 

X^ 


1 SM  _ SN 

— “ y2’  " 8y  ~ 8x' 

— - dy  = 0,  and  both 

X 


SM  . SN  1 

and  qs  — o • 

?/  ox  x~ 

dx 

Similarly,  p = — makes  the  equation 

X Li 

1 8N  - 

and  g-  are  equal  to  0. 


x 


dy  SM 

7. and  both  W 


For  the  methods  of  finding  integrating  factors  the  student  is 
referred  to  the  standard  text-books.  In  this  chapter  we  can 
only  deal  with  a few  of  the  simpler  types  of  differential  equations. 


Solution  of  Differential  Equations. 

(i.)  Separation  of  Variables. — The  first  and  most  essential  point 
is  to  “ separate  the  variables  ” so  as  to  group  all  the  x’s  with 
the  (dx)’ s and  all  the  y’ s with  the  (dy)’s.  When  the  resulting 
equation  is  integrated  the  solution  is  obtained  giving  an  equation 
containing  the  variables  alone  without  the  differentials. 


EXAMPLES. 

(1)  ydx  + xdy  — 0. 

We  separate  the  variables  as  follows  : 
Divide  throughout  by  xy  and  get 


dx 

x 


+ ^ = o. 
y 


— c, 


i.e.,  log  x -f  log  y — log  A (where  log  A = C ; the 

constant  is  put  in  the  logarithmic  form  to  make  it  uniform  with  log  x and 
log  y), 

or  log  xy  — log  A. 


xy  = A is  the  solution. 

(2)  Similarly  the  solution  of  ydx  — xdy  — 0 


is 


dx 


♦ 


(3)  Solve  the  equation 
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Separating  the  variables  we  get  : 

dy 


1 


Jl  - y2 
dy 


dx. 


Jl 


dx  -{-  0, 


or 


y 

sin-1?/  = x -f-  C (see  p.  204). 
.'.  y = sin  (x  + C). 


(4)  Solve 


ay  + 6 1 = °- 


Separation  of  variables  gives 

b dy 


a y 


= — dx. 


b f dy  _ 
a)  y 


\ 


or 


b, 

a log  y 


y 


— — I dx  + C, 


x + C;  (C  = log  Cl). 


a Ca 


C a 


e sX+  » = e bX  ,e». 


a 

— ,-x 


aC 


(5)  Solve 


y = Ae  b , where  A = e b , 

!-»+» 


I 


dy 


y + 3 


, + C. 


(6)  If 


log  (y  + 3)  = x + log  Ai, 
y = Ae*  - 3. 

dy  i/  „ du  dx 

~ — n — , then  — = n — . 
dx  x y x 

log  y — n log  x + log  A, 

y — Axn. 


(ii.)  Cases  where  Variables  are  not  Directly  Separable. — If  it  is 

impossible  to  separate  the  variables  directly  it  may  be  possible 
to  effect  the  separation  by  introducing  a new  variable,  called  an 
auxiliary  variable. 

(a)  Homogeneous  Equations. — In  these  equations  the  intro- 

y 

duction  of  a new  variable  z,  such  that  z = (or  y = xz)  enables 
the  separation  to  be  effected. 
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Example. — Solve 
This  is  the  same  as 


3:2  + d£~y~  = °- 


7 2 2 

dy  jr  — x 


V\  2 


1. 


dx 


2 xy 


2 - 
X 


Putting 


y 


z = or  y = zx  we  get 
cc 

. d(zx)  z2  — 1 


dx 

xdz 


2z 

z2-  1 


i.e., 

*+  dx 

~ 2z  ’ 

z2  - 1 

xdz 

or 

— O 2 

2 z 

~~  dx  ’ 

(z2  + 1) 

xdz 

y 

2z 

dx' 

It  is  now  possible  to  bring  the  z’s  and  dz* s on  one  side  and  the  x’s  and  dx' s 
on  the  other.  We  then  get 

2zdz 


1 + 2" 


r dx 

~\x' 


or  log  (i  -f  z2)  — — log  x -f-  C = — log  £ + log  A (where  log  A — C), 
(tc2  -f-  w2) 

he  , log  > — - 9 = — log  x + log  A, 


x 


or  log  (x2  + y 2)  = log  x -{-  log  A = log  Ax. 

x2  + y1  = Ax.  Whence  y = '\/ Ax  — x2. 


(6)  N on-homogeneous  Equations. — Such  equations  can  gene- 
rally be  rendered  homogeneous  by  the  following  artifice  : 

In  the  equation  (ax  by  c)  dx  - f ( a'x  -f  b'y  + c)  dy  put  x = 
(v  + h),  y — (w  + k),  when  it  becomes  {(av  + bw)  + (ah  + bk  + 
c)}  dv  -f-  {(a'v  + b'w)  + (a'h  + b'k  -f-  c')}  dw  ==  0. 

If  now  h and  k are  so  chosen  that 

ah  -j-  bk  c = 0 
and  a'h  + b'k  -f-  o'  — 0, 

then  the  equation  reduces  itself  to 

(av  + bw)  dv  -f  (a'v  + b'w)  dw  = 0, 

which  is  homogeneous  in  v and  w and  may  be  solved  in  the  usual 
manner. 

The  following  example  will  illustrate  the  process  : 

Solve  (2x  — 3y  -f-  4)  dx  + (3a;  — 2y  + 1)  dy  = 0. 
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Putting  x = (v  + h)  and  y = (w  + k),  it  becomes 

{(2v  — 3iv)  + (2 h — 3k  + 4)}  dv  + {(3v  — 2 w)  + (3 h — 2 k 

+ 1)}  dw  — 0. 

Now  if  we  choose  h and  k so  that 


2h  - 3k  + 4 = 0 
and  3h  — 2k  + 1 = 0, 


i.e.,  if  we  make  h — 1 and  k = 2 (as  found  by  solving  the  two  simul- 
taneous equations  either  algebraically  or  graphically),  we  get 
(2v  — 3 w)  dv  + (3v  — 2 w)  dw  = 0. 

This  equation  being  now  homogeneous  in  v and  w, 


put 


or 

^•6*  j 


or 


z = - or  w — vz  and  get 
v & 

(2  — 3z)  dv  -f  (3  — 2 z)  (zdv  + vdz)  = 0 

2 (1  — z2)  dv  — v (2z  —3 ) dz  = 0, 

0 dv  (2 z — 3)  j 5 dz  dz 

2 T = ' 1 - z2  dZ  = ” 2 (1  + 2)  ” 2(T- z) 

(see  p.  26). 


4 log  -y  = — 5 log  (1  + z)  + log  (1  — z)  + C. 


But 


iv 


V 


, „„  y — 2 

(x  - 1),  w = (y  - 2)  and  z = - = 


or 


4 log  (x  — 1)  = — 5 log 
log  (x 


(x  + y — 3)  ^ , (x  — y + 1)  ^ q 


(a;  — 1)  (x  — 1) 

y + 1)  - 5 log  (x  + y - 3)  + log  A 

(where  log  A = C)  = 0, 


final  solution  is 

A (x  - y + 1)  = (x  + y - 3)5. 

CL  I) 

The  method  just  described  fails  in  the  case  where  — = 7 /.  Thus 
J a o 

if  (2x  — 3y  + 4)  dx  + (4x  — 3y  + 1)  dy  = 0,  it  is  impossible 
to  choose  h and  k,  so  that 

2 h — 3k  + 4 = 0 
and  4 h — 6&  + 1 =0. 


For  the  proper  substitution  in  such  a case  the  reader  is  referred 
to  the  regular  text-books  on  differential  equations, 
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General  Solution  of  Linear  Equations  of  the  First  Order.— The 

most  general  type  of  such  an  equation  is 

S + ^ + Q = °- 

Put  y = z fi (x),  where  z is  a new  variable  and  <j>(x)  is  some 
arbitrary  function  of  x. 

.*.  equation  becomes 

d{z<l>(x) ) + -pz^  + q = o 


dx 


a) 


But 


dz(p(x)  zd<fi(x ) <fi(x)dz 


dx  dx 

zd(f>(x)  fi(x)  . dz 


dx 


dx 


+ 


~Pz<f>(x)  -p  Q — 


or 


dz 


+ z 


dx 

+ p<p(x)|  + Q 


0. 


(2) 


Now  as  <fi(x)  is  an  arbitrary  function  of  x we  can  choose  it  so  as 

dcbfx} 

to  make  the  bracketed  expression,  viz.,  £ + P </>(&),  vanish 


(when  we  get  rid  of  the  term  containing  z). 


Putting  therefore 

dfi(x) 

dx 

- P <p(x): 

we  get 

d<fi(x) 

<fix 

— P dx. 

• 

Cd<fix 

— Ip  dx3 

J <Px 

j 

giving 

log  <j>(x)  = 

— jP(Le, 

whence 

4>(x)  = 

- /pdx 

e J 

Now,  since  this  value  of  <fi(x)  makes  the  bracketed  expression 
in  (2)  vanish,  therefore  equation  (2)  now  becomes 


dz 


or 


dz  = 


+ Q — o 

Q dx 


z = 


W dx 
Q dx 

fix  ~ f p dx 

e J 

[ P dx 
= — eJ 

pJ  J dx  Q dx  + C 


J 


eJ  Q dx. 
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But  y - zcj)(x)  = — ze 


— f P dx 

= — ZP,  J 

finally  y = e~/Pdx  c — j e/Fdx  Qdx 


(1)  Solve 
Here 


EXAMPLES. 

— x2  = 0. 


dV  + V__^  2 

dx  1 x 


P = — ; Q = — xl. 
x 


dx 


P dx  — J — = logo?. 


J'H 

f 7 dx logo; 


and 


e — e ° = x, 

— f Vdx  — logs  __  2 


x 


y = 


T°-J 


x 

1 

X 

C 

r -7  x1 . 

x 4 


— j . x . (—  x")dx 


C + 

1 , 


x^dx 


(2)  If  L is  the  coefficient  of  self-induction,  R the  resistance,  E the 
external  electromotive  force  in  a circuit,  and  i the  current, 


then 


h~+  Ui  = E. 
dt 


Find  i in  terms  of  R,  L and  t. 


Using  the  formula 


y = e 


we  have 


-Jvix  _ L/w* Qdx 

■y?*[c +*p«] 


n 


, -,-t  . E 
v Jj  -|- 


Ce 


R' 


Solution  of  Linear  Equations  of  the  Second  Order. — As  a type  we 

d^y  p dy 

shall  take  d — + Qy  — 0>  where  P and  Q are  constants. 
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Since 


cl(AeKx) 

dx 

d2x 
dx 2 


= AKeK* 

= AKW 


or 


if  we  put  y = AeKx,  our  equation  becomes 
AK2eK*  + PAKeKx  + QeK*  = 0 
AeKx  (K2  + PK  + Q)  = 0. 


K2  + PK  + Q = 0,  (This  equation  is  called  the  auxiliary 
equation.) 

• Tf  _ ~ l + UP3  - 4Q 

• • 2 (p*  31). 

The  following  three  possibilities  arise,  viz.  : 

(1)  P2  = 4Q,  when  the  two  roots  Ki  and  K2  are  each  equal 

, P 
t°  -r 

_Px 

y = Ae  2,  will  satisfy  the  equation. 

Px 

Also  y = Bxe  2 will  satisfy  the  equation. 

Px 

complete  solution  is  y = (A  + Bx)e  2 (see  p.  192). 


Example. 


dzy  , 2 dy 


dxc 


+ 


dx 


+ y - 0. 


Here  K = — 1. 

y — (A  -f-  Bx)e~x. 

(2)  P2  > 4Q,  when  there  are  two  roots  which  are  real  but 
unequal,  say,  Ki  and  K2. 

y = AeK]-x  will  satisfy  the  equation. 

Also  y = BeIV2X  will  satisfy  the  equation. 

complete  solution  is  y — AevlX  + BeIv2A 

rf-f  + + sj,  = 0. 

dx 2 dx  ^ 


Here  Ki  — 1 and  K2  = 
y = Aex+  Be-3*. 


3, 


Example 
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(3)  P2  < 4Qi  when  the  roots  are  imaginary,  viz  : 

p + i ViQ^W 
Kl  = 2 

T,  P - i \/4Q  - P2,  (p.  32). 

K2  = 2 

Hence,  putting  4Q  — P2  = a, 

P -\-ia  P — ia 

H-i  ~ ^ 5 44.2  2 

complete  solution  is 


(P  — ia)x  (P  + ia)z 

y = Ae-"  2 -j-  Be  2“ 


P;C 


UIX 


iax\ 


= e~  2 Ae  2 + Be  ”2  . 


But  e 
and 


or 


ax  . . ax 
cos  -g-  + i sm 


_utx  ax 

e 2 = cos  -75- 


final  solution  is 

P'C 

y = t 


. . ax 

4 sm  7r 

V, 


ax 


(see  p.  190). 


ax 


A(  (cos  g-  -f-  i sin 


/ ax  ..  ax 
+ B rcos  — & sin 


Pa 

= e~  2 


ax 


ax 


(A  + B)  cos  + (A  — B)  i sin 


_p?  /A  ax  . ax\ 

y = e 2 (Xh  cos  -f  zB?  sm  j 

(where  Ci  = (A  + B)  and  C2  = (A  — B) ). 


Example. 


Here 


d'l  + yy-Sy 

dx% 


0. 


Ki  = (—  1 -f  i V 2),  and  K2  = (—  1 — i V 2). 
y — e~x  ( Ci  cos  yX2  . x -f-  iC,2  sin  V'  2 . x). 


Linear  equations  of  the  second  order  are  of  very  great  importance 
in  connection  with  the  study  of  damped  oscillation  (e.g.,  that  of  the 
mercury  in  a sphygmomanometer). 
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Linear  Equations  of  the  nih  Order. — Equations  of  the  type 


dny 

djcn 


+ 


P dn~  ly 
dxn  ~ 1 


can  be  solved  in  the  same  way  as  equations  of  the  second  order 
by  putting  y = AeKx.  When  we  get  the  auxiliary  equation 

Kn  + PKn  ~ 1 + . . . + RK  + S = 0. 

Graphical  Solution  of  Differential  Equations, — In  the  same  way 
as  it  is  possible  in  the  case  of  ordinary  equations  to  find  approxi- 
mate solutions  by  graphic  methods  when  ordinary  algebraic 
methods  fail  us  (see  p.  117),  so  in  the  case  of  differential  equations, 
it  is  often  possible  to  obtain  approximate  solutions  graphically. 
It  would,  however,  be  beyond  the  scope  of  this  book  to  enter  into 
a consideration  of  this  subject  here. 


EXAMPLES. 


(1)  Solve  the  differential  equation  : 


dor 


11  dy 

dx 


— = 0. 


The  auxiliary  equation  here  is  : 

K3  - 6K2  + 11K  — 6 = 0, 
(K  - 1)  (K  - 2)  (K  - 3)  = 0. 
complete  solution  is  y = Ae*  -|-  Be2x  -p  Ce3£. 


(2)  Solve 


<Py  d2y  __  2 dy  = 0 

dot?  dor  dx 


The  auxiliary  equation  here  is  K3  + K2  — 2Iv  = 0, 

or  K(K  - 1)  (K  + 2)  = 0. 

complete  solution  is  y = A + Bex  + Ce  — 

(3)  Solve  fS  + ^ + 10 y = 5. 

dx  dx 

Writing  the  equation  as  + 10 (y  — 0-5)  = 0, 

dx*  dx 

we  can  put  (y  — 0-5)  = eIvL 

Auxiliary  equation  is  K2  + 7K  + 10  = 0,  i.e.,  Ki  — “ 2 ; K2  = — 5. 
complete  solution  is  y — 0-5  = Ae  — 2*  + Be  — 5x. 

(4)  Prove  that  in  the  case  of  ferments — like  emulsin — which  gradually 
get  destroyed  in  the  course  of  the  reaction  which  they  catalyse,  a limit 
must  be  reached  to  the  amount  of  substance  decomposed  by  the  ferment, 
so  that  even  if  the  original  amount  of  ferment  is  large  and  the  reaction  is 
allowed  to  proceed  indefinitely  a certain  amount  of  substance  undergoing 
decomposition  under  the  influence  of  the  ferment  must  remain  unaltered. 
(See  Ernst  Cohen’s  “ Physical  Chemistry.”) 
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Let  A = original  amount  of  ferment. 

B = original  amount  of  substance  which  is  catalysed. 
x — amount  of  ferment  \vhich  becomes  inactive. 
t — time  in  which  this  amount  x has  been  destroyed. 
y — amount  of  substance  decomposed  in  time  t. 

Then,  by  Guldberg  and  Waage’s  law  : 

% = K(A  - *)  (B  - y). 


Now  it  has  been  shown  experimentally  that  the  decomposition  of 
ferment  progresses  as  a monomolecular  reaction. 

Hence,  if  c = velocity  constant  of  the  decomposition  of  the  ferment, 


c 


1 i A 

7 l0«e 


x 


a 


i.e  . 


or 


ect  = 


A 


A 

A 


x 


A — x = — r-  = Ae 


■ct 


Hence  our  equation  becomes 


or 


i.e., 


Tt  “ KAc_C'  ‘B  - *>■ 
= HA!  e~ctdt. 


JA=“] 


log 


(B  - y) 
B 


KA  _ 

— e 
c 


ct  + C. 


To  find  the  value  of  C put  t = 0 (i.e.,  when  y = 0),  and  we  then  have 

KA 

- log  1,  i.e.,  0 = f-  C. 


C = 


KA 


substituting  this  value  of  C we  have 


log  <B  yJ  = —e~ct  - — 

& B c c 


KA 


(e~ct~  1). 


Hence  if  we  put 


Whence 


log 

B — y 
B 


t = oo  , we  get 
(B  - y)  KA 


B 


or  1 


B 

V 


c 

KA 


= e 


1 

KA* 
e c 
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i.e.,  the  amount  of  substance  ( y ) transformed  after  any  time  is  always  less 
B 


by 


than  the  amount  originally  present,  and  will  only  be  completely 


KA 
e c 

decomposed  when  t — oo  . 

(5)  The  Schiitz-Borissoff  law  states  that  in  the  case  of  gastric  digestion 
(pepsin  and  rennin),  in  the  early  stages, 

x — K \/F qt  (see  p.  151). 

Where  x = amount  of  substrate  transformed  {i.e.,  milk  clotted,  or  protein 
hydrolysed). 

F = concentration  of  enzyme  (rennin  or  pepsin). 
q = initial  concentration  of  substrate  (milk  or  egg  albumen). 
t = time  in  hours. 

K = constant. 

This  ecpiation  leads  on  differentiation  to  the  differential  equation  : 


dx 

dt 


K-F  q 
2x 


(i) 


i.e.,  the  velocity  of  transformation  is  inversely  proportional  to  the  amount  of 
substance  transformed.  Arrhenius  explains  this  peculiar  fact  as  being  due 
to  a combination  of  the  acid  of  the  gastric  juice  with  a product  of  the  hydro- 
lysis to  form  an  inactive  compound.  Then,  as  the  concentration  of  the 
enzyme  is  very  small  compared  with  that  of  the  substrate,  the  amount  of 
inactive  compound  formed  at  the  beginning  of  digestion  is  practically 
equal  to  the  whole  of  the  initial  concentration  ( q ) of  the  enzyme.  Therefore 
the  trace  of  active  free  enzyme  which  remains  is  given  by  the  following 
equation  : 

KF 

Concentration  of  free  enzyme  = — ...  . (ii.) 


x 


where  F is  the  initial  concentration  of  the  enzyme ; which  is  of  the  same 
form  as  (i.)  above. 

To  find  the  actual  velocity  of  hydrolysis  we  must  apply  the  law  of  mass 
action,  by  which  the  velocity  is  proportional  to  both  the  concentration  of 
the  enzyme  as  well  as  that  of  the  substrate  at  any  moment. 

KF 

Now,  Concentration  of  enzyme  at  the  time  t — — - » 

VC 

Concentration  of  substrate  at  the  same  moment  — {a  — x). 

dx  KF  . . 

-77  = {a  — x). 

dtx 


cdx 


I 


a — x 
x 


= KFdt. 


a — x 


dx  = KFh 


But 


x 


a 


a — x 


a 


x 


1. 
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Hence  the  theoretical  formula  for  peptic  digestion  is 

a 


KF£  = log 


— x. 


a — x 

Bayliss  has  shown  that  the  Schiitz-Borissoff  empirical  formula  from  which 
this  theoretical  formula  is  derived  is  only  true  in  the  early  stages  of  diges- 
tion. This  is  so  because  in  the  early  stages  x is  very  small  compared  with 
a,  and  therefore  a — x is  practically  the  same  as  a.  Hence  the  differential 

, . dx  KF  . 

equation,  ^ = ——  (a  — x) 


dt 


x 


is  the  same  as 


i.e.. 


dx  KFa 


dt  x 


whence  x = R2KF  at, 

which  is  of  the  same  form  as  the  Schiitz-Borissoff  law. 

The  above  example  is  very  instructive  for  the  following  reasons  : 

(1)  It  is  an  illustration  of  the  fact  that  two  totally  different 
formulse  may — within  a certain  range  of  values  of  the  independent 
variable— equally  express  the  relationship  between  the  two 
variables.  Thus,  for  small  values  of  x (i.e,,  up  to  x — 33-7  per 
cent.)  either  of  the  two  formulse  will  give  equally  satisfactory 
results,  as  the  following  table  shows  (see  “ Principles  of  Bio- 
chemistry,” by  T.  B.  Robertson)  : 


Time 

(in  Hours). 

KB  = ~ | log  a -R 

T 

Protein  Digested. 

V2KFa  = 

Yt 

2 

Per  cent. 

10-5 

3-0 

7-5 

4 

16-4 

3-8 

8 2 

6 

19-9 

3-8 

8-1 

8 

22-7 

3-8 

8-0 

12 

27-0 

3-7 

7-7 

16 

30-4 

3-6 

7-6 

20 

33-7 

3-7 

7-5 

82 

400 

3-4 

71 

48 

451 

3-2 

6-5 

64 

50-8 

31 

6-3 

96 

57-4 

2-8 

5-9 
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But  the  complete  logarithmic  formula  gives  practically  uniform 
results  for  all  values  of  x,  whilst  with  the  Schiitz-Borissoif  formula 
the  results  are  not  uniform  after  x — 33-7  per  cent. 

(2)  It  shows  how  risky  it  is  to  use  an  empirical  formula  for 
purposes  of  extrapolation,  i.e.,  for  calculating  values  of  the  depen- 
dent variable  outside  the  range  of  observation  for  values  of 
the  independent  variable.  Thus,  although  the  Schiitz-Borissoff 
formula  may  be  safely  employed  for  purposes  of  interpolation, 
i.e.,  for  calculating  values  of  the  dependent  variable  for  values 
within  the  range  of  observation  for  values  of  x,  yet  if  used  for 
extrapolation  would  give  widely  discordant  results  (see,  further, 
next  Chapter,  p.  300,  arid  exercise  (2)  on  p.  325). 


(6)  The  rate  of  multiplication  of  micro-organisms  at  any  moment  in  the 
presence  of  a limited  supply  of  nutriment,  such  as  obtains  in  test-tube 
experiments,  is  proportional  both  to  the  number  of  organisms  as  well  as 
to  the  concentration  of  the  foodstuff  at  that  moment.  Assuming  that  the 
organisms  multiply  by  a simple  conversion  of  available  food  material  into 
other  organisms,  find  the  number  of  organisms  y present  after  an  interval 
of  time  t,  taking  the  original  number  of  organisms  (i.e.,  those  present  at  time 
t = 0)  to  be  y0.  (A.  G.  M’Kendrick  and  M.  Kesava  Pai,  Proc.  B.  Soc, 

Edinb.  xxxi.,  1911.) 

Let  a = original  concentration  of  foodstuff. 

Then,  by  hypothesis, 


and 


a — y — concentration  of  foodstuff  at  any  moment  t, 


dy 

dt 


by  (a  — y),  where  b is  a constant. 


dy 

y(a—y) 


= bdt. 


Splitting  into  partial  fractions  we  get 

dy  _ 1 ( dy 

y{a—  y)~a\y 


dy  [ 

a—y  j 


or 


1 dy  j 1 

a } y r a 


dy 

a - y 


- log  y 
a ° * 


1 

a 


log  (a—  y) 


b I dt, 

bt  + 0.  (C  = integration  constant.) 


.-.  log 


y 


— abt  + aG  (compare  similar  equation  in  connection  with 


a - y 

human  growth,  see  p.  294). 

To  evaluate  C put  t — 0,  when  y becomes  y and  a becomes  a — y^. 

Jog  _ tV-  = aC. 


a—y 


0 


c = - log  . 

a a — yn 


B. 
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Hence  the  complete  equation  becomes 


or 


i.e.. 


log  d/  — abt  -h  log  — ^ — 

a — y a~  Vo 

log  ^~yo}  = abt. 


2/0(«-  V) 

y(a  —yQ) 
yQip>  - y) 

ya  - yy0  = yQaeabt 


pabt 


yy(f 


abt 


y[a  + v“w  - ya\  = y, 


ae 


abt 


y = 


y 0ae 


abt 


» - y0  + yQe 
a 


abt 


a - y 


y( 


- e~abt  + 1. 


Note. — When  the  organism  stops  growing  — 0. 

• log  (a  — y)  — 0, 
i.e.,  y = a. 

Hence,  a = number  of  organisms  when  growth  ceases. 


For  further  examples  in  differential  equations  with  separable 
variables  the  reader  is  referred  to  the  various  problems  in  connec- 
tion with  chemical  kinetics  as  well  as  the  physiology  of  growth 
that  have  been  considered  on  previous  pages. 

(3)  Haemodynamics  of  Mitral  Incompetence. — The  case  of  a 
heart  with  incompetent  mitral  or  tricuspid  valves  is  analogous 
to  that  of  an  open  vessel  (which,  for  the  sake  of  simplicity,  we  shall 
take  as  cylindrical  or  prismatic  instead  of  conical,  as  in  the  case 
with  the  heart)  which  receives  water  at  a uniform  rate  at  the  top, 
and  which  is  losing  water  at  the  same  time  at  a uniform  rate 
through  an  aperture  at  the  bottom.  In  this  way  Emil  Schwartz 
has  calculated  the  time  it  would  take  for  a mitral  regurgitant 
heart  to  acquire  sufficient  intraventricular  pressure  to  overcome 
the  diastolic  pressure  in  the  aorta  and  thus  open  the  aortic  valves. 

Suppose  the  bottom  of  our  cylindrical  vessel  to  have  its  orifice 
plugged,  then  if  the  pressure  of  the  water  increases  at  the  rate 
of  p per  unit  of  time,  it  will  increase  during  the  interval  of  time 
dt  by  the  amount  of  pdt,  whilst  the  level  of  the  water  x will  at  the 
same  time  rise  by  an  amount  dx.  We  shall  then  have  dx  = pdt. 
Now  suppose  the  bottom  orifice  to  be  opened,  then  if  its  sectional 
area  = a,  and  the  sectional  area  of  the  cylinder  = A,  then  an 


DIFFERENTIAL  EQUATIONS. 


291 


amount  of  water  equal  to  dQ  will  flow  out  of  the  aperture  during 
the  time  dt,  and  the  fall  in  level  will  be  — 

7 7 dQ 

ax  will  = jpat  — 

But  by  Torricelli’s  theorem  dQ  = p a 


V2  qx 


2 dt  (where 


1 — — 

1 A9 

H = coefficient  of  discharge  and  g — acceleration  due  to 
gravity). 

dx  = pdt  - ^ V®  J • dl 


! \ 

a i r»  o ! Li/O  • 


— ^ X . V A2  _ a2 y 

Here  the  variables  are  easily  separable,  for  the  right  side  of  the 
equation  is  the  same  as 


V_ 

JiCi 


V 


A2  — a2 


2<7 


\/ x j . fia 


V 


2g 


A2  - a> 


. dt. 


dx 


\/iJ 


A2  - A 


= f±a 


2 jf 


- V 


V 


2 g 


A2  - a2 


d£. 


To  simplify,  put 


ixa  J2g 

and  our  differential  equation  becomes 

R dx 


= R. 


pR  — V' 


dt. 


x 


r 


r 


dt  = R 


J 


dx 


J 


pR  — 's/ x 


By  performing  the  integration  we  get  the  value  of  t , i.e.,  the 
time  required  for  the  ventricle  to  acquire  sufficient  pressure  to 
open  the  aortic  valves. 


Put 


x = z2  and 


dx 


PK  - V; 


X 


becomes  2 


zdz 


pR  — s’ 
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Now 


pR 


£>R  — z 


r 


zdz 


J 


nR  — z 


pR  — z 
r 
2 


pR 


r 


j 


pR  — z 


dz  — 2 


dz, 


2pR  log  p 


pR 


J 


— 2z, 


- - 2j,R  108  fihi  - 2 
■■  2E O b8 arhi - JJ] ■ 

Now  when  the  ventricle  is  in  diastole  the  intraventricular 
pressure  X\  — 0,  and  when  the  ventricle  is  in  complete  systole 
the  pressure  within  it  must  be  at  least  equal  to  the  diastolic 
pressure  in  the  aorta  X2  (assumed  by  Schwartz  to  be  150  mm.  Hg, 
or  2 metres  H2O — now  known  to  be  erroneous,  the  diastolic 
pressure  being  only  about  75  mm.  Hg,  or  1 metre  H2O). 

Integrating  between  the  limits  x\  and  #2,  we  get 


t = R 


dx 


pR  — <y/x 


Xi 


2R  j^2-3pR  log 
2R  |^2-3pR  logio 


pR  — \/ x\ 


10~p  7^ 

pR  — y*2 


pR 


pR  — \/2 


VX1  — V X2  J 

vs]. 


Now  p represents  change  of  intraventricular  pressure  per  unit 
of  time,  i.e.,  per  second.  But  in  the  normal  heart  the  change  of 
pressure  is  from  0 to  2 metres  in  0-1  second,  therefore  p = 20 
(since  the  change  of  pressure  is  uniform).  Hence,  assuming  A 
to  be  constant  (which  is,  of  course,  not  the  case  in  the  conical 
heart,  in  which  it  is  a function  of  x)  and  = 8 sq.  cm.,  and  taking 
p = 0*62,  and  g — 9*8  metres  Hg,  we  can  calculate  the  values 
of  t for  the  various  values  of  a (i.e.,  area  of  leak),  thus  : 


•p  _ V64  — a 2 

t. 

Increase  in  per  cent 

a. 

ixa  yT9'6 

of  t. 

1 

2-89 

01021 

2-1 

2 

141 

01031 

3-1 

3 

0-90 

01060 

6-5 

4 

0-63 

0-1080 

8 

7-8 

0-08 

0-441 

3-41 

7-9 

006 

00 

00 

CHAPTER  XX. 


MATHEMATICAL  ANALYSIS  APPLIED  TO  THE  CO-ORDINA- 
TION OF  EXPERIMENTAL  RESULTS. 

In  order  to  be  able  to  form  an  opinion  of  the  nature  of  the 
process  or  processes  responsible  for  any  particular  phenomenon 
under  investigation,  it  is  necessary  to  ascertain  if  there  is  any 
mathematical  relationship  existing  between  the  dependent  and 
independent  variables — such  as  between  the  height  and  weight ; 
weight  and  age,  surface  area  and  weight  of  a person  ; amount 
of  chemical  transformation  and  time ; reaction- velocity  and 
temperature,  etc.  Such  a relationship  expressed  in  the  form  of  a 
mathematical  formula,  embodying  the  results  found  in  the  labora- 
tory in  a concise  form,  and  which  enables  one  to  foretell  with 
considerable  certainty  the  quantitative  results  of  any  future 
observation  of  a similar  nature  constitutes  the  law  of  the  pheno- 
menon in  question,  and  forms  a powerful  weapon,  not  only  for 
the  detection  of  deviations  between  calculated  and  observed 
results,  but  also  enables  one  to  form  some  idea  of  the  causes  of 
such  deviations.  It  tells  one,  for  instance,  whether  these  devia- 
tions are  due  to  experimental  errors  only  or  whether  the  dis- 
crepancies between  the  expected  and  observed  values  are  greater 
than  can  be  accounted  for  by  errors  due  to  faulty  laboratory 
technique.  In  the  former  case  such  a formula  leads  the  investi- 
gator to  improve  his  laboratory  methods  with  the  object  of  mini- 
mising the  magnitude  of  his  errors  ; whilst  in  the  latter  the  mathe- 
matical formula  affords  one  an  opportunity  to  ascertain  what 
are  the  inherent  factors  responsible  for  such  discrepancies,  thereby 
helping  to  bring  about  further  scientific  discoveries. 

The  most  classical,  as  well  as  the  most  dramatic,  example  of 
an  important  scientific  discovery  made  in  this  way  is  the  pre- 
diction by  Adams  and  Leverrier,  in  1846,  of  the  mass,  position 
and  orbit  of  Neptune — as  the  result  of  the  measured  deviations  of 
Uranus  at  different  points  in  its  calculated  orbit — before  its 
discovery  and  identification,  a few  months  later,  by  Galle,  who 
directed  his  telescope  to  the  place  in  the  heavens  indicated  by  the 
theoretical  calculations. 

Theoretical  and  Empirical  For  run  he. — (a)  If  there  is  any  theo- 
retical consideration  to  lead  one  to  believe  that  the  relationship 
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between  the  dependent  and  independent  variables  is  such  as  to 
follow  some  well-known  law,  then  the  problem  is  fairly  easy. 
All  one  has  to  do  is  to  compare  the  observed  results  with  those 
that  one  would  expect  to  find  by  means  of  the  formula,  and  to 
see  whether,  allowing  for  errors  of  observation,  the  observed  and 
calculated  results  agree.  If  they  do,  then  there  is  a great  prob- 
ability (though  by  no  means  an  absolute  certainty)  that  the 
assumed  formula  is  the  correct  one.  A formula  so  established 
constitutes  a theoretical  formula . 

The  following  examples  will  make  this  clear  : 

(1)  Problem  in  Physiology  of  Growth, — Robertson,  as  the 
result  of  certain  theoretical  considerations  (see  Child  Physiology , 
Chapter  XVIXL),  concluded  that  the  growth  in  weight  of  a foetus, 
as  well  as  of  a young  infant,  is  an  autocatalytic  phenomenon 
for  which  he  derived  the  following  equation  : 

Tr  1 l X 

K t - 1-66  °gl°  341-5  - x’ 


where  x = weight  in  ozs.  of  infant  (or  foetus)  at  t months  from 
birth  (in  the  case  of  the  infant  t is  + ve,  and  of  the  foetus  t is  — ve), 
and  K = growth  constant. 

The  following  table  gives  the  corresponding  values  of  t and  x 
of  foetuses  and  infants  at  various  ages.  Find  whether  the  formula 
is  true.  Also  calculate  the  theoretical  weight  of  an  infant  at  the 
age  of  eight  months,  using  the  mean  value  of  K thus  found. 


t 

- 0-75 

- 042 

- 0-08 

0 

+ 0-25 

+ 0-58 

+ 0-92 

X 

111 

117 

127 

127 

137 

145 

146 

If  the  formula  represents  the  true  relationship  between  t and  x, 
then  by  substituting  in  it  any  corresponding  pair  of  values  of  t 
and  x , the  value  of  K thus  found  should  be  practically  identical 
in  each  case  (but  for  errors  of  observation).  If  we  do  so  we  get 
the  results  given  in  the  table  on  p.  295. 

The  agreement  between  the  various  values  of  K is  therefore 
very  good  and  the  formula  probably,  therefore,  represents  the 
true  relationship  between  t and  x.  (But  see  note  on  p.  89, 
Chapter  VII.) 

To  find  the  weight  of  an  infant  eight  months  old  put  t — 8,  we 
then  have 


mean  K = -136  =^-1- log  ^ 

1 1 ( X 

~ 6 34  l0g  341-5  - X 


x 
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t - 1-66 


LO  , 


x 


341-5  - x 


K. 


- 0-75 

111 

- 0-42 

117 

- 0-08 

127 

0 

127 

+ 0-25 

137 

+ 0-58 

145 

+ 0-92 

146 

1 

log 

111 

•132 

2-41 

230  5 

1 

log 

117 

•136 

2-08 

224-5 

1 

log 

127 

•131 

1-74 

214-5 

1 

log 

127 

•136 

1-66 

214-5  " 

1 

log 

137 

•123 

1-41 

204-5 

1 

log 

145 

•122 

1-08 

196-5 

1 

log 

146 

•171 

0-74 

195-5  ' 

Mean  = 

•136 

6 • 


•136  x 6-34,  i.e.,  -862  - log 


x 

341-5  -x' 


But  -862  is  the  logarithm  of  7-278. 

7-278  - 


x 


341-5 


x 


This  gives  x = 300  ozs.,  i.e.,  the  theoretical  weight  of  a normal 
infant  eight  months  old  should  be  300  ozs.  (This  also  is  the 
observed  weight.) 

(2)  Problem  in  Psychology. — There  is  some  experimental 
evidence  of  a chemical  nature  to  show  that  mental  processes  are 
of  the  nature  of  an  autocatalytic  chemical  reaction.  Investigate 
the  following  figures  obtained  by  Ebbinghaus  in  a certain  memory 
test  to  see  whether  they  agree  with  expectation,  assuming  the 
particular  autocatalytic  equation  in  this  case  to  be 


log  £j£^~zrmx  = 0-001 468^  — 0-526  (Robertson) 


7 

16 

24 

36 

X 

(1) 

(30) 

(44) 

(55) 

t 

2-8 

192 

422-4 

792 

x — number  of  meaningless  syllables  repeated  a number  of  times 
(shown  in  brackets)  at  the  rate  of  0’4  second  per  syllable. 
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t = number  of  seconds  required  to  fix  that  number  of  syllables 
upon  the  memory. 

If  we  substitute  the  various  values  of  t in  the  equation 


log  , 


x 


b 43-6  - x 


we  get  as  follows  : 


When  t - 2*8,  log 


x 


= 0-001468£  - 0-526 


0-001468  x 2-8  - 0-526 


x 


- -5218896, 


or 

or 

whence 


A Q • A rp 

log  — = -5218896  = log  3-326, 


x 


43-6  — x 


x 


x 


= 3-326, 
= 10-7. 


x 


Similarly,  when  t — 192,  log  = — -244, 

c To’o  x 

43-6  — x 

= 1-754. 


x 

43‘6  IKS 

x _ 2-754  lo  8- 


Working  in  the  same  way  with  the  other  values  of  t,  we  get 

when  t = 422-4,  x = 24-2 

t = 792-0,  x = 35-4. 


55 


Hence,  except  for  the  first  value  of  t,  the  agreement  between 
the  observed  and  calculated  values  of  x is  excellent. 

(b)  If,  however,  there  is  no  theoretical  basis  to  guide  one  in  the 
selection  of  the  formula,  then  the  procedure  is  as  follows  : 

A number  of  pairs  of  values  of  the  two  variables  is  taken  and 
these  are  plotted  in  the  form  of  a graph.  If  the  result  seems  to 
be  a straight  line  (within  the  limits  of  errors  of  observation)  then 
one  knows  that  the  required  formula  is  one  of  the  first  degree  in 
x and  y and  is  of  the  form  y — mx  + b (which  is  the  general 
equation  of  a straight  line  (p.  105)  ).  What  remains,  therefore, 
is  to  find  the  values  of  the  constants  m and  b.  This  can  be  done 
very  easily  either  by  simple  algebra  or  by  inspection,  since  m is 
the  slope,  and  b is  the  y intercept  of  the  line. 
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EXAMPLES. 

(1)  The  following  table  records  the  solubility  of  NaN03  in  water  at  various 
temperatures  (S  = weight  in  grains  of  NaNOs  dissolved  in  100  grams  of 
water  ; t = temperature  of  the  water  in  degrees  Centigrade). 


s 

68-4 

72-9 

87-5 

102 

1 

- 6 

0 

20 

40 

By  plotting  the  graph  we  find  it  to  be  a straight  line  (Fig.  101).  We 
therefore  write  down  the  empirical  formula  as 

S = mt  + b. 


Fig.  101. — Graph  of  Solubility  of  NaNOs  in  Water  at  Various 

Temperatures. 

The  value  of  b is  found  at  once,  because  when  t — 0,  S becomes  = m X 0 
+ b = b. 

But  when  t = 0,  S = 72-9. 

.*.  b = 72-9. 

Hence  the  equation  becomes 

S = mt  + 72-9. 
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To  find  the  value  of  m take  any  other  pair  of  values  of  S and  t from  the 
table  and  put  them  into  the  equation.  For  example,  take  S = 68-4  and 
t = — 6.  We  then  get 

68-4  = - 6m  + 72-9, 
giving  to  = -75. 

Hence  the  equation  becomes 

S = 75*  + 72-9. 

This  equation,  however,  is  only  approximately  correct,  because  if  we 
were  to  take  any  other  pairs  of  values  of  S and  t,  we  would  get  slightly 
different  values  of  to. 

Thus  when  S = 87 -5  and  t = 20,  the  equation  becomes  87  5 = 20 m + 72-9, 
whence  to  = -78. 

Similarly  when  S = 102  and  t = 40,  the  value  of  m becomes  -7275. 

It  is  possible  by  utilising  the  method  of  least  squares  (see  next  Chapter, 
p.  345)  to  obtain  a more  accurate  equation.  When  this  is  done  the  final 
result  becomes  : 

S = -73*  + 73. 

(Direct  measurement  of  the  slope  of  the  line  gives  m — -73.) 

Having  obtained  this  formula  it  is  obvious  that  the  solubility  of  NaN03 
at  any  other  temperature  can  be  easily  predicted  by  calculation  or  by 
interpolation. 

Thus  at  10°  S = -73  X 10  + 73  = 80-3, 

„ 35°  S = -73  X 35  + 73  = 98-6, 

„ 50°  S = -73  X 50  + 73  = 109-5, 

and  so  on. 

The  student  might  work  the  next  example  as  an  exercise. 

(2)  In  the  case  of  KBr,  the  following  values  of  S were  found  for  the 
stated  values  of  t : 


s 

534 

64-6 

74-6 

84-7 

93-5 

t 

0 

20 

40 

60 

80 

Find  the  law  connecting  S and  t and  use  it  for  calculating  S at  10°,  55°, 
and  100°  C. 

[Answer,  8 = 54-2  -f  0-5 1;  Sio  = 59-2  ; S55  = 82-0  ; SlOO  = 99-5.] 

It  is  when  the  resulting  graph  is  not  a straight  line  that  the 
difficulty  of  finding  the  empirical  formula  from  the  shape  of  the 
curve  becomes  very  considerable,  since  it  is,  as  a rule,  impossible 
to  tell  by  mere  inspection  whether  the  portion  of  the  curve 
plotted  belongs  to  a parabola,  a hyperbola,  a logarithmic  curve, 
etc.  The  empirical  formula  must  in  such  cases  be  obtained  by 
trial.  Generally  one  has  some  sort  of  an  idea  as  to  what  form  of 
curve  one  may  expect,  and  in  order  to  test  the  correctness  of  one’s 
expectations  one  can  by  means  of  certain  artifices  attempt  to 
convert  the  curve  into  a straight-line  graph.  If  the  attempt  is 
successful  then  the  presumption  is  that  the  formula  used  is  the 
correct  one. 
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The  method  is  best  illustrated  by  means  of  a few  worked-out 
examples. 


EXAMPLES. 

(1)  Sjoquist  studied  the  course  of  pepsin  digestion  by  measuring  the 
electrical  conductivity  of  the  protein  solution.  He  found  the  following 
values  of  x at  the  various  times  t (in  hours)  : 


X 

0 

10-5 

16-41 

19-93 

22-68 

24-00 

27-04 

1 

30-36  | 

33-68 

t 

0 

2 

4 

6 

8 

9 

12 

’1  16 

1 

20 

Find  the  law  connecting  x and  t,  and  state  to  what  family  of  curves  the 
graph  belongs. 

The  graph  (Fig.  102)  shown  in  the  diagram  looks  like  a portion  of  a 


Fig.  102. — Graph  of  Peptic  Digestion.  (Result  of  plotting  x against  t.) 


parabola.  To  see  whether  this  is  so,  let  the  law  connecting  x and  t be  put 
into  the  form 

t = kx 2,  or  \/t  = K#  (where  K is  another  constant  = V~k), 

If  the  supposition  is  correct  then  x plotted  against  Vt  should  give  a 
straight  line. 

The  plotting  table  will  be  : 


; 

X | 

0 

10-5 

16-41 

19-93 

22-68  21-00 

27-04 

30-36 

33-68 

Vi 

0 

1 41 

2 

2-46 

2-82  1 3 

[ 

3-47 

4 

4-46 

As  will  be  seen  from  Fig.  103,  the  graph  is  a straight  line  passing  through 
the  origin. 
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Therefore  the  law  is  \/ 1 — K.x,  and  the  graph  is  a parabola.  In  other 
words,  the  course  of  pepsin  digestion  follows  the  Schutz-Borissoff  law. 

The  value  of  K is  seen  from  the  graph  to  be 

1 / PM  __  19-93  _ \ 

= 8 \e'9''  OM  2-46  ~ 8)‘ 


the  law  is 


Vt  = - x or  x = 8 Vt. 
8 


This  example  furnishes  a very  good  illustration  of  the  danger  of  using  a 
formula  for  extrapolation  purposes.  Thus  Bayliss  has  shown  that  the 


Fig.  103.  Graph  of  Peptic  Digestion.  rithmic  Graphs  of  the  Schiitz- 
(Result  of  plotting  x against  V t.)  Borissoff  Law. 


Schutz-Borissoff  law  as  expressed  by  the  relation  x = K Vt  only  holds  good 
for  a certain  stage  of  digestion,  and  therefore  whilst  it  is  safe  to  use  this 
formula  for  purposes  of  interpolation  within  certain  values  of  x or  t,  its 
adoption  for  the  purpose  of  extrapolation  outside  those  limits  would  give 
totally  erroneous  results. 

Thus  we  have  seen  on  p.  288  that  the  true  equation  for  peptic  digestion 
a 

is  KF t -----  log  — x,  but  that  for  small  values  of  x the  relation 

a — x 

x = K VaFt  holds  good.  Fig.  104  shows  the  course  of  the  reaction  according 
to  the  logarithmic  equation  as  well  as  according  to  the  Schutz-Borissoff  law. 
It  is  seen  that  up  to  a certain  point  the  two  graphs  are  practically  coin- 
cident. But  that  if  extrapolation  were  tried  from  the  moment  where  the 
straight  line  is  shown  dotted  the  results  would  be  totally  misleading. 
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(2)  The  following  values  of  x and  y are  believed  to  be  connected  by  an 
equation  of  the  form  y ==  a -f-  : 


X 

0 

1 

2 3 

4 

5 

6 

7 

8 

y 

2 

2-05 

2-2  2-45 

1 

2-8 

3-25 

3-8 

4-45 

5-2 

Test  the  correctness  of  this  assumption  and  find  the  values  of  the  constants 
a and  6. 

Plotting  y and  x gives  the  curve  shown  in  Fig.  105  ; but  it  is  obvious 
that  mere  inspection  altogether  fails  to  identify  the  type  of  curve  to  which 


Fig.  105. 

the  plotted  portion  belongs.  From  the  formula  y — a - f bx 2 we  would 
expect  it  to  be  a portion  of  a parabola.  This  it  might  well  be,  but  it  might 
from  its  appearance  equally  well  be  a portion  of  an  hyperbola  or  of  an 
exponential  curve.  If,  however,  instead  of  plotting  y and  x,  as  we  have 

done,  we  plot  y and  x2,  then,  if  the  resulting  graph  is  a straight  line  we  know 
that  y = a -j-  bx 2 is  the  correct  formula  connecting  the  given  values  of 
x and  y. 

For,  putting  x2  — X,  the  equation  becomes  y = a -f-  6X,  which  is  a 
straight  line. 

If  we  look  at  the  graph  (Fig.  106)  resulting  from  plotting  y against  x2  we 
see  that  it  is  a straight  line  and  therefore  the  assumption  is  correct. 

To  find  the  values  of  a and  b,  we  proceed  exactly  as  in  example  (1)  on 
p.  297. 

When  x = 0,  y = a. 

a ~ 2. 

To  find  b,  take  any  pair  of  values  of  X (or  x2)  and  y,  and  put  them  into 
the  equation 
Thus  when 


y = a -f-  bx. 

y — 2-2,  x2  — 4. 
2-2  = 2 -f-  46. 


y — 2 -f-  -05x2. 


equation  is 
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Fig.  106. — Modification  of  Graph  in  Fig.  105  obtained  by  plotting 

y against  x 2. 


Fig.  107. 
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The  value  of  the  slope  6 can  also  be  read  off  directly  from  the  straight 
fine  graph,  when  it  is  seen  to  be  equal  to  0-05. 

Note. — Whenever  we  have  reason  to  expect  that  ~ is  proportional  to  x, 

Cl « c 


the  formula  y 


. 9 , . . cl  y 

a -f-  bx"  must  be  tried  (since 


2 bx). 


(3)  The  following  values  of  x and  y are  believed  to  be  related  by 

an  equation  of  the  form  y = Aebx  (i.e.,  the  phenomenon  in  question  is 
supposed  to  be  an  example  of  the  compound  interest  law).  Examine  if 
this  is  so  and  then  evaluate  A and  b. 


X 

120 

110 

100 

90 

80 

70 

GO 

y 

•0051 

•0059 

•0071 

•0085 

•0102 

•0124 

•0148 

If  we  were  to  plot  x and  y we  would  get  a portion  of  a curve  (Fig.  107) 
which  might  be  exponential,  but  might  equally  be  a portion  of  a parabola 
or  of  some  other  curve.  But  by  taking  logarithms  of  both  sides  we  get  : 

loglO  V — l°gio  ^ + bx  log  e — log10  A -f  -4343  bx, 

which  is  an  equation  of  the  first  degree  in  x and  y.  If,  therefore,  the  given 
values  of  x and  y are  related  by  an  equation  of  the  form  y = Aebx,  then,  by 

plotting  x and  log  y,  we  should  get  a straight  line  whose  y intercept  is  log10  A 
and  whose  slope  is  -43436. 

The  plotting  table  will  be  : 


X 

120 

110 

100 

90 

80 

70 

60 

log  y 

3 7076 

3-7709 

3"- 8573 

3-9294 

2-0086 

¥•0934 

2-1703 

and  the  graph  so  plotted  is  seen  to  be  a straight  line  (Fig.  108). 


Fig.  108. — Modification  of  Graph  in  Fig.  107,  obtained  by  plotting 

log  y against  x. 
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Hence  the  assumption  that  y — Aebx  is  true.  In  order  to  find  the  values 
of  A and  6,  we  take  any  two  pairs  of  values  on  the  line  so  plotted, 

e.g.,  when  x = 80,  log  y = 2-0086. 

when  x = 100,  log  y = 3-8573. 

Hence 

2- 0086  = log  A + -4343  X 806 (1) 

3- 8573  = log  A + -4343  X 1006 (2) 

By  subtraction  1-8487  = -4343  X 206. 

i.e.,  - -1513  = 8-6866. 


1513 

86860 


•018. 


Substituting  for  6 in  equation  (2)  we  get 

3-8573  = log  A — -4343  X 1-8 
= log  A — -7817. 
log  A - 3-8573  + -7817 
= 2-6390. 


A 


final  equation  is 


y 


•0435. 


•0435e 


-•018^ 


The  value  of  6 could  be  ascertained  by  mere  inspection. 

since  -43436  — — tan  6,  where  — 6 is  the  angle  made  by  the  line  with 
the  x axis. 

•47 

Here  tan  6 is  obviously  — ~ ~ '0078. 


6 


•0078 
4343  “ 


0-018. 


(4)  The  activity  (in  arbitrary  units)  of  a certain  volume  of  radium 
emanation  was  as  follows  : 


Time  (hours) 

0 

20-8 

187-6 

354-9 

521-9 

786-9 

Activity 

100 

85-7 

24 

6-9 

1-5 

•19 

Find  if  the  relationship  between  t and  A corresponds  to  the  compound 
interest  law,  and  calculate  the  radioactive  constant. 

If  this  is  an  example  of  the  compound  interest  law,  then 

A t — A of 

A = activity  at  time  t 
A = radioactive  constant, 
log  At  = logAo  = A t log  e, 
or  2-3  logio  At  — 2-3  log  A0  — At. 

Hence  by  plotting  log  At  against  t we  ought  to  get  a straight  line. 


where 

and 
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The  plotting  table  now  becomes  : 


t 

0 

20-8 

187-6 

3521-9 

521-9 

786-9 

log  At 

2 

1-933 

1-380 

•839 

1-76 

1-279 

The  resulting  graph  is  a straight  line  (Fig.  109).  Hence  the  formula 
At  = A oe_Af  is  correct-  In  the  graph  A represents  the  tangent  of  the  angle 


made  by  the  line  with  the  axis  of  x.  This  is  obviously  — 


2 

580 


= -34  X 10“ 


3 


(5)  The  area  of  a wound  was  determined  every  four  days  by  applying  a sheet 
of  transparent  cellophane  and  making  drawings  on  it  of  the  edges  of  the 
wound.  The  areas  of  these  drawings  were  then  measured  by  the  plani- 
meter,  and  the  following  are  the  corrected  results  obtained  : 


No.  of  days  . 

0 

4 

8 

12 

16 

20 

24 

28 

32 

36 

Area  in  sq.  cm.  (A.) 

107 

88 

74-2 

61-8 

51 

41-6 

33-6 

26-9 

21-3 

16-8 

b.  x 
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Show  that  cicatrisation  follows  the  compound  interest  law. 

By  plotting  log  area  against  time  we  get  the  following  table  (to  two  places 
of  decimals)  : 


t (days)  . 

0 

4 

8 

12 

1 

16  20 

24 

28 

32 

36 

log  A 

2-03 

1-94 

1-87 

1-79 

1-71  1-62 

1-53 

1-43 

1-33 

1-23 

The  resulting  graph  is  a straight  line. 

Note. — Carrel,  Hartmann,  Lecomte  du  Noiiy,  and  others,  toe.  cit.,  p.  88, 
have  shown  that  rate  of  cicatrisation  of  a wound  generally  follows  the  com- 
pound interest  law.  In  this  way  it  is  possible  to  calculate  (in  the  case  of  any 
aseptic  wound)  the  size  it  would  be  at  any  given  date  and  to  foretell  when 
cicatrisation  would  be  complete.  Marked  deviation  from  the  calculated 
graph  shows  that  infection  has  occurred.  Hence  the  action  of  different 
dressings  and  antiseptics  can  be  studied. 

(6)  A.  G.  M’Kendrick  and  M.  Kesava  Pai  (toe.  cit.,  p.  289,  example  6), 
working  with  Bacillus  coli,  found  that  when  starting  with  2,850  bacilli  they 
obtained  the  following  numbers  y after  growing  for  various  intervals  of 
time  t : 


t (in  hours) 

0 

1 

2 

3 

4 

y 

2,850 

17,500 

105,000 

625,000 

2,250,000 

They  further  found  that  when  the  number  reached  100,000,000  growth 
ceased. 


Find  whether  the  figures  agree  with  the  equation  of  growth  given  in 


example  6 on  p.  289,  viz. 


dy 

’ dt 


= by(a  — y),  and  evaluate  the  constants. 


Also  calculate  the  period  of  a generation,  i.e.,  the  time  it  takes  for  a bacillus 
to  double  itself. 


From 
we  get 
But 


i.e.. 


dy 
dt 
1 dy 
V dt 

1 

y 

d \oge  y dy 

— © 

dy  dt 

d loge  y 
dt 


= — y) 

= b(a  — y). 

_ d loge  y 
dy 

= b(a  — y) 
= b(a  —y). 
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In  other  words,  the  slope  of  the  curve  obtained  by  plotting  log  y against  t 
is  b(a  — y). 

Now,  when  t = 0,  y0  = 2850,  and  when  growth  has  ceased  y — a — 


100,000,000  (see  example  G,  p.  290). 

slope  at  commencement  of  curve,  which  is 


d log  yQ 

~df~ 


b(a 


y0)  = ha 


(since  y0  is  small  compared  with  a). 


Hence,  by  plotting  log  y against  t the  slope  at  the  commencement  of  the 
curve  = bet.  But  a is  known,  and  therefore  b can  be  found. 


The  new  plotting  table  is  : 


t 

0 

1 

2 

3 

4 

i°oio  y 

3-455 

4-243 

5-021 

5-796 

6-352 

The  graph  will  be  found  to  be  a straight  line  whose  slope  = -80. 

ah  — 0-8. 

To  find  the  period  of  a generation,  we  notice  that  ab  is  the  rate  of  change 
of  log10  y per  unit  of  time  (i.e.,  per  hour). 

in  one  hour  log10  y has  changed  from  3-455  to  4-243,  i.e.,  by  0-80. 
But  when  y has  doubled  itself  log10  y has  changed  by  log10  2,  i.e.,  by  -301. 

•301 

/.  period  of  a generation  = hr.  = 22-5  mins. 


(7)  The  following  values  of  x and  y have  been  found.  Find  a formula 
connecting  them. 


X 

0 

1 

2 

3 

4 

5 

6 

7 

y 

0 

0-7485 

0-5988 

0-5614 

0-5444 

0-5347 

0-5284 

0-5241 

Here  y decreases  with  increase  of  x ; we  therefore  try  the  formula  y = 

CL^C  'Xf 

or  x — — 4-6  and  plot  x against  - as  follows  : 

y y 


X 

0 

1 

2 

3 

4 

5 

6 

7 

X 

y 

0 

1-336 

3-339 

5-343 

7-348 

9-357 

11-30 

13-36 

The  resulting  graph  is  a straight  line. 

The  assumption  that  the  observed  values  are  connected  by  the  equation 

x 

x — a — f-  6 is  true. 


308 


BIOMATHEMATICS. 


To  find  a and  b we  proceed  exactly  as  in  tlie  other  cases  of  straight  line 
laws  (pp.  297,  298),  and  we  get  a — 0-5  and  b = 0-33. 

cc 

equation  is  x — 0'5  1 + 0-33, 

V 

or  xy  — 0-5x  -f-  0-33?/. 


When  other  formulae  fail  then  one  uses  the  equation 
y = a + bx  -f  cx2  + dx%  + ex 4 + . . . 
because  we  know  that  such  an  equation  will  satisfy  any  values  of 
x and  y provided  we  take  a sufficient  number  of  terms.  Thus,  if 
we  stop  at  the  first  power  of  x we  get  y = a + bx,  which,  of 
course,  represents  a straight  line  ; y = a -fi  bx  + ex2  will  corre- 
spond to  a parabola ; whilst,  as  we  have  seen,  any  function, 
whether  logarithmic,  exponential,  trigonometric,  etc.,  can  be 
expanded  into  a series  of  ascending  powers  of  x like  the  above. 
In  order  to  evaluate  the  coefficients  a,  b,  c,  cl  . . . we  make  use  of 
Maclaurin’s  theorem  (p.  188),  according  to  which 

a =f(0 ) ; b =f'(o)  ; o ; d . . . 

Hence  a is  simply  the  numerical  value  of  the  intercept  of  the  y 
axis  cut  off  by  the  original,  or  primitive,  curve.  To  determine  the 
numerical  values  of  b,  c,  d . . . we  must  plot  the  curves  yf  = 
f'(x),  y"  = f"(x),  etc.  y'  = f'(x),  i.e.,  the  first  slope  curve  or 
first  derivative  curve  can  be  plotted,  by  drawing  tangents  to  the 
original  curve  at  various  points  and  calculating  the  slopes  at  those 
points  in  the  manner  explained  on  p.  141  and  in  example  6 on 
p.  319.  The  values  of  y'  so  obtained  are  plotted  against  corre- 
sponding values  of  x,  and  we  thus  get  the  first  derivative  curve. 
By  repeating  this  process  we  get  the  2nd  derivative  curve  y"  = 
f"{x).  The  process  is  repeated  until  we  get  a graph  which  does  not 
differ  perceptibly  from  a straight  line. 

If,  now,  we  measure  the  intercept  of  the  y axis  cut  by  each  of 
these  derivative  curves  we  obtain  the  values  f'(o),f"(o),f'"(o), 
etc.,  and,  consequently,  we  get  the  numerical  values  of  b,  c,  d, 
etc. 

Note. — In  practice  one  does  not  often  employ  the  method  just  described 
for  obtaining  the  various  derived  curves  since,  although  theoretically 
perfect,  it  is  practically  very  inaccurate  (see  p.  313).  For  the  most  exact 
methods  of  plotting  these  curves  the  reader  is  referred  to  more  advanced 
books  on  practical  mathematics.  By  choosing  appropriate  scales  for  x 
and  y,  however,  the  curve  can  be  drawn  in  such  a way  as  to  make  the  above 
methods  applicable  with  reasonable  accuracy. 

EXAMPLES. 

(1)  The  following  have  been  found  to  be  the  respective  values  of  x and  y , 
Find  the  law  connecting  them  : 
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x 

0 

1 

2 

Q 

O 

4 

5 

6 

7 

i 

8 

y 

2 

1-85 

1-8 

1-85 

9 

jJJ 

2-25 

2-6 

3-01 

3-06 

Let  the  equation  of  the  plotted  curve  be  y — a -j-  bx  + cx 2 + . . . 

By  drawing  tangents  at  the  points  where  x = 1,  2,  3 . . . we  obtain  the 
numerical  values  of  the  slopes  as  follows  : 


X 

l 

2 

3 

4 

5 

6 

y' 

-0  1 

0 

01 

0-2 

0-3 

0-4 

When  these  points  are  plotted  they  are  found  to  be  on  a straight  line 
(which  is,  of  course,  y'  — f'x  = b - \-  cx),  whose  slope  is  0-1  and  whose  inter- 
cept on  the  y axis  is  — -2. 

equation  of  line  is  y'  — 0-\x  — 0-2. 

■ .*.  b — — 0-2  and  c — 0-05  ^ ^ 

But  a = f(o)  = 2. 

the  law  connecting  the  two  variables,  or  the  equation  of  the  primitive 
curve  is  y = 2 — 0-2x  + 0-05.r2. 

(2)  The  following  values  have  been  found  for  x and  y.  Find  the  law 
connecting  them  : 


X 

o 

— O 

-2 

-1 

0 

1 

2 

3 

4 

5 

y 

0 

24 

30 

24 

12 

0 

-6 

0 

24 

Plot  the  curve  by  making  one  unit  length  on  the  x axis  equal  to  10  units 
on  the  y axis.  It  will  then  be  found  that  the  slopes  can  be  determined  with 
fair  accuracy  at  various  points.  The  following  will  be  found  to  be  the  values 

of  y for  the  stated  values  of  x : 


X 

-3 

-2 

-1 

0 

3 

4 

y' 

35 

14 

1 

-10 

-10 

-1 

14 

This  will  plot  into  what  looks  like  a parabola,  crossing  the  y axis  at  y — 
— 10,  and  calculating  the  slopes  at  \arious  points  on  this  first  derivative 
curve,  one  gets  the  following  values  of  y"  and  x : 


X 

-i 

0 

1 

2 

y 

-12 

-6 

0 

G 
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The  graph  of  this  is  y"  — 6x  — 6 (=  6 dx  — 6). 

.\  o=/(o)  = 24;  b = f"(o)  — 10  ; 

„ _/"(»)  _ _ e _ , . , _ rw 

C _ ‘>  1 £ ' ’ gL 

law  connecting  a;  and  y is 

y = x*  - 3a:2  - 10a;  + 24. 


= 1. 


Summary, — If  there  is  no  theoretical  basis  to  guide  us  and  the 
smooth  graph  plotted  from  the  pairs  of  values  of  x and  y is  not 
a straight  line,  then  one  tries  any  of  the  following  methods  : 

(1)  Plot  y against  x 2 or  against  V x-  If  the  result  is  a straight 
line  then  the  equation  is  of  the  form  y = a + bx2  or  y = a 

4-  b \/x. 

(2)  Plot  y against  log  x or  log  y against  x.  If  the  result  is  a 
straight  line  then  the  equation  is  of  the  form  y = Aebx. 

(3)  Plot  log  y against  log  x.  If  the  result  is  a straight  line  the 
equation  is  of  the  form  y = axn. 

V (IX 

(4)  If  y = K-,  try  the  formula  y = _ , . 

X X 0 


(5)  If  the  functions  seem  to  be  periodic,  try  Fourier’s  series  : 
y = no  + ci  sin  x + b\  cos  x + <22  sin  2 x + bo  cos  2x  -j-  , . . 

(see  pp.  264  et  seg.). 

(6)  Ic  all  the  above  formulae  fail,  use  the  general  equation 
y = a + bx  + cx 2 + dx 3 + . . . and  evaluate  the  constants  in 
the  manner  described  above.  It  may,  for  instance,  be  found  that 

fj  ■ y 

^ = Ka?,  when  we  know  that  the  equation  is  of  the  form 

y = a + bx 2 (Schiitz-Borissoff  law),  or  it  may  be  found  that 
dij 

^ = K y,  when  it  is  an  example  of  the  compound  interest  law, 


y = Aebx,  etc. 

Determination  of  the  Order  of  a Chemical  Reaction. — Another 
most  useful  application  of  the  method  of  graphical  analysis  is 
for  the  purpose  of  determining  the  order  of  a chemical  reaction — 
by  which  is  meant  the  number  of  molecules  taking  part  in  the 
reaction.  For  example,  the  splitting  of  hydrogen  peroxide  into 
water  and  oxygen  in  the  presence  of  hsemase  (blood  catalase)  is 
unimolecular,  or  a reaction  of  the  first  order,  thus  H2O9  = 

h2o  + 0. 

The  saponification  of  an  ester  is  bimolecular,  or  of  the  second 
order  ijlins  * 

’ O2H5OOC2H3  + NaOH  = NaOOC2H3  + C2H5OOH. 

In  many  cases  in  biochemistry  it  is  not  easy  to  represent  the 
reaction  by  means  of  an  exact  equation,  and  hence  it  is  difficult 
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or  impossible  to  determine  the  order  of  the  reaction  by  mere 
inspection.  Moreover,  even  when  it  is  possible  to  represent  the 
reaction  by  means  of  an  equation,  it  is  not  always  possible  to  say 
with  certainty  whether  the  reaction  is  uni-,  bi-  or  multi-mole- 
cular. For  instance,  in  the  case  of  decomposition  of  H2O2  by 
hsemase,  although  we  know  that  one  molecule  of  H2O2  gives  rise 
to  one  molecule  of  H2O,  it  is  not  possible,  without  the  aid  of  mathe- 
matics, to  say  whether  the  order  is  first  or  second,  i.e.,  whether 
the  equation  is  : 

h2o2  - h2o  + 0, 

or  2H2O2  = 2H20  -f-  02. 

(1)  One  method  of  determining  the  order  of  a reaction  we  have 
already  dealt  with  in  Chapter  XIII.  It  consists  in  calculating  the 
velocity  constant  K by  means  of  the  formulae  for  unimolecular, 
bimolecular,  etc.,  reactions.  The  reaction  is  of  that  order  for 
which  the  formula  gives  reasonably  constant  values  of  K. 

The  following  are  graphical  methods  of  determining  the  order  of 
a reaction. 

dec 

(2)  We  have  seen  that  = K (a  — x)n , where  n — order  of  the 
reaction. 


If  we  put  (a  — x)  = C (i.e.,  concentration  of  the  original  sub- 
stance at  any  instant  t), 

. dx  dC 

then  a = - dt 

and  (a  — x)n  = C' 

equation  becomes 
dC 


\n 


dt 

dC 

o 


KO. 

- K dt. 


Hence, 


fdC 

+ A (A  * integration  constant). 


(i.)  In  the  case  of  unimolecular  reactions  (n  = 1) 

rdc 


i.e., 


Jc 

log  C 


= - Kt  + A, 

= - Kt  4-  A. 
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(ii.)  In  the  case  of  bimoleeular  reactions  (n  = 2) 


i.e.  j 
or 


'dC 

C2 

1 

_ c 

1 

c 


- K t + A, 
= — Kt  + A, 

= Kt  - A. 


(iii.)  In  the  case  of  termolecular  reactions  (n  = 3) 


Jc-w  = 

- Kt  + A, 

or 

1 

~ 2C2  - 

- Kt  + A, 

or 

1 

2C2 

Kt  - A. 

(iv.)  Generally  in  the  case  of  n-molecular  reactions 


or 


/ c~ndC 

1 

(1  - n)  Cn-i 


- Kt  + A, 

Kt  - A. 


Hence,  we  get  the  following  rule  : 

To  find  the  order  of  a reaction  we  have  to  ascertain  by  trial 
which  of  the  following  expressions  gives  a straight  line  when 
plotted  against  time  as  abscissa. 

(i.)  log  C — unimolecular. 

1 

(n.)  ^ — bimoleeular. 

1 

(m.)  — termolecular. 


(iv.)  — n-molecular. 


This  method,  therefore,  like  the  last,  involves  a certain  number 
of  trials  in  order  to  arrive  at  the  solution.  There  is,  however, 
another  graphical  method,  which  by  drawing  the  graph  one  can, 
by  means  of  a mathematical  formula,  arrive  at  the  solution  at  once. 

(3)  The  Differential  Method  (see  examples,  pp.  319  et  seq.). — Draw 
on  a large  scale  a graph  representing  the  change  of  concentration  (x) 
with  time  (t).  Then  the  velocity  of  any  moment  can  be  deter- 
mined by  measuring  the  angle  which  the  tangent  at  that  point 
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makes  with,  the  t axis,  i.e.,  by  the  slope  of  the  curve  at  that  point. 
Thus,  if  when  the  change  in  concentration  is  x\,  the  angle  made  by 
the  tangent  with  the  t axis  is  015  and  when  the  change  in  concentra- 
tion is  X2,  the  angle  made  by  the  tangent  is  02 , then  the  velocities 
at  these  two  points  are  given  by  tan  0i  and  tan  02  respectively 
/ dx\ 

I since  tan  0 = ^ j,  and  can  be  read  off  directly  from  the  graph, 

tan  <pi  = K(c  — x\)n 
and  tan  02  = K(c  — x^Y1 

tan  Yi  (c  — x\)n 
tan  <p2  (c  — X2)71' 


) 


where  n = order  of  reaction. 


tan  <pi 
tan  02 


Xi) 

X2Y 


whence 


(where  u\ 


tan  0! 
tan  02 

(c  - (c 

( c - x2)  °g  (c 
tan  0i  and  U2  = tan  02). 


ui 

U2 

- 

- x2) 


As  n must  be  an  integer,  it  must  be  taken  as  the  integer  nearest 
to  the  value  given  by  the  right-hand  side  of  the  equation. 

The  two  great  objections  to  this  method  are  the  following  : 

(1)  Errors  may  occur  in  drawing  the  curve. 

(2)  There  is  a great  difficulty  of  reading  off  the  value  of  the 

slope  at  any  point  with  sufficient  accuracy. 

(4)  Still  another  method  is  to  “ start  the  reaction  with  equiva- 
lent quantities  of  the  reacting  substances  and  determining  in 
two  experiments  (which  differ  in  concentration)  the  time  required 
to  consume  half  of  the  substance  55  (Nernst). 

In  the  case  of  a unimolecular  reaction  the  time  is  independent  of 
the  original  concentration  (Chapter  XIII.,  p.  218). 

In  the  case  of  a multimolecular  reaction  the  time  is  inversely 
proportional  to  an~1,  where  n is  the  order  of  the  reaction 
(Chapter  XIII.,  p.  222). 

Thus,  if  n = 2 ; t or 

a 


if  n = 3 ; t -5. 

a 1 


if  n = 4 ; 
etc. 


t CC 


I 

a3'- 
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EXAMPLES. 

(1)  Madsen  and  Eamulener  in  an  investigation  of  the  attenuation  of 
vibriolysin  at  28°  C.  found  the  following  results  : 


Time  in  Minutes. 

Concentration. 

0 . . 

100 

10  . . 

78-3 

20  . . 

67-6 

30  . . 

59-3 

40  . . 

49-8 

50  . . 

40-8 

GO  . . 

34-4 

Find  the  order  of  this  reaction. 

If  we  take  the  logarithms  of  the  concentrations  and  plot  them  against 
time,  we  obtain  the  following  plotting  table  : 


t . . 

0 

10 

20 

30 

40 

50 

60 

log  C . 

2 

1-894 

1-83 

L775 

1-699 

1 61 

1-537 

The  graph  is  a straight  line  (Fig.  110),  hence  the  reaction  is  unimolecular. 
(2)  Miss  Chick  and  Professor  Martin  studied  the  coagulation  of 


t 

Fig.  110. — Attenuation  of  Vibriolysin. 

haemoglobin  at  various  temperatures  and  obtained  the  following  results 
at  70  4°  C.  : 
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t (in  mins.) 

0 

o 

£J 

| 

4 

6 j 7-5 

C (concentration  of  Hb) 

100 

52-5 

25-3 

141 

7-6 

To  which  order  does  this  reaction  belong  ? 

What  is  the  value  of  K ? 

By  taking  the  logarithms  of  C we  get  the  following  table  : 


1 1 
' 1 

t . . 

0 

2 

4 

6 

7-5 

log  C . 

2 

1-72 

1-41 

115 

0-80 

When  log  C is  plotted  against  t,  the  resulting  graph  is  a straight  line 
(Fig.  111). 


t 


Fig.  111. — Coagulation  of  Hsemoglobin. 

Therefore  the  coagulation  proceeds  as  a monomolecular  reaction. 

Now  the  equation  of  a monomolecular  reaction  is 

K = } iog  (j~.  = l tloS  a ~ ]°g  («  ~ x)l 

where  a = initial  concentration  = C0  (=  100  per  cent.), 

and  (a  — x)  = concentration  at  any  time  t — Ct, 

K = ) (2  - log  Ct). 

By  taking  any  pair  of  corresponding  values  of  t and  log  Ct  we  can  therefore 
find  K. 
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t = 2,  log  Ct  = 1-72. 

K = 1 (2  - 1-72) 

= ~ (0-28)  = 0-140. 
t = 4,  log  C t = 141. 

K = ±(2-141) 

= i X 0-59  = 0-148. 

4 

< = 6,  log  Q = 1-15. 

K = l (2  - 1-15) 

= I x -85  = 0-142. 

6 

t = 7-5,  log  Ct  = -89. 

K = A (2  _ .89) 

= A X 1-11  = 0-148. 

Hence  K is  practically  constant  (within  the  limits  of  experimental  error) 
again  proving  that  the  reaction  is  unimolecular. 

(3)  Victor  Henri  found  the  following  figures  in  the  case  of  haemolysis  of 
chicken  erythrocytes  by  means  of  normal  serum.  Prove  that  the  reaction 
proceeds  in  accordance  with  the  equation  for  a unimolecular  reaction. 


^ , j t (in  mins.) 

Quantity  of  serum  ( 

24 

63 

94 

190 

= 0-3  c.c.  ( 

y d/  • • 

33% 

56% 

78% 

96% 

The  equation  for  a unimolecular  reaction  is 


K = , log (where  a ~ original  concentration  — 100  per  cent..). 

t Cl  X 

Hence  if  this  equation  holds  good,  we  ought  to  find  by  substituting 
various  corresponding  values  of  t and  x that  K is  the  same  in  each  case. 


316 

Thus,  when 

When 

When 

When 


1 lo<r  100 

= K. 

t 100  - X 

t = 24) 
x = 33  j 

1 . 100 

24  °g  67 

(2-1-826)  = -0072 

t =63) 
x = 56  < 

1 . 100 
- ,io  log  — - 
63  ° 44 

~ (2-1-643)  = -0057 

t =94) 
x = 78  j 

1 . 100 

94  °g  22 

^ (2-1-342)  = -0070 

t = 190  ) 
x — 96  j 

1 . 100 

190  °g  4 

(2- -602)  = -0073 
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So  that  K is  practically  constant  within  the  limits  of  experimental  error, 
and  therefore  the  reaction  proceeds  in  accordance  with  the  equation  for  a 
unimolecular  reaction. 

We  could  have  shown  the  same  thing  graphically  by  plotting  t against 
log  (a  — x)  thus  : 

t 24  63  94  190 

log  (a  - x)  -174  -357  -658  1-398 

The  result  is  a straight  line. 

(4)  Madsen  and  Walbum  studied  the  progress  of  tryptic  digestion  by 
subjecting  10  grm.  of  casein  powder  to  100  c.c.  of  a 1 per  cent,  solution  of 
trypsin  at  constant  temperature,  and  resting  the  amount  of  remaining 
casein  (a  — x)  at  various  times  t by  means  of  nitrogen  determinations  (by 
Kjeldahl’s  method).  The  following  figures  represent  the  results  found. 

Find  whether  these  figures  agree  with  the  supposition  that  the  process 
is  a bimolecular  reaction. 


Time  (hrs.) 

0 

0-5 

2-5 

6 

11 

24 

33 

48 

72 

Nitrogen 

•11 

0-108 

0-102 

0-1 

0-096 

0-076 

0-07 

0-06 

0-049 
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If  the  process  is  a bimolecular  reaction,  then  t when  plotted  against  the 
reciprocal  of  nitrogen  concentration  should  be  a straight  line.  The  plotting 
table  would  be  : 


t . 

0 

0-5 

2-5 

G 

11 

24 

33 

48 

72 

1 

0 

9-2 

9-8 

100 

10-4 

130 

14-3 

16-6 

20-0 

N 

The  graph  (see  Fig.  112)  is  practically  a straight  line,  therefore  the  process 
goes  on  as  a bimolecular  reaction. 

(5)  Madsen  and  Walbum  studied  the  decomposition  of  tetanolysin  by 
means  of  peptone.  Quantitative  examinations  would  suggest  the  following 
scheme  under  which  the  reaction  occurs,  viz.  : 

Two  molecules  of  tetanolysin  + 3 molecules  of  peptone 

= lysinpeptone. 

Investigate  if  this  scheme  is  correct.  The  following  results  being  given 
in  the  case  of  a certain  experiment  : 


Time  in  Hours. 

Concentration  of  Tetanolysin. 

0-5 

47-7 

1 

39  7 

2 

30  3 

4 

22-3 

6 

181 

8 

170 

In  this  case  by  plotting  log  G or  — , — , — , etc.,  against  t the  resulting 

C G C 

1 

graphs  are  not  straight  lines,  but  by  plotting  jj  against  time  according  to 
the  following  table  : 


t 

0-5 

1 

2 

4 

6 

8 

1 

"C  ' 

0021 

•025 

•033 

•045 

•055 

•059 

there  results  practically  a straight  line  (Fig.  113). 

Hence  the  reaction  is  a bimolecular  one,  and  not  pentamolecular  as  the 
scheme  suggests.  The  reason  is  that  the  lysinpeptone  formed  is  very 
unstable  and  decomposes  as  soon  as  it  is  formed  with  reformation  of  peptone, 
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1 2 3 4 5 6 7 8 

t 

Fig.  113. — Decomposition  of  Tetanolysin. 


so  that  the  concentration  of  peptone  remains  constant.  Hence  in  the 
equation  : 

Reaction  velocity  — K(Or)2  . (Cp)3 
the  Cp  being  constant,  we  get 

Reaction  velocity  = K(Ct)2, 
making  the  reaction  a bimolecular  one. 

(6)  The  following  values  of  x and  (c  — x)  were  observed  at  the  given  times 
t.  Find  the  order  of  the  reaction  by  method  (3). 


t 

X 

C — X 

1 

001434 

0-04816 

1-75 

0-01998 

0-04252 

3 * 

0-02586 

0-03664 

4-5 

0-03076 

0-03174 

7 

0-03612 

0 02638 

11 

0 04102 

002148 

17 

0 04502 

001748 

The  graph  (t  against  x)  is  shown  in  Fig.  114. 
u2  = *0053. 


ul 

Uc, 


23 


53 


•434. 


Wj  is  seen  to  fce  = -0023  and 


w-t  _ 

log  -1  = log  0-434  = 1-6375  = - -3625. 
u2 

( c — x2)  = 0-04252,  and  (c  — x^)  = 0-03174. 
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C — X-, 


3,174 

T252 


- -723. 


log  0-723  = 1-8591  = - -1409. 


n 


3625 


1409 

reaction  is  trimolecular. 


2*6  = 3 (to  nearest  integer). 


(7)  The  following  values  of  x and  (c  — x)  were  found  in  the  case  of  destruc- 
tion of  vibriolysin  by  peptone.  Find  the  order  of  the  reaction. 


Fig.  114. 
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t 

Fig.  115. 


t 

X 

c — X 

05 

52-3 

47-7 

1 

60-3 

39-7 

2 

69-7 

303 

4 

77-7 

22  3 

6 

819 

18  1 

8 

83 

17 

Y 
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The  graph  is  shown  in  Fig.  115. 

Ul  — 8-25,  and  u2  = 3-375. 


u i 


8-25 


u2  3-375 
log  2-44  = -3874. 


2-44. 


(c  — aq)  = 39-7,  (c  — x%)  = 22-3. 


c — X-i 


log 


(C 


-*2 

a’i) 


39-7 

22-3 


= 1-8. 


(c  - x2) 


— log  1-8 
3,874 


■2553. 


2,553 

reaction  is  bimolecular. 


15. 


Empirical  Formulae  connecting  more  than  Two  Variables. — 

Sometimes  it  is  necessary  in  biological  work  to  find  an  empirical 
formula  connecting  more  than  two  variables.  The  process  then 
becomes  considerably  more  complicated  and  difficult.  We  shall 
take  as  an  example  the  method  by  which  D.  and  E.  F.  Du  Bois 
found  their  formula  connecting  the  surface  area  of  the  body  with 
the  height  and  weight  of  a person, 
viz.,  S = 71-8W0'425 . H0'725, 

where  S = surface  in  square  centimetres. 

W — weight  in  kilogrammes. 

H — height  in  centimetres. 

The  surface  area  being  bidimensional,  it  may  be  put  = A2. 
Weight  being  tridimensional,  let  it  be  put  = M3,  and  height  being 
unidimensional,  it  may  be  put  = H.  It  is  clear,  therefore,  that 
any  formula  must  be  of  the  form 

i i 

S = K . W«  . Hw, 


where  K is  a constant,  and  m and  n are  such  that  - 


m 


1 

n 


2. 


For  by  taking  logarithms  of  both  sides  we  get 

log  S = log  K + 1 log  W + l log  H, 


n 


or 


log  A2  = if  + t log  M3  + 1 log  H 


m ^ ' n 

(where  K stands  for  the  constant  log  K), 


1 
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Possible  values  of  — and 

m 


- are  -1  and  1,  or  } and  * 
7b  O A A 


(thus  g + 


Let  us  take 


1 = 
1 

m 


2,  and|  + t 

i and  - = 1. 
3 n 


= 2). 


The  formula  then  becomes 

S = KW1 . H or  K - 


S 


The  following  are  a few 


wm 

of  the  values  found  by  actual 


measurement : 
(1) 

(2) 

(3) 

(4) 

(5) 

S 8473 

16720 

12320 

20760 

14907 

W 24-2 

64-0 

36-5 

87-1 

45-2 

H 110-3 

164-3 

146-0 

182-8 

171-8 

From  this 

table  we  get 

(by  using 

formula 

S = K 

S 


I 


and  K = _ . 

W*H 

(1)  K = 26-7 

(2)  K = 25-5 

(3)  K = 254  '/The  corrected  average  was  found  to  be  K 

(4)  K = 25-8 

(5)  K = 24-8  ! 

By  using  the  formula  S = KW2H" 

and  K = fTTi 

W2H2’ 


25-6. 


the  values  of  K were  found  by  using  the  above  table  of  values  of 
S,  W and  H. 

(1)  K = 164-0  , 

(2)  K = 163-0  I 

(3)  K = 168-6  , The  corrected  average  was  found  to  be  167-2. 

(4)  K = 164-5  ( 

(5)  K = 169-2  ) 

Now,  it  is  seen  that  in  case  (5),  for  instance,  the  percentage 
variation  of  K from  the  corrected  mean  value  is  positive  when 
the  first  formula  is  used,  but  negative  when  the  second  formula 

was  used.  Hence,  the  indication  is  that  — must  be  greater  than 
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\ and  less  than  whilst  - must  be  less  than  1 and  greater  than  ~ 
3 2 n b 2 

3 1 

(always  providing  — -|-  - — 2). 


m n 

Supposing  one  takes 


This  would  make 


2-5 
2 - 


2 


5‘ 


1 

m 

1 „ 3-2 

n 5 

The  resulting  value  of  K would  then  be 

K = S 


5' 


W'4H'8' 

By  using  this  formula,  better  results  were  obtained  than  by 
means  of  either  of  the  other  two  previous  formulae. 

The  best  value  was  found  to  be 

1 = -425 


'3 

. m 


m 

1 

n 

1 

n 


2-35 

1 

1-38 


•725 


3 x -425  + -725  = 1-275 


725 


the  formula  is 


and 


S = KW°‘425H0'725, 

K S - - 

^ _ '\\7'0‘425H°‘725‘ 


(1)  K = 71-30 

(2)  K = 70-65 

(3)  K = 72-01 

(4)  K = 71-22 

(5)  K = 70-36 
formula  is 

(See  p.  123  et  seq.,  for  a nomogram  for  this  equation.) 


The  corrected  average  was  found  to  be  71-84. 


S = 71-84W°'425H0'725. 


EXERCISES. 


(1)  Find  the  law  connecting  x and  y from  the  following  observation 
(allowing  for  errors  of  observation). 


X 

\ 

2-5 

35 

4-4 

5-8 

7-5 

9 6 

12  0 

y 

13  5 

1 

17-6 

22-2 

28-0 

355 



474 

561 

[Answer,  y — 1-4-2  -f  4-66:r.] 
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(2)  The  following  values  have  been  found  for  x and  y : 


X 

I 

4 

5 

« | 7 

8 

10 

11 

y 

6-29 

5-72, 

5-22  4-78 

4-35 

4-06 

3-75 

3-48 

It  is  found  that  the  following  two  empirical  formulae  seem  to  be  nearly 
equally  good  : 

y = 7—^ — , and  y = ae~&x. 
v b + x y 

Find  the  best  values  of  a and  b,  a and  (3. 

[Answer,  a = 54-53,  b = 4-67  ; a = 8-706,  0 = 0-084]. 

(3)  The  following  values  of  x and  y are  believed  to  be  related  by  an  equa- 
tion of  the  form  y — Ae‘x.  Examine  if  this  is  so  and  calculate  A and  b. 


X 

| 

0-1 

0-2 

0-3 

0-4 

0-5 

0-6 

y 

0-4254 

! 

0-4093 

0-3704 

0-3352 

0-3032 

0-2744 

[Answer,  y — 0-5e  x.] 


(4)  Prove  that  the  following  values  of  x and  t,  found  in  the  case  of  plant 
protease,  are  in  agreement  with  the  Schutz-Borissoff  law  (x  — milligrammes  ; 
t = hours). 


X 

5-34 

8-42 

9-82 

11-92 

12-98 

13-70 

17-22 

t 

1 

O 

Li 

3 

4 

5 

6 

9 

X 

[Answer,  — — is  practically  constant  (5-34  — 5-74).] 

V t 

(5)  The  following  numbers  represent  the  relation  between  the  weight 
in  kilogrammes  (W)  and  the  surface  in  square  decimetres  (S)  of  a number  of 

children.  If  the  law  connecting  S and  W is  S = AWw,  find  the  values  of 
A and  m.  How  much  milk  would  an  infant  weighing  2-50  kilogrammes 
require  per  day  if  the  amount  of  heat  lost  by  the  body  is  1,700  calories  per 
square  metre  per  day,  and  the  calorific  value  of  milk  is  736  calories  per 
litre  ? 


W 

2 3 

4 

5 

6 

7 

8 

9 

10 

S 

16-3  21-4 

26-0 

30-1 

34-0 

37-7 

41-2 

44  6 

47-9 
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[Answer.  Plot  log  W against  log  S,  the  resulting  graph  is  the  straight- 
line  log  S = log  A -f-  m log  W.  m will  he  seen  at  once  to  be 
2 

= , and  A can  be  found  by  substitution  to  be  = 10-3. 

O 

law  is  S = 10-3  7w2- 

% 

When  W = 2-50,  S becomes  = 19  (either  by  calculation  or  by 
interpolation),  i.e.,  = -19  square  metre, 


amount  of  milk  required  is 


•19  X 1,700 
536 


litres  = 440  c.c.] 


(6)  The  following  are  the  pulse-rates  P of  people  of  different  height  H : 


H (in  cms.) 

50 

69-8 

79-6 

86-7 

98-6 

167-5  ( = height  of  adult) 

1 

P 

134 

1110 

108 

104 

98 

73  (rate  in  adult) 

Find  whether  an  equation  of  the  form  P = AHm  (where  A and  m are 
constants)  will  express  the  relationship  between  P and  H,  and  evaluate  the 
constants. 


[Plotting  log  P against  log  H there  results  a straight  line  whose  m = — 


A 

JB.’ 


P 

A = 73  7167-5. 


But  when  P = 73,  H = 167-5. 


n o 
/ O 


A 


equation  is  P = 73 


7 167  4 

/WR> 

V hi 


(7)  The  following  have  been  found  to  be  the  rates  of  the  rabbit’s  heart  (r) 
at  the  given  temperatures  ( t ).  Allowing  for  errors  of  observation,  find  by 
plotting  whether  these  figures  are  in  agreement  with  Van’t  Hoff -Arrhenius 
law.  [Assume  Tj^T2  to  be  constant  (see  p.  237).] 


O 

p 

0-4 

5-6 

6-4 

12  8 

13  6 

14 

16 

r 

5-9 

117 

12-3 

25-9 

28-4 

29-7 

37-8 

[Answer.  When  TjT2  is  constant,  the  Van’t  Hoff -Arrhenius  law  becomes 


n 


10A(T2  - Td^ee  p 237^ 


or 


log  r2  - log  = A(T2  - Tx). 
Hence  if  the  above  figures  obey  the  law,  then  log 


*2 


n 


plotted  against 


T2  — Ti  should  give  a straight  line.  This  will  be  found  to  be  the  case.] 

(8)  Show  from  the  figures  in  exercise  (6)  on  p.  93,  that  disinfection  is  a 
unimolecular  reaction. 


CHAPTER  XXI.* 


BIOMETRICS. 

As  explained  in  the  opening  chapter  none  of  the  quantitative 
results  obtained  in  the  laboratory  can  ever  be  absolutely  exact. 
Even  in  the  domain  of  the  so-called  exact  sciences,  such  as 
astronomy,  physics  and  chemistry,  where  methods  of  measure- 
ment are  as  near  perfection  as  human  ingenuity  can  achieve, 
and  where  the  object  measured  is  of  constant  size,  it  is  found  that 
several  apparently  equally  reliable  measurements  taken  of  the 
same  quantity  even  by  the  same  observer  are  never  exactly  the 
same.  Thus,  notwithstanding  the  exceedingly  skilful  and  minute 
precaution  taken  by  Crookes  to  ensure  accuracy  in  his  atomic 
weight  determinations  of  Thallium,  in  a series  of  twelve  results 
the  values  ranged  between  203-628  and  203-666,  with  an  average 
of  203-642.  Similarly,  in  the  astronomical  observations  of  the 
position  of  a star,  the  several  results  never  absolutely  agree. 
These  discrepancies  are  due  to  errors  of  observation  inherent  in 
the  observer.  When  we  come  to  deal  with  the  measurements  of 
living  things,  we  are,  in  addition  to  the  errors  of  observation, 
faced  with  the  difficulty  that  the  thing  we  are  measuring  is  not 
constant,  but  variable.  No  two  human  beings,  for  instance,  of 
exactly  the  same  age  are  ever  of  exactly  the  same  height  or 
weight.  In  other  words,  the  biological  investigator,  in  addition 
to  the  actual  errors  of  observation,  is  confronted  with  the  dis- 
crepancies resulting  from  the  inherent  variability  of  the  objects 
he  measures.  One  of  the  objects  of  modern  statistical  methods 
is  to  discover  what  is  called  “ the  most  probable  result  ” out  of 
a series  of  discordant  results  obtained  in  the  laboratory. 

Biometries  is  the  application  of  modern  statistical  methods  to 
the  measurements  of  biological  (variable)  objects. 

Laws  of  Probability. — As  the  whole  of  modern  theory  of 
statistics  is  based  upon  the  theory  of  probability,  it  is  necessary 
to  discuss  and  elucidate  a few  of  the  more  elementary  laws  of 
probability  before  we  can  consider  the  subject  of  biometrics, 
with  which  we  are  concerned  in  this  chapter. 

* In  the  writing  of  this  chapter  the  author  made  great  use  of  Caradog 
Jones’s  “ A First  Course  in  Statistics,”  G.  Bell  & Sons,  Ltd.,  1921.  He  wishes 
to  acknowledge  his  great  indebtedness  to  that  book. 
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Law  I. — If  an  event  may  happen  in  a ways  and  fail  in  b ways, 


then  the  probability  of  its  happening  is 
b 


a 


a 


b9 


and  that  of  its 


failing  is  , 7 . 

a + o 

Suppose  a bag  contains  a dozen  perfectly  round  balls  made 
of  the  same  material,  size  and  weight  and  of  the  same 
degree  of  smoothness,  but  that  6 of  the  balls  are  white  and  6 are 
black.  It  is  clear  that  the  probability  of  a person  drawing  a 

6 

white  ball  (without  looking)  is  an(l  the  probability  of  his 

drawing  a black  ball  (or  of  his  failing  to  draw  a white  one)  is  also 
6 

I2‘ 


Similarly,  if  7 of  the  balls  are  white  and  5 are  black,  the 


I 

probability  of  drawing  a white  ball  would  be  and  that  of 


failing  to  draw  a white  one  We  do  not,  of  course,  mean  that 

out  of  12  draws  the  proportion  of  white  and  black  balls  drawn 
would  be  6 : 6 (or  1:1)  in  the  first  case,  and  7 : 5 in  the  second 
case.  What  we  do  mean  is  that  out  of  a very  large  number,  say, 
12,000  draws,  the  proportion  of  white  to  black  balls  would  be 
very  nearly  1 : 1 in  the  first  case  and  7 : 5 in  the  second  case, 
and  the  greater  the  number  of  draws,  the  more  nearly  will  whites 
and  blacks  approach  these  proportions.  In  general  terms,  there- 
fore, we  may  say  that  if  an  event  may  happen  in  a ways  (e.g.,  7) 
and  fail  in  b ways  (e.g.,  5),  then  the  probability  of  its  happening 


a 


is 


a + b 


7 + 5 


7 

12 


and  that  of  its  failing  is 


a 


e.g 


•)  rj 


5 


5 N 

12 


Note. — Since  an  event  must  either  happen  or  fail,  e.g.,  a draw  wiil  be 
certain  to  bring  forth  either  a white  or  a black  ball, 


certainty 


a 


+ 


a — )—  b 


a + b a + b a + 6 


1. 


Hence  if  we  indicate  the  probability  of  an  event  happening  by  p,  and  that 
of  its  failing  by  q,  then  it  follows  that 

(a)  p + q = 1, 
and  (b)  q = 1 — p. 


Law  II. — The  probability  of  the  occurrence  of  any  one  of  several 
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exclusive  events  (i.e.,  of  events  which  cannot  occur  together)  is 
equal  to  the  sum  of  the  separate  probabilities. 

Suppose  a bag  contains  25  balls,  3 of  which  are  white,  4 black 
and  18  red,  what  is  the  probability  that  the  first  ball  drawn  will 
be  a white  or  a black  one  ? 


The  probability  of  the  first  ball  being  white  is 


_3 
25 ; 


that  of  the 


first  ball  being  black  is  , therefore  the  probability  of  the  first 

zo 

ball  being  either  white  or  black  is  ^ Similarly,  the 

.3+18  21 

probability  of  the  first  ball  being  either  white  or  red  is  — ^ ^ • 


Law  III. — The  probability  of  the  occurrence  together  of  two 
independent  events  is  the  product  of  their  separate  probabilities. 

Suppose  we  have  2 separate  bags,  one  of  which  contains,  say, 
a dozen  balls,  of  which  5 are  white  and  7 black,  and  the  other 
contains  25  balls,  out  of  which  3 are  white  and  22  are  black. 
What  is  the  probability  that  in  two  draws,  one  from  each  of  the 
2 bags,  a white  ball  will  appear  each  time  ? It  is  obvious  that  the 
probability  in  this  case  of  the  two  events  happening  together 
must  be  smaller  than  the  probability  of  the  happening  of  one 
event  alone.  In  fact,  the  probability  of  a white  ball  coming  out 
at  the  first  draw  in  each  case  must  be  the  product  of  the  two 


separate  probabilities,  viz., 


5 

12 


x 


3 1 

25  “ 20- 


Possibility  and  Probability  of  certain  Events  occurring.— Let 

us  take  again  the  case  of  a bag  containing  balls  of  different 
colours.  Suppose,  for  instance,  it  contains  10  balls,  of  which  5 
are  white  and  5 are  black,  and  that  we  make  a number  of  succes- 
sive draws  (always  returning  the  ball  drawn  before  making 
another  draw),  what  are  the  probabilities  of  the  appearance  of  a 
certain  number  of  whites  and  of  another  number  of  blacks  in  a 
given  number  of  draws. 

(1)  In  one  draw  there  are  2 (i.e.,  2')  possible  events , viz.,  white 
or  black — each  of  which  is  equally  probable.  These  possibilities 
mav  be  denoted  by 

(W,  B) 

(where  W and  B are  not  numerical  quantities,  but  are  only 
symbolical  expressions  denoting  events). 

(2)  in  two  draws  there  are  4 (i.e.,  22)  possible  events,  which  may 
be  denoted  by 

(W,  B)  (W,  B)  = (WW,  WB,  BW,  BB), 
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which  means  that  the  W or  B of  the  first  draw  may  combine 
with  the  W or  B of  the  second  draw  to  give  either  white  followed 
by  white  (WW),  or  white  followed  by  black  (WB),  or  black 
followed  by  white  (BW),  or  black  followed  by  black  (BB).  In 
other  words,  the  different  possibilities  may  be  represented  by  the 
terms  (together  with  their  respective  coefficients)  of  the  alge- 
braical expansion  (W  -j-  B)2  = W2  + 2WB  -j-  B2. 

(3)  In  three  successive  draws  there  are  8 (i.e.,  23)  'possible  events , 
because  the  4 possible  events  of  the  first  2 draws  may  be  combined 
with  the  2 possible  events  of  the  third  draw,  thus 

(W  + B)  (W2  + 2WB  + B2)  - W3  + 3W2B  + 3WB2  + B3, 

i.e.,  the  8 different  possibilities  will  correspond  to  the  terms 
(together  with  their  respective  coefficients)  of  the  expansion 
(W  + B)3.  It  is  to  be  noted  that  such  terms  as  W3,  W2B,  etc., 
are  short  ways  of  expressing  the  fact  that  3 white  balls,  or  2 white 
and  1 black  ball  have  been  drawn,  and  that  the  numerical 
coefficient  of  each  term  denotes  the  number  of  different  possible 
ways  in  which  this  event  may  happen. 

(4)  Similarly,  in  four  successive  draws  there  are  16  (i.e.,  24) 
possibilities,  corresponding  to  the  terms  of  the  expansion 

(W  + B)4  = W4  + 4W3B  + 6W2B2  + 4WB3  + B4. 

(5)  In  general,  in  n successive  draws  there  are  2n  possible 
events  corresponding  to  the  terms  of  the  expansion 


(W  + B)w  = Wn  + ?iWw-1B  + 


”(“2|  1V»-2B* 


+ — ij- ^W”-3B3  + ....  + B». 

As  an  illustration  of  the  working  of  the  laws  of  probability  in 
biology  we  might  take  the  ease  of  Mendelian  expectations  wdien 
both  parents  are  impure  dominants  with  respect  to  one  unit 
character.  We  then  have 


(D  + R)  (D  + R)  - D2  + 2DR  + R2, 

so  that  the  offspring  will  consist  of  pure  dominants  (D2),  impure 
dominants  (DR)  and  recessives  (R2)  in  the  proportion  of  1:2:1. 
For  the  calculation  of  Mendelian  expectations  when  the  parents 
differ  in  more  than  one  unit  character  the  reader  is  referred  to 
“ Child  Physiology,”  pp.  58 — 60. 

So  much  for  the  possibilities. 

Now  what  are  the  probabilities  of  the  different  events  hap- 
pening ? Let  us  take,  for  example,  the  case  of  4 draws.  There 
are  16  equally  probable  events,  viz.  : 
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One  of  “ 4 successive  whites.” 

Four  of  “ 3 whites  and  1 black.” 
Six  of  “ 2 whites  and  2 blacks.” 
Four  of  “ one  white  and  3 blacks.” 
One  of  “ 4 blacks.” 


Hence,  the  respective  probabilities  or  frequencies  of  the  above 


combinations  are 


1 


6 4 


rTo  I/-,  vas  and  ■=-%  respectivelv.  In  other 
10  10’  16  16  10  r 

words,  the  probability  of  any  particular  combination  appearing 
(or  its  frequency)  corresponds  to  the  respective  term  of  the 

binomial  expansion  ( 9 -f  ^ ) • Similarly,  the  frequency  of  each 

of  the  combinations  in  5 draws  would  correspond  to  the  respective 

term  of  the  expansion  ( 9 + 2 ) > and,  1 n general,  the  frequency 

of  each  combination  happening  in  n draws  would  be  represented 

/I  l\w 

by  the  terms  of  the  binomial  expansion  (9+2)  ’ Ylz'’ 


'l\n  n n(n  — 1)  n(n  — 1)  (n  — 2) 


2n 5 2n  . 2 


2n  . 3 ! 


n 1 

2 n’  2 n’ 


Normal  Frequency  Curve. — If  we  now  plot  these  frequencies  as 
ordinates  at  equal  intervals  along  a horizontal  axis  as  abscissae, 
we  shall  get  a diagram  or  polygon  which,  as  the  number  of 


Fig.  116. — Normal  Frequency  Curve. 


ordinates  is  increased,  comes  to  resemble  more  and  more  a curve 
like  the  one  in  the  diagram  (Fig.  116).  Such  a curve  is  often 
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called  a normal  frequency  curve  and  its  importance  to  the 
biologist  lies  in  the  fact  that  not  only  do  errors  of  observation  in  ex- 
perimental work  usually  correspond  in  frequency  with  the  ordinates 
of  such  a curve  (so  that  small  errors  of  observation  occur  with 
greater  frequency  than  large  ones,  and  positive  and  negative  errors 
of  the  same  magnitude  occur  with  the  same  frequency),  but 
certain  biological  and  anthropological  statistics  are  found  to  be 
adequately  represented  by  curves  of  this  type.  From  the  fact  that 
the  curve  fits  errors  of  observation,  it  is  also  called  the  normal 
curve  of  error , or  the  Gauss- Laplace  curve. 

We  shall  return  to  the  analysis  of  this  curve  on  p.  339  et  seq. 

Statistical  Constants. — Averages  and  Dispersion. — In  every 
statistical  inquiry  two  kinds  of  numerical  summaries  must  be 
used  to  give  the  main  facts  of  the  set  of  measurements  under 
consideration,  viz.  : 

(1)  A number  which  represents  the  type  of  the  group  of  measures 
or  observations. 

(2)  A number  which  represents  the  measure  of  the  dispersion  or 
degree  of  variability  of  the  measures  from  the  type. 

Averages. — The  measure  which  represents  the  type  of  the 
group  is  called  an  average.  Statistically,  one  speaks  of  three 
kinds  of  average,  viz.,  (a)  the  common  average  or  arithmetic  mean, 
( h ) the  median,  and  (c)  the  mode. 

(a)  The  Arithmetic  mean  (A.M.)  or  Common  average  is  obtained 
by  dividing  the  sum  of  the  individual  measures  by  their  number. 
Thus,  if  the  group  consists  of  n measures,  X\,  x2,  Xs  . . . xn,  then 


Arithmetic  mean 


xi  + x2  + x3  + . . + xn 

n 


The  A.M.  is  usually  indicated  by  x. 

(h)  The  Median  . — If  in  any  group  of  measurements  the  indi- 
vidual measurements  be  arranged  in  ascending  order  of  magni- 
tude, then  the  measure  which  is  middlemost,  i.e.,  above  and 
below  which  there  is  an  equal  number  of  measures,  is  called  the 
median  (Fig.  117).  Thus,  if  9 men  of  different  heights  or  weights 
be  arranged  in  a row  in  order  of  their  height  or  weight,  then  the 
height  or  weight  of  the  5th  man  would  form  the  median — because 
there  would  be  an  equal  number  of  men  on  either  side  of  the  5th. 
Generally,  if  there  are  2 n + 1 measures  (2 n -f  1 representing 
any  odd  number),  then  the  median  is  the  (n  -f-  l)f/i  measure. 
If  the  number  of  measures  is  even,  e.g.,  10  men,  then  the  median 
is  a height  or  weight  intermediate  between  that  of  the  5th  and 
the  6th  man. 

(c)  The  Mode,  as  its  name  implies,  is  the  most  frequent  or 
fashionable  (la  mode)  measure.  Thus,  if  we  have  a table  giving  the 
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heights  of  43  boys — ranging  from  53  to  68*75  inches,  with  intervals 
of  *25  inch,  and  the  largest  number  of  boys  were  to  be  58*5  inches 
tall,  then  58*5  would  be  the  mode.  In  what  follows  we  shall  have 
to  deal  only  with  the  arithmetic  mean,  but  it  is  necessary  that  the 
student  should  be  familiar  with  the  meanings  of  the  other  two 
averages. 

Dispersion  or  Degree  of  Variability. — There  are  4 measures  of 
variability,  viz.,  (a)  average  or  mean  deviation , (b)  standard  deviation , 
(c)  quartile  deviation , and  (d)  coefficient  of  variation. 

{a)  The  average  or  mean  deviation  is  the  arithmetical  mean  of 
the  various  individual  deviations  from  the  arithmetical  mean 
of  the  measurements,  regardless  of  algebraical  sign.  By  a 
deviation  is  meant  the  difference  between  any  individual  measure 
and  the  average.  For  example,  if  the  average  height  of  a group 
of  50  boys  is  59  inches,  and  that  of  a particular  boy  is  54*25,  then 
the  deviation  of  the  height  of  that  particular  boy  from  the  mean 
is  54*25  — 59=  — 4*75  inches.  On  the  other  hand,  a boy  60  inches 
tall  would  deviate  by  + 1 from  the  mean.  If,  for  instance,  the 
sum  of  the  various  deviations  of  the  50  boys  (independent  of  their 
algebraical  sign,  i.e.,  treating  them  all  as  positive)  is  133*75  inches 


i, 

then  the  average  deviation  is 


133*75 

50 


— 2*675  inches. 


(6)  The  standard  deviation  (S.D.  or  a)  is  the  square  root  of  the 
arithmetical  average  of  the  squares  of  the  individual  deviations 
from  the  mean,  or,  the  root  mean  square  deviation  from  the  mean. 

Thus,  if  the  deviations  are  <fa,  ^2,  d%  . . . dn,  and  the  number  of 
boys  — n,  then 

nr,  / df  + d%2  + df1  + . . . + dyf 

8.4).  or  o-  = \/ , 

v n 

/Td2 

” V7  ~n  • 


(Where  %d2  means  the  “ sum  of  such  terms  as  d2.”) 

(c)  The  quartile  deviation  or  semi-interquartile  range.  In  the 

same  way  as  the  median  is  that  measure  which  occupies  a position 
midway  between  the  lowest  and  highest  measure,  so  there  are 
two  other  measures  termed  the  lower  and  upper  quartiles,  which 
occupy  positions  midway  between  the  lowest  measure  and  the 
median,  and  between  the  median  and  the  highest  measure 
respectively.  In  any  distribution  of  31  individuals  shown  in 
Fig.  117,  the  magnitude  of  the  16th  individual  (viz.,  31*52) 
represents  the  median;  that  of  the  8th  (viz.,  23*23)  the  lower 
quartile ; whilst  that  of  the  24th  (viz.,  39*27)  is  the  upper  quartile. 
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The  deviation  of  the  lower  quartile  from  the  median  is 
23-23  - 31-52  - - 8-29. 

The  deviation  of  the  upper  quartile  from  the  median  is 
39-27  - 31-52  = 7-75. 

average  deviation  irrespective  of  sign  of  the  quartiles  from 
the  median,  i.e.,  the  semi-interquartile  range 

= 8-^+™-5  = 8-02. 

The  lower  quartile , therefore,  is  the  measure  which  occupies 
the  position  one- quarter  of  the  way  along  the  series  of  measures 
(arranged  in  ascending  order  of  magnitude)  and  the  upper  quartile 
is  the  measure  which  occupies  a position  three-quarters  of  the 
way  along  the  same  series  (see  Fig.  117). 

No.  31 


The  semi-interquartile  range  is  the  same  measure  as  the 
probable  error , with  which  we  shall  deal  later  (p.  352  et  seq.),  when 
we  shall  show  that 

2 

the  quartile  deviation  = ^ rr  approximately  (see  p.  355). 

In  statistical  analysis  one  does  not  deal  much  with  the  mean 
deviation,  but  the  standard  deviation  and  probable  error  are 
continually  used,  and  it  is  therefore  necessary  that  the  student 
should  familiarise  himself  thoroughly  with  the  meanings  of  these 
measures  of  variability. 
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(d)  The  coefficient  of  variation  (C.  of  V.)  is  the  standard  devia- 
tion a expressed  as  a percentage  of  the  mean  M, 


i.e.. 


C.  of  Y. 


100  CT 

M ' 


This  coefficient  of  variation,  therefore,  measures  the  amount  of 
variability  a in  terms  of  the  mean. 

Weighted  Averages. — We  stated  on  p.  332  that  the  A.M.  is 
found  by  dividing  the  sum  of  the  individual  observations  by  their 
number.  This  is  only  true  if  all  observations  are  of  equal  import- 
ance or  reliability,  or,  as  we  say,  of  equal  weight.  If,  however, 
the  various  observations  are  not  of  equal  value,  we  must  first 
“ weight  ” each  observation  according  to  its  importance  or 
reliability — although  it  is  not  always  easy  to  decide  what  weight 
to  give  to  any  particular  measurement.  The  following  examples 
will  elucidate  the  meaning  of  “ weighting.” 

(1)  Out  of  a total  of  251  infants  born  the  duration  of  pregnancy 
was,  190  days  in  one  case,  210  days  in  one  case,  240  days  in  one 
case,  250  days  in  2 cases,  260  days  in  22  cases,  270  days  in  38  cases, 
280  days  in  79  cases,  290  days  in  78  cases,  300  days  in  16  cases, 
310  days  in  9 cases,  320  days  in  3 cases,  and  330  days  in  one 
case.  What  is  the  average  duration  of  pregnancy  ? 

It  is  obvious  that  the  various  numbers,  190,  250,  260,  etc.,  days 
are  not  of  equal  importance,  because  whilst  some  are  derived  from 
no  more  than  one  observation,  others  are  based  upon  many, 
such  as  22,  79,  etc.,  observations.  Hence,  each  observation  in 
this  case  must,  in  order  to  receive  its  just  value,  be  weighted 
by  multiplying  it  by  its  frequency.  The  A.M.  therefore 

= (190  x 1 + 210  x 1 + 240  x 1 + 250  x 2 + 260  x 22 
+ 270  x 38  + 280  x 79  -f  290  x 78  + 300  x 16 
+ 310  x 9 + 320  x 3 + 330  x 1)/251. 

= 281-8  days. 


Hence,  A.M. 


, where  / is  the  frequency  or 


‘‘weight”  of 


each  observation  x , and  n the  total  number  of  observations. 
As  n = 2/ 


A.M. 


(2)  A number  of  persons  have  been  weighed  and  it  was  found 
that  3 weighed  67-5  lb.,  9 weighed  72-5  lb.,  142  weighed  77-5  lb., 
and  so  on.  Here,  again,  the  observations  are  not  of  equal  value, 
their  relative  importance  being  in  the  ratio  3,  9,  142,  etc.,  so  that, 
in  calculating  the  mean,  each  observation  has  to  be  suitably 
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weighted  as  follows,  67*5  x 3 + 72-5  X 9 + 77*5  x 142,  etc., 
and  their  sum  divided  by  the  total  number  of  persons  weighed. 


Similarly,  the  standard  deviation  = 
frequency  of  each  deviation. 


where  / is  the 


Example. 

Out  of  a total  of  251  infants  born  the  duration  of  pregnancy  was  as  given 
on  p.  335. 

Find  the  standard  deviation. 


2 fx 

Average  period  of  gestation  = — (where  / — frequency), 

7\> 

190  X 1 + 210  X 1 + 240  X 1 + 250  X 2 + 260  X 22  + . . . 
_ 251 

= 281 ‘8  days. 

deviations  of  each  from  mean  are 


190  - 281-8  = - 91-8. 
210  - 281-8  = — 71-8. 
240  - 281-8  = — 41-8. 


330  - 281-8  = 48-2. 


.5  standard  deviation 


V=  {91-8* 2 * * 5 * * * 9  X 1 + 71-82  X 1 + 41-82  X 1 + 31-82  X 2 + 21-82*x  22 
+ 11  82  X 38  + 1-82  X 79  + 8-22  X 78  + 18-22  X 16  + 28-22  x 9 
+ 38-22  x 3 + 48 -22  X 1 }/251 


/57757-24 
V 251 

= 15-7. 


Simplified  Method  of  Finding  the  A.M. — The  ordinary  method, 
described  in  the  last  paragraph,  of  finding  the  arithmetic  mean 
involves  a great  deal  of  arithmetical  labour.  The  latter  can, 
however,  be  greatly  reduced  by  adopting  two  simple  devices, 
which  will  be  readily  understood  from  a simple  example.  Sup- 
posing we  have  a group  of  50  men  whose  weights  (to  the  nearest 

5 lb.)  are  distributed  as  follows  : 

7 men  of  160  lb. 

12  „ 155  „ 

15  „ 150  „ 

9 „ 145  „ 

5 „ 140  „ 

2 „ 135  „ 
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To  find  the  arithmetic  mean  of  the  weights,  we  can  see  that 
the  average  is  somewhere  in  the  neighbourhood  of  150  ; we 
therefore  take  150  as  an  arbitrary  mean.  The  various  weights  are 
therefore  (150  + 10),  (150  + 5),  (150  + 0),  (150  - 5),  (150  -10), 
(150  — 15),  and  the  weights  multiplied  by  their  frequencies, 
i.e.,  2 fx,  become  (150  + 10)  x 7 + (150  + 5)  x 12  + 150  x 15 
+ (150  - 5)  x 9 + (150  - 10)  x 5 + (150  - 15)  x 2.  i.e., 
150  (7  + 12  + 15  + 9 + 5 + 2) 

+ 10x7  + 5x12-5  x 9 - 10  x 5 - 15  x 2 

= 1502/  + (10  x 7 + 5 x 12  - 5 x 9 - 10  x 5 - 15  x 2) 

= 1502/  +5(2x7  + 1x12-1x9-2x5-3x2). 

A.M.  which 

_ 

2/ 

1502/  + 5(2  x7  + lx  12-1x9-2x5-3x2) 

2/ 

= 150  + S+i  = 150-1  lb. 
oO 

i.e.,  the  arithmetic  mean  of  the  distribution  is  found  by  the 
following  process  : 

(i.)  Choose  a convenient  number  as  origin  or  zero  (150  in  our 
case). 

(ii.)  Choose  a convenient  unit  as  the  unit  deviation  of  each  weight 
from  the  origin  (5  is  the  unit  in  our  case). 

(iii.)  Multiply  each  deviation  by  its  frequency  (2  x 7,  1 x 12, 
— 1 X 9,  etc.). 

(iv.)  Take  the  algebraic  sum  of  (iii.)  and  multiply  it  by  the 
unit  of  deviation  (i.e.,  5). 

(v.)  Divide  (iv.)  by  the  number  of  observations  (50), 

(vi.)  Add  (v.)  to  the  origin  (i.e.,  to  150). 

Note. — The  algebraic  sum  of  the  products  of  the  deviations 
from  the  origin  by  their  respective  frequencies  is  called  the  first 
moment  of  the  distribution  with  reference  to  the  origin,  and  the  first 
moment  divided  by  %f  is  called  the  first  moment  coefficient.  In 
general  we  may  say  that 

x = x + p. 

Where  x = true  mean, 

x = arbitrary  mean, 

and  p = first  moment  coefficient  of  the  distribution  about  the 

arbitrary  mean  as  origin. 

Corollary. — Hence,  it  follows  that  if  x = x,  i.e.,  when  the 
arbitrary  mean  coincides  with  the  true  mean  p = 0.  In  other 


B. 


z 
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words,  the  first  moment  ofi  the  distribution  about  the  true  mean  as 
origin  is  equal  to  zero. 

Thus,  in  our  present  case  the  true  mean  being  150-1, 

p = 9-9  x 7 + 4-9  x 12  - 0-1  15  -5-1x9 

- 10-1  x 5 - 15-1  x 2 
= 128-1  - 128-1  - 0. 

Definition.- — In  the  same  way  as  2 fix  is  called  the  first  moment 
of  the  distribution  about  the  arbitrary  mean  {x  being  the  deviation 
of  any  observation  from  that  mean  in  terms  of  any  convenient 
unit),  so  %fx2  is  called  the  second  moment,  2/r3  the  third  moment, 
and  in  general  fZfixn  the  nth  moment  of  the  distribution  about  the 
arbitrary  mean.  The  various  moments  divided  by  2/  {or  by  n)  are 
called  the  first,  second  . . . nth  moment  coefficients. 


Example. 

Calculate  from  the  data  given  on  p.  335  the  average  duration  of  pregnancy. 
Take  280  days  as  the  origin,  and  arrange  the  work  as  in  the  following 
table  : 


(1) 

(2) 

(3) 

(4) 

(5) 

Duration  of 
Pregnancy 
in  days. 

Deviation  (x)  from 
arbitrary  mean  (280) 

in  terms  of  10  as 
unit. 

Frequency 

(/)• 

fx. 

fx2. 

190 

- 9 

1 

- 9 

81 

200 

- 7 

1 

- 7 

49 

240 

- 4 

1 

_ 4 

16 

250 

- 3 

2 

- 6 

18 

260 

- 2 

22 

- 44 

88 

270 

- 1 

38 

- 38 

38 

280 

0 

79 

0 

0 

290 

+ 1 

78 

+ 78 

78 

300 

+ 2 

16 

+ 32 

64 

310 

+ 3 

9 

+ 27 

81 

320 

+ 4 

3 

+ 12 

48 

330 

+ 5 

1 

+ 5 

25 

251 

154  - 109 

586 

= 45 

45  v 10 

.-.  A.M.  = 280  + 25l  = 281-8  days. 

Simplified  Method  of  finding  the  Standard  Deviation. — In  the 

same  way  as  the  A.M.  can  be  found  with  less  labour  by  choosing 
some  arbitrary  number  as  the  origin,  so  can  a great  deal  of  labour 
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be  saved  in  computing  a by  choosing  some  arbitrary  number  as 
origin.  Thus,  it  can  be  shown  that  if  S = root  mean  square  devia- 
tion from  any  arbitrary  origin  0,  and  <x  = standard  deviation  from 
the  A.M.  as  origin,  then  a2  = S2  — x2,  where  x = deviation  of 
arbitrary  origin  from  the  A.M.  Thus,  in  the  diagram  (Fig.  118) 


X 

_A_ 


Oe 


v_ 


Mf 


Y 

X 

Fig.  118. 


HP 

J 


let  P represent  the  position  of  any  variable  x,  and  M the  position 
of  the  mean. 

Then  x = x + £,  where  t = deviation  of  P from  the  mean. 

But  S2  '•  : (by  definition) 

fl  +/2  +/3  + • • • +Jn  J ’ 

[/l(%  + £l)2  d~  (%  4~  £2) 2 ~f~  • • • d~  ~h  in)2 j 

fl  + h + • • • + fn 

[*2(/l  +/2  + fs  + • • • + /»)  + 2x  (/ltl  + + • • 

_ d~  fn£n)  H~  + f'-lil1  4~  • • • ~f~  fntn2)] 

fl  + H + /s  + • • • + fn 

Also  /i£i  -f /2£2  -f-  . . . — 0 (by  corollary  on  p.  33/), 

Mi2  +/2£2  + . • 


and 


fi  + /2  + 
S2  = x2  + (T2. 


/’  t 2 

,/  ntn  o 


■/. 


n 


o2  = S2  — Ct2. 


Example. — In  the  pregnancy  data  in  the  example  on  p.  338,  we  have 
S2  = since  2 /aV  = 586  (see  column  5 in  above  example), 


and  the  unit  deviation  =10. 
Also  ~2 


x-  = 1-82  = 3-24. 
58600 - 3-24. 


251 
= 230-22. 


Z 2 


cr  = V230-22 

= 15-17 
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Equation  of  the  Normal  Probability  Curve. — Let  the  ordinates 

be  yi,  y-z  . . . yn  + i and  their  respective  abscissae  X\,  X2  . . . xn  + 1. 

Let  the  distance  between  each  two  consecutive  ordinates  — c, 
so  that  x\  = c,  x 2 = 2c,  X3  — 3 c,  . . . xn  + i — (n  + 1 )c. 


M 


Y Y Y 
A Y Y+) 

Fig.  120. 


Fig.  119. — Normal  Frequency  Curve. 


We  then  have  any  abscissa  x — rc, 
and  its  corresponding  ordinate 

n(n  — 1)  (n  — 2)  . . . (n  — r + 2)  1 


1 . 2 . 3 . . . (r  - 1) 


(since  the  ordinates  represent  the  frequencies  or  probabilities 
see  p.  331.) 

Similarly  xr  + 1 = (r  + l)c, 


n(n  — 1)  (n  — 2)  . . . (n  — r + 1)  1 


and 


Vr  + 1 — 


1.2.3  . . . r * 2 


Hence,  the  slope  of  the  curve  between  the  ordinates  yr  and  yr  + 1 


— ' +. 4 - - - V.l  (see  136)j 

1 P (n(n  — 1)  (n  — 2)  . . . (n  — r -f-  2)  (n  — r + 1) 

= ¥c  L I 1.2.3.  . . (r  - 1)  . r 

f n(n  — 1)  (n  — 2)  . . . (n  — r + 2))  ” 

~~  ( 1.2.3  . . . (r  — 1)  j „ 

1 1 n(n  — 1)  (n  — 2)  . . . (n  — r 2)  /n  — r + 1 

V.  2.3...  (7^1)  V r “ 


1 


. y (n  — 2r  + 1). 


cr 
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Now,  if  n is  very  large  and  c correspondingly  small,  the  slope  of 
the  curve  at  the  point  (x}  y)  midway  between  ( xr , yr)  and 
(xr+i,  yr+i)  will  be  the  same  as  that  between  the  ordinates  yr, 
and  yr+i. 

But  x = | (xr  + xr+i)  = ^ \rc  + {r  + 1 )c). 


and 


= g(2f + 1). 


y 


2 (y?  2/r+l)* 

1 1 F n {n  — 1)  . . . (n  ~ r + 2) 

= 2 ' 2n  L 1.2.3.  . . (r  - 1)  “ 


1 1 

2 ‘ 2n 


+ 

n (n 


n (n  — 1)  . . . (n  — r + 2)  (n 


1.2.3  . . . (r 

1)  . . . (r  — r -J-  2) 


1)  r 


+!>] 


1.2.3 


(r-1)  L 


1 + 


(n  — r 4-  l)"j 

r J 


yr  {r  + n — r + 1 ) 
2 r 


~ (n  + 1), 


yr 


2ry 


n + 1' 

slope  at  point  (x,  y),  which  is 

^ . yr  (n  — 2r  + 1)  (see  above). 


1 2 ry 


(n  — 2r  + 1) 


cr  ' n + 1 

2 ry  (n  — 2r  -f  1) 
(n  + l) 

2 y 


cr 


(n  + l)o 


l(n  + 2)  - (2 r + 1)]. 


c 

But  from  cc  = ~ (2r  + 1)  we  have  2r  + 1 = — . 

2 c 


2 y 


slope  at  any  point  (®,  y)  = ^ + ^ 


n + 2 


2xN 

c , 
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Now,  when  n is  infinitely  large,  the  lines  joining  the  tops  of  the 
ordinates  y\,  y%  . . . will  form  a smooth  curve  whose  slope  at 
(x,y)  will  be 


2 y 


<fy_= i 

dx  (n  + l)c' 


n + 2 — 


2x N 

G j 


By  transferring  the  origin  to  the  point  (n  + 2)~,  i.e.,  to  the 
point  O'  (the  foot  of  the  middle  ordinate  O'M),  x will  become 


x + 


(n  + 2)c 

_ 

dy 

dx 


, and  hence  the  equation  will  become 


2 y 


(n  + l)c 

2 y 

(n  + l)c 

- 2JI  --  I 
(n  + l)c 

4 xy 


n + 2 


2 , 

-\x  + 


'n  + 2' 


[ 

[(»  + 2)  - - - (n  + 2) 


2x N 
c > 


dy  = 

y 

1? 


be.,  log  y — — 


(n  + l)c2 
ixdx 

(n  + l)c2’ 
4 

( n + l)c2 
2x2 


j ' xdx, 
log  A 


(n  -f  l)c2 

(log  A = constant  of  integration.  See  p.  277). 


2x2 


y = Ae  c2(n+1)  = Ae  3<t2 


where  a2  = (n  + 1 W (a-  will  be  found  to  be  the  S.D.  See  p.  351). 


We  now  have  to  find  the  value  of  A. 

The  total  frequency  is  the  total  probability,  which  = 1 (see 
p.  328).  But  the  total  probability  or  total  frequency  is  the  area 
of  the  curve  between  the  limits  x — + . 

Therefore  to  find  total  frequency  we  must  integrate  between  the 
limits  +■  oo . 
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Thus, 


/•  + 00 
ydx 

J — oo 


- A 


r+ 00 


e 


X2 

2a2  . dx 


— 00 


= Acr\/27r  (see  p.  258). 


A == 


final  equation  of  the  Probability  Curve  is 


y = 


i 


(X 


\/2 


e 2a-2 


7 r 


(see  “i  Course  in  Statistics  ” C.  Caradog  Jones). 
The  equation  may  also  be  written 


where 


h 

h = oVl' 


Properties  of  the  Normal  Probability  Curve. — (1)  The  curve  is 
symmetrical  about  the  y axis  because  for  any  value  of  y there  are 
two  equal  and  opposite  values  of  x.  Thus,  whether  x = ± n,  the 
value  of  y is  the  same. 

X2 

(2)  It  is  entirely  situated  above  the  x axis  since  y = Ae  2<r“  can 
never  be  < 0. 


(3)  The  axis  of  x is  an  asymptote,  i.e.,  the  curve  tails  off  to  the 
right  and  left  of  the  y axis  but  never  touches  the  x axis,  for  as  x 
tends  to  + oo  y tends  to  become  0 but  never  less. 

1 


(4)  The  value  of  the  maximum  ordinate  O'M  is 


cr 


\/  27t’ 


since 


X 2 

9rr  2 


this  is  the  value  of  y when  x — 0,  (e  "cr“  being  = e°  = 1) 


(5)  The  point  Pi  on  the  curve,  whose  abscissae  or  x = a (Fig. 
123,  p.  356)  is  a point  of  inflexion,  i.e.,  where  the  curve  changes  • 
from  concave  to  convex.  This  has  been  proved  on  p.  186. 
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(6)  The  height  of  the  ordinate  N1P1  (Fig.  123)  is  given  by  the 
equation 


y = 


<T  \/2  7T 
0-607 


- 1 

e 2 (since  x 


<j 


) 


<T 


n/2 


7 r 


==  0‘ 607  the  maximum  ordinate  (see  (4) ). 


(7)  It  further  follows  from  (5)  and  (6)  that  the  position  of  the 
point  of  inflexion  Pi  depends  upon  the  value  of  <r  as  well  as 
upon  the  value  of  the  maximum  ordinate.  All  probability  curves 
which  have  the  same  maximum  ordinate  will  have  the  points  of 
inflexion  at  the  same  level,  but  their  distances  from  the  maximum 
ordinate  will  be  equal  to  the  respective  standard  deviations. 

Theorem  of  Least  Squares. — If  a number  of  observations  are 
made  upon  a quantity  and  the  errors  of  each  of  these  noted,  i.e., 
as  nearly  as  can  be  estimated,  then  from  a knowledge  of  these 
errors  it  is  possible  to  find  the  most  probable  value  of  the  quantity 
on  the  assumption  that  the  errors  follow  the  normal  distribution. 

Let  n observations  be  taken,  and  let  the  errors  be  xi,  . . . xn. 

Also  suppose  all  measurements  to  be  equally  good,  i.e.,  the  fine- 
ness of  reading  (measured  by  cr  \/2~  or  h,  in  the  normal  probability 
formula)  being  the  same  throughout. 

The  probability  of  an  error  lying  between  x\  and  X\  + Sx  will  be 

Pi  = Sx  x yi 


where 

y 1 

2cr2 

<J-\/  2-7T 

i.e., 

Pi 

/y  2 

— Sx  x h-  r* 

cry  2tt 

Similarly 

P2 

/y  2 

I *^2 

= Sx  x — e 2a2 

cr'\/  27T 

Now,  since  x\  and  Xo  are  quite  independent, 

probability  of  two  errors  falling  within  the  range  Sx  from 
Xi  and  X2  respectively  will  be  the  product  of  the  separate 
probabilities  (Law  III.), 
i.e.,  Pi  X P2 


or 


xV 

Sx  . e~  a 


cr 


V2 


x 


a.-2 

Sx  . e 2o"2 


7 r 


(T 


'sj  2 7T 


(Sx)2  — 2a-2  *2*)' 
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Similarly,  the  probability  of  n errors  xi,  x2  . . . xn  falling 
within  the  range  Sx  from  xi,  x2,  x$  ...  xn  respectively  is  given 
by  the  equation 


(Sx)n 
P = n 

an(  2tt)2 


(*12  + x22  + . . . + xt 


n) 


= Ke 


T_ 

2a-2 


(%l2  -f  %22  + • • • + %2) 


K / (8x)n  \ 

= ■ x ( where  K stands  for  n ) . 

e2  V o-"(2tt)2/ 

— ^X2 

P will  be  a maximum  when  e20-3  is  a minimum,  i.e ., 
when  2a;2  is  a minimum.  In  other  words,  the  most  probable  value 
of  the  quantity  to  be  determined  is  that  which  makes  the  sum  of  the 
squares  of  the  errors  least. 

Application  of  Method  of  Least  Squares. — Let  the  observed 
magnitude  y depend  upon  x in  such  a way  that 

y — mx  + by 

It  is  required  to  find  the  most  probable  value  of  m and  b. — 

For  perfect  accuracy  we  must  have  for  the  varying  observations 

yi  = mx i + 6 so  that  y\  — mx±  —5=0 
y>2  = mx  2 + 5 d2  — mx2  —5  = 0 


yn  — mxn  + 5 yn  — mxn  —5=0. 

Let  the  actual  observation  equations  found  be 
yi  — mx i — 5 = Ai  1 

2/2  — mx2  — 5 = A2  ( where  Ai,  A2,  . . . An  are  there- 

( fore  the  actual  deviations. 

yn  — mxn  — b=An  ) 


by  theorem  of  least  squares  we  ought  to  have  that 
Ai2  + A22  + . . . + An2  is  a minimum, 
i.e.,  2(2/  — mx  — 5) 2 is  a minimum, 

g 

[2  (2/  — mx  — 5)2]  must  = 0, 

he.,  2(?/  — mx  — 5)  = 0 . . . . (1) 

g 

and  [2  (//  — mx  — 5)2]  must  — 0, 

i.e.,  2x  (y  — mx  — 5)  = 0 . 


(2) 
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If  there  are  n equations 

(1)  becomes  %y  — m%x  — nb  = 0 

and  (2)  becomes  %xy  — m%x2  — b%x  = 0. 


By  solving  these  two  simultaneous  equations  for  m and  b we  get 

m = S(a) . S (y)  - n%(xy) 

^[(x)]2  — n%{x2)  5 


and 


l(x) . S (xy)  - S(x2) . S(y) 
[S(x)]2  - «S(x2)  ' 


Corollary. — From  this  result  it  follows  that  if 


then  (1) 
and  (2) 


~%x  = 

m = 
b = 


0 and  %y 

— n%(xiy) 

— n%(x2) 

0. 


= 0, 

%{xy) 
2(x2) ' 


These  are  two  important  results  in  statistical  theory  because 
they  teach  us  that  if  we  take  the  means  of  the  observations 
xi,  X2,  xs  ...  xn  and  y±,  y%,  y*  ...  yn  as  the  origin,  that  is, 
when  6=0  (see  p.  105),  then 

m = ^ 

2(x2)' 


Example. 

Find  the  most  probable  values  of  m and  b in  the  equation 

5 = mt  + b, 

representing  the  solubility  of  NaNOs,  using  the  data  given  in  the  example 
on  p.  297. 


t 

s 

i2 

st 

-6 

68-4 

36 

-410-4 

0 

72-9 

0 

0 

20 

87-5 

400 

1750 

40 

102 

1600 

4080 

Si  = 54 

Ss  = 330-8 

Si2  = 2036 

(50  = 5419-6 

m — 


Si . Ss  - n2(st)  _ 54  x 3.30-8  - 4 X 5419-6 
(SO2  - n%t2  ~ 542  - 4 X 2036 


3815  2 
^5228“ 


= -73, 
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. ~l(st)  - 2 12 .2s  54  x 5419-6  - 2036  X 330-8 


(2  t)z  — 


54z  — 4 x 2036 
380850-4  _ 72>9 


5228 


the  equation  is  s — -73 1 + 72*9. 

Theorem. — The  Arithmetical  mean  of  a series  of  observed  values 
is  the  most  probable  value  of  the  quantity  measured. 

Proof. — Let  xi,  x%,  x$,  x±,  . . . xn,  be  the  respective  observa- 
tions (n  in  number).  Let  their  arithmetic  mean  — x. 


, _ Xi  + X-z  + Xs  + . . • -\-Xn 

so  that  x = . 

n 

Let  xp  = the  most  probable  value  of  the  magnitude. 

Then  (xi  — xp)  (xo  — xp),  (xs  — xp),  . . . = residual  errors. 
Now  the  probability  of  making  this  system  of  errors  is  by 
Law  III.,  p.  329. 

__  1 I ~ Xt>)* } 


But,  if  xp  is  the  most  probable  value,  it  is  obvious  that  the 
probability  of  making  the  series  of  errors  (x\  — xp),  (xz  — xp),  etc., 
must  be  a maximum. 

Hence  ^ (x\  — xff  must  be  a minimum. 

%xp  - %xi  = 0. 
or  %Xp  = %x\. 

But  %xp  = nxp. 



xp  = — = x (the  arithmetical  mean). 


Example. 


The  following  four  observations  of  a certain  quantity  were  made  with 
equal  care  : 

10,  9-4,  10-3,  10-1. 

Find  the  most  probable  value. 


The  A.M. 


in  + 9-4  + 10-3  + 10-1 
4 


39-8 

4 


9-95. 


The  most  probable  value  is  therefore  9-95.  This  can  be  verified  by  actual 
calculation. 

The  residual  errors  are 


(10  - 9-95),  (9-4  - 9-95),  (10-3  - 9-95),  (10  1 - 9-95), 
i.e.,  0-05,  — -55,  -35,  -15. 

sum  of  squares  of  residual  errors 

= (-05)2  + (-55)2  + (-35)2  + (-15)2 
= -0025  + -3025  + -1225  + -0225 
- -45. 
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Now  let  us  assume  the  most  probable  value  to  be  less  than  9 95,  e.g.,  9 6, 
then  sum  of  squares  of  residual  errors 

= -(4  )2  + (-2  )2  + (-7  )2  + (-5)2 
= -16  + -04  + -49  + -25 
= -94. 


Similarly  if  most  probable  value  be  taken  as  greater  than  9-95,  e.g.,  10'2, 
then  sum  of  squares  of  residual  errors 

= (-2)2+(-8)2  + (-l)2  + (-l)2 
= -04  + -64  + -01  + -01 
= -7. 


But  both  -94  and  -7  are  greater  than  -45.  Similarly  for  any  other  figure 
higher  or  lower  than  9 ‘95.  Hence  the  arithmetical  mean  is  the  most 
probable  value. 

The  Standard  Deviation  about  the  True  Value. — We  have  seen 


M2 


n 


that  the  standard  deviation  is  given  by  the  formula  <x  = 

This  value  of  cr  gives  the  standard  deviation  about  the  mean  of 
the  various  observations.  It  is  clear,  however,  that  this  standard 
deviation  does  not  measure  the  dispersion  of  the  observations 
about  the  true  value,  since,  although  the  mean  of  the  several 
observations  is  the  most  probable  value  of  those  observations,  it 
is  not  necessarily  the  true  value  unless  the  number  of  observations 
is  infinitely  large.  Thus  out  of  one  series  of  ten  observations  of 
the  height  of  boys  of  a given  age  we  might  find  a mean  value  of 
5 ft.,  whilst  out  of  another  series  of  ten  observations  of  the  height 
of  boys  of  the  same  age  the  mean  might  be  5 ft.  J in.  or  4 ft.  11|  in. 
Unless,  therefore,  the  true  value  happens  to  coincide  exactly  with 
the  mean  of  the  observations,  the  standard  deviation  about  the 
true  value  will  be  a little  larger  than  o-,  since  the  theorem  of 
least  squares  tells  us  that  ^,cl2  is  a minimum  at  the  mean.  It  can 
be  shown  that : 

(1)  The  standard  deviation  about  the  true  value  is 

%d2  / n 

(n  — 1)  ~ V n — U 

(2)  Standard  deviation  of  arithmetical  mean  is 


C 


cr  m 


n(n  - 1)  Vn  - T 


Example. 


In  a certain  blood  count,  four  vertical  rows  of  the  hsemocytometer  were 
counted  in  fifteen  fields  with  the  following  results  : 


First  row 
Second  row 
Third  row 
Fourth  row 


218 

224 

245 

209 
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Find  the  standard  deviation  from  the  true  value  and  the  standard  devia- 
tion of  the  mean. 

rp.  ...  ,.  . 218  + 224  + 245  + 209 

4 he  arithmetical  mean  = 


= 224, 


deviations  from  mean  are 

(218  - 224),  (224  - 224),  (245  - 224)  and  (209  - 224), 
he.,  — 6,  0,  + 21  and  — 15  respectively. 

, / 2d2  /36  + 0 + 441  + 225 

a ~ V (n  - f)  “ V 4-1 


= dr  15-3  cells, 


and 


urn 


/702 

“V  4-3  _ 


702 

12 


dr  7-6  cells. 


Note. — In  practice  the  distinction  between  a and  a is  of  very  small 


importance ; if  n is  large  the  value  of 


is  practically  unity. 


On 


the  other  hand,  when  n is  small,  the  distribution  of  errors  of  sampling 
around  the  “True”  value  is  not  adequately  described  by  a normal  curve 
of  error,  and  therefore  a more  intricate  method  of  treatment  is  required 
(see  “ Biometrika,”  x.,  1914,  522). 


Unsymmetrical  Distribution. — Let  us  now  consider  a case  where 
the  distribution  is  not  symmetrical,  e.g.,  instead  of  the  white  and 
black  balls  (p.  328)  being  equally  distributed,  let  the  bag  contain, 
say,  one  white  ball  and  five  black  ones.  The  probability  p of  draw- 

1 5 

ing  white  is  g and  that  (q)  of  drawing  black  is  g (and  p + q — 1). 

Now,  since  by  Law  III.  the  probability  of  two  independent 
events  occurring  together  is  the  product  of  their  separate  proba- 
bilities, therefore  the  possibilities  and  the  respective  probabilities 
for  any  number  of  draws  1,  2,  3,  ...  n are  those  shown  in  the 
following  table  : 


Number  of 
Draws. 

Different  Possibilities. 

Different  Probabilities. 

1 

W,  B 

V,  <1 

2 

W2,  2WB,  B2 

P , 2 pq,  W 

3 

W3,  SW2B,  3WB2,  B3 

V'\  3 prq,  3 pq\  £3 

n 

W“  nW^B,  n(1W“1)  Wn~2B2  . . . B" 

pn,np'1  1q,  _ 2 \n  1,q  . . . qn 
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In  other  words,  the  different  possibilities  and  probabilities  are 
respectively  given  by  the  successive  terms  of  the  expansions 
(W  + B)w  and  (p  + q)n. 

We  can  now  construct  a frequency  table,  showing  the  proba- 
bilities of  getting  0,  1,  2,  3 . . . r . . . n,  whites  (or  other  similar 
successes)  in  n draws  (or  other  similar  events),  the  probability  in 
each  case  being  denoted  by  the  proportional  frequencies  of  these 
different  successes. 


(1) 

Number 
of  suc- 
cesses. 

(2) 

Frequency. 

(3) 

Product  of  numbers  in 
columns  (1)  and  (2). 

(4) 

Product  of  numbers  in 
columns  (1)  and  (3). 

(x) 

(/) 

(fx) 

(/*-) 

0 

qn 

0 

0 

1 

nqn~lp 

nqn~Jp 

nqn~1p 

2 

n(n- 1)  n_2  a 

1.2  q P 

n(n  — 1 )qn~2p~ 

2n(n  - l)qn--p- 

npn— 1)  (n— 2) . . . (n— r+1) 

n(n-l)  ...(n-r+1) 

rn(n— 1).  . . (n—r+1) 

1.2.3  . . . r q v 

1.2.  3 ...  (r  l)q  P 

1.2.3  ...  (r  — 1)  q v 

n 

pn 

np 11 

rc'pn 

Sum. 

(q  + P)n  = 1 

np 

np[  1 + (n  — 1)2?] 

The  curve  would  not  be  symmetrical,  the  median,  mean  and 
mode  not  being  coincident  (see  p.  351). 

The  sum  of  the  frequencies  (see  column  2),  i.e.,  2/,  is  obviously 


qn  + nqn~1p 


n 


(» - 1) 

1 . 2 


qn-2p2  -f  . , . -f  pn  _ (g  _p  fyn  — 1 

(since  (p  + q)  = 1). 


Fig.  121. — Unsymmetrical  Distribution. 


The  sum  of  the  terms  in  column  3 is 

nqn~1p  -j-  n(n  — 1)  qn~2  p2  -f  . . . + npn 
= nplq71-1  + (n  — 1)  qn~2p  + . . . + pn_1] 

= np(q  + p)n~l  — np  = 1st  moment  about  the  origin , 
taking  the  origin  at  the  first  term  of  the  binominal. 
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The  sum  of  the  terms  in  column  4 is 


nq 


n~1p  + 2 n(n  — I )qn~2  p2  4 , V ' qn~s  p3 


2>n  (n  — 1)  (n  — 2) 

1 . 2 


4 


+ n%pn 


np 


f ( . . „ (n  — 1)  (n  — 2) 

Mg"-1  4 (n  - 1)  qn~2p  4 V — -"172 " ?n_ 

+ . . . 4 np71-1 1 

+ |(%  -l)  qn~2p  4 — ^ — — qn~sp3 

i-i  l 
i 


v- 


4 • . . 4 (n  - l)p 

= np[(q  4 pY"1  4 (n  — 1 )p(q  4 V)n~ 2] 

= np[  1 4 (n  — l)p]  = 2nd  moment  about  the  origin. 

The  arithmetic  mean  of  the  distribution  is  equal  to  the  sum  of 
the  terms  in  column  3 divided  by  the  sum  of  the  terms  in 
column  2. 

s(j&)  = 

s(/)  i np- 

The  mean  square  deviation  referred  to  zero,  or  “ no  success” 
as  origin 

S(/*2) 


s (/) 


= np  [1  + (n  — 1 )p],  (since  3/  = 1). 


Hence  the  standard  deviation  <j  (see  p.  333),  which  is  the  mean 
square  deviation  from  the  arithmetic  mean  np,  is  given  by 

o2  = np)  [14  (n  — 1)  p]  — n2p2  (see  p.  339). 


a 


= np  [1  — p 4 np]  — n2p2 
= np  (1  — p)  4 n2p2  — n2p2 
— np  q (since  1 — p = q). 

= V npq  (\{p=q,o-=  ^ 


fm 


Skewness. — Since  a curve  of  frequency  can  be  evolved  from 

the  binomial  expansion  (p  -f  q)n  it  must  vary  in  shape  according 
as  p and  q are  equal  or  unequal.  If  p = q}  then  we  get  the 
normal  frequency  curve  in  which  there  is  a perfect  balance 
between  the  frequency  of  observation  on  either  side  of  the  maxi- 
mum ordinate.  In  such  a curve,  therefore,  the  mean,  median  and 
mode  coincide.  If,  however,  p and  q are  unequal,  then  the  curve 
is  unsymmetrical  about  its  maximum  ordinate.  This  asymetry, 
or  lack  of  symmetry,  of  a curve  is  called  its  skewness  and  is  indi- 
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cated  by  the  fact  that  the  mean,  median  and  mode  do  not  coin- 
cide. It  is  also  shown  when  the  quartiles  are  not  equidistant  from 
the  median.  The  degree  of  skewness  can  therefore  be  measured 
by  either  of  these  facts. 


Measurement  of  Skewness. — There  are  several  methods  by  which  skewness 
can  be  measured. 

(1)  Pearson’s  Method. — Pearson  has  defined  skewness  as 

(mean  — mode) 

~cr 


or  = 


3 (mean  — median) 

9 

(T 


where  cr  = standard  deviation. 

(2)  Quartile  Ratio. — Let  q 1 = excess  of  median  over  lower  quartile,  and 
g2  — excess  of  upper  quartile  over  median,  then 


skewness  = 


92  - 9 1 
H + 9{ 


Pearson’s  Generalised  Probability  Curve.— If  p and  q are  not 

equal  and  the  distribution  cannot  be  covered  by  the  binominal 
form,  then  it  can  be  shown  that  the  differential  equation, 

dy  y{%  + b) 
dx  — Ax2  + B;r  + O’ 

where  b,  A,  B and  C are  constants  involving  p,  q and  n only,  gives 
on  integration  a set  of  curves  known  as  Pearson’s  Generalised 
Probability  Curves  which  cover  most  of  the  homogeneous  statistics 
ordinarily  met  with.  The  types  of  curves  resulting  from  the  inte- 
gration of  the  above  equation  are  twelve  in  number.  It  is  beyond 
the  province  of  this  book  to  enter  into  a consideration  of  all  the 

B2 

different  types,*  but  it  may  be  stated  that  if  which  is  generally 

denoted  by  the  letter  k,  is  zero,  and  both  B and  A — 0,  then  the 
resulting  curve  is  the  normal  frequency  curve,  k is  called  the 
criterion  because  its  value  determines  the  type  of  the  curve. 
There  are  simple  relationships  between  the  various  constants  and 
the  moments  of  the  distribution  about  the  mean  which  makes  it 
possible  to  determine  what  type  of  curve  covers  the  given  statis- 
tical data  (see  p.  366). 

Error  and  Probable  Error. — The  deviation  of  any  particular 
observation  (out  of  a series  of  observations)  from  the  mean  is 
termed  the  error  of  the  observation.  If  -these  deviations,  or 
errors,  are  symmetrically  distributed  on  either  side  of  the  mean 
then  they  can  be  usually  fitted  by  a normal  probability  curve. 

* See  Prof.  K.  Pearson’s  Memoir,  Phil.  Trans.  A.  eexvi.,  1916,  p.  429. 
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Such  a curve  is  often  called  the  normal  curve  of  error , and  has  as 
its  equation 


y 


N 


where  N — number  of  observations 

and  a = standard  deviation  of  the  errors. 


The  'probable  error  (p.e.)  is  that  value  of  the  abscissal  unit  on 
either  side  of  the  mean  (Xr  and  Xr  ) such  that  the  ordinates 

XrN,  X^Ni  enclose  half  the  areas  of  the  curve  so  that  there  is  an 

even  chance  that  the  true  value  of  the  quantity  to  be  determined 
lies  between  these  limits.  It  is  usually  denoted  by  + t.  Thus 
the  period  of  gestation  has  been  found  to  be  282-5  + 0-55  days 
(+  0-55  being  the  probable 
error).  This  means  that 
the  chances  are  even  that 
the  true  value  of  the  period 
of  pregnancy  lies  between 
(282-5  + -55)  and  (282-5  - 
•55),  i.e.}  between  283-05 
and  281-95  days. 

If,  in  the  probability 
curve  (Fig.  122),  OXr  = 

OXr  = the  probable  error, 

then  by  definition,  the 
ordinates  XrN,  Xr  Ni  bisect 

each  half  of  the  curve  on  either  side  of  the  mean  OM,  so  that  area 

1 

of  portion  Xr  NiMNXr  = « total  area  of  the  probability  curve. 

I u 


Fig.  122. 


But  the  quartiles  also  bisect  each  half  of  the  curve,  therefore  the 
ordinates  Xr  Ni  and  XrN  coincide  with  the  lower  and  upper 

quartiles  respectively.  Hence  we  see  that  the  range  of  the  probable 
error  + r is  exactly  the  same  as  the  interquartile  range  (see  p.  334). 

Note. — The  term  “ probable  error  ” is  somewhat  confusing,  since  the  error 
in  question  is  not  by  any  means  the  most  probable,  and  as  Whipple  sug- 
gests, “ median  deviation  ” is  much  more  descriptive  of  its  character. 

Unit  of  Variability  . — In  all  statistical  calculations  the  standard 
deviation  is  taken  as  the  unit- of  measurement. 

Formula  for  Magnitude  of  Probable  Error  in  Terms  of  Standard 
Deviation. — Since,  by  definition,  the  chance  of  an  error  falling 
within  the  limits  + r is  exactly  equal  to  the  chance  of  an  error 
falling  outside  these  limits  ; and  since  the  chance  of  the  occur- 
rence of  an  error  of  any  undefined  magnitude  ( i.e .,  within  the  limits 
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+ oo ) is  geometrically  expressed  by  the  total  area  of  the  curve  of 
error,  i.e.,  by  1, 

area  covered  by  the  portion  of  the  curve  representing  the 
frequency  of  errors  between  the  limits  of  + r of  the  probable 

error)  must  = ^ total  area  of  probability  curve  — . 

But  area  of  curve  between  the  limits  x — + r is  given  by 

i r 

e 

J ~r 

/*+r 


which  is  the  same  as 


1 

2 


<T  \J  2 
2 


7 r 


20-2  dx. 


(J  \/2?r 
2 


e 


Jo 

r+r 


i.e 


or 


V 2 


7 r 


cr 

1 

(T 


7 r 


X * 
'2^ 


xA 

9rr2 


dx.. 


e -'°"J  dx. 


Jo 


r+r 


x' 3 
’2^2 


dx. 


Jo 

f + r 


•6266  = 


a 


*2 

20-2  dx. 


Jo 


x 3 


Evaluating  the  integral  by  expanding  e 2o-2  into  a series  we 
have 


since 


x'A 

e ~2a^  = 1 


£- 


_L 


X4 


Xc 


2a-2  1 2!  4a-4  3 ! 8a-6 


+ 


c*r 


1 I e 


2 

'272 


dx 


a- 


'0 


(p.  260). 

1 

( T r ^ 

X4 

x6 

1 L1  - * 

+ 8 o4  " 

~ 48a6  + " ' J 1 

1 

r x3 

X5 

x>  “I 

a 

[_x  ~ 6^  + 

40a4  ' 

336cr6  + ' ' J 

dx 


1 

O- 


~ r 


^5 


6 O-2  T 40a4 


•6266  = t 

cr 

,3 


6a-2 

{» 


or 


cr  6a3  ^ 40a5 


40a4 

•6266 


0 


(the  higher  terms  of  r being  negligible). 


BIOMETRICS. 


355 


This  equation  is  satisfied  by 


OT 


- -6745  {cf.  p.  261). 


r = *6745o-. 

2 

In  other  words,  the  'probable  error  is  approximately  ^ of  the 
sta ndard  de  v ia  lion. 

Probability  Integral  Tables. — In  actual  work  this  tedious 
arithmetical  labour  is  saved  by  means  of  tables  giving  the 
values  of  ym  or  x for  given  values  of  x or  y in  the  equation 

rx  _ xp 

e 2c*'2  dx,  except  that  x (the  error)  is  given  in  terms 


V = 


CT 


V 2?r 


Jo 


of  the  standard  deviation  a which,  as  we  have  seen,  is  the  unit  of 
variability  (see  p.  353),  when  the  integral  becomes 


p =■ 


i 

V2 


7 r 


l- 


X 


J 


e 2 dp  l where  £ = - 

V ' o- 


(P  stands  for  the  probability.) 

EXAMPLES. 

(1)  In  the  example  on  p.  349  we  saw  that  a'  = 15-3  cells.  Therefore 

the  probable  error  = dr  0-6745  X 15-3 

= dr  10-3. 

Hence  in  the  average  counting  of  224  cells  there  is  a probable  error  of 
di  10-3  cells,  or  of  dr  4-6  per  cent. 

Similarly  am  = 4 7-6  cells, 

probable  error  of  mean  = dr  -6745  X 7-6 

= + 5-2  cells. 

(2)  Find  the  probability  of  an  error  lying  between  the  following  limits  in 
a normal  symmetrical  distribution : 

(i.)  dr  a;  (ii.)  dr  2a ; (iii.)  dr  So-; 
and  explain  the  significance  of  the  results. 

(i.)  The  probability  of  an  error  lying  between  dr  a is 

f*  + CT 

1 

P = 


e 2di 

= 0-6827  (from  the  tables). 


a a 2 
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This  means  that  the  probability  that  the  error  shall  exceed  d:  o'  is 
1 - -683  = -317. 

In  other  words,  the  odds  against  an  error  exceeding  this  amount  are 
•683  to  -317  or  approximately  2:1. 

(ii.)  The  probability  of  the  error  lying  between  ± 2 &•  is 

2 d\ 


= -955, 


P + 2 


P = 


sj  27T 


i.e.,  the  probability  of  an  error  exceeding  d:  2<x  is  1 — *955  = '045,  so  that 
the  odds  against  an  error  exceeding  this  amount  are  955  to  45  or  21  : 1 . 
(iii.)  The  probability  of  an  error  lying  between  dr  3 a is 

+ 3 £2 

e 2 


= -9973, 


which  means  that  the  odds  against  an  error  exceeding  this  amount  are 
•9973  to  -0027,  or  370  : 1. 

From  this  we  learn  that  a range  six  times  the  S.D.  includes,  in  the  case  of 
normal  distributions,  the  vast  majority  of  the  observations. 


The  graphic  verification  of  these  results  is  shown  in  the  dia- 
gram (where  o-  = 5,  and  N = 100).  The  area  ONiP]B  represents 
the  frequencies  of  errors  0 to  cr. 

The  area  ON2P2B  represents  the  frequencies  of  errors  0 to  2a-, 
and  the  area  ON3P3B  represents  the  frequencies  of  errors  0 to  3<x. 

From  this  it  is  seen  that  the  deviation  from  OB  exceeding  3cr, 
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being  represented  by  the  portion  of  the  curve  beyond  N3P3  is 
negligible.  The  point  N\  corresponds  to  x — cr  and  Pi  is  the 
point  of  inflection  of  the  curve.  The  point  R corresponds  to 
x = 0-6745(7  = r (the  probable  error). 


EXAMPLES. 


(1)  Taking  the  mean  human  stature  for  the  British  Isles  as  67-46  inches, 
the  mean  for  Cambridge  students  as  68-85  inches,  and  the  common  S.D. 


as  2-56  inches,  what  percentage 
of  Cambridge  students  exceed 
the  British  mean  in  stature, 
assuming  the  distribution  to  be 
normal  ? (Udny  Yule.) 

If  ON  = ordinate  at  mean, 
i.e.,  at  68-85  inches,  and  PQ  = 
ordinate  at  67-46  inches  (i.e.,  the 
mean  for  the  British  Isles),  then 
the  area  of  the  curve  between  PQ 
and  the  extreme  right  limit,  i.e  , 
area  PQNx  represents  the  fre- 
quency of  students  whose  height 
exceeds  67-46  inches. 

Now,  total  area  — I. 
area  ONa;  = 0-5. 

Hence  we  have  to  calculate  only 
the  area  of  the  portion  PQNO. 
If  this  area  = A,  then  A -f-  0-5  = 
frequency  required. 


N 


Now,  abscissa  OP 

£ which 


area  PQNO  = — 7= 


- -54. 


67-46  - 68-85  = - 1-39. 
OP  1-39 

a 2-56 

0 

1 2 dl 


+ •54  £2 


di. 


Now,  the  probability  integral  table  gives  the  following  areas  : 

When  £ = -50,  A = -19146. 

When  £ = -55,  A = -20884. 

a difference  in  £ of  0-05  corresponds  to  a difference  in  A of  -01738. 

4 

a difference  in  £ of  -04  corresponds  to  a difference  in  A of  — x -01738, 
i.e.,  of  013904. 

for  £ = -54,  A = -19146  + -013904 

= -20536  (compare  example  (2),  Chapter  II.,  p.  15). 
area  of  PQMX  = -20536  + 0-5 
= -7054. 

percentage  required  = 70-5. 
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(2)  In  breeding  certain  stocks,  408  hairy  and  126  glabrous  plants  were 
obtained.  If  the  expectation  is  25  per  cent,  glabrous,  is  the  divergence 
significant,  or  might  it  have  occurred  as  a fluctuation  of  sampling  ? (Udny 
Yule.) 

o-  - v -25  X -75  X 53-1  (see  p.  351). 

- 10. 

As  the  expectation  is  25  per  cent.  = X 534  = 133-5,  and  the  observed 
result  is  126. 

difference  between  observed  and  theoretical  result  is 


133-5  - 126  = 7-5. 


Hence  the  observed  difference  falls  well  within  the  standard  deviation  of 
the  expected  number  and  might  therefore  occur  as  the  result  of  fluctuations 
of  sampling. 


Chauvenet’s  Criterion. — The  arithmetical  mean  is,  as  we  have 
seen,  calculated  by  dividing  the  sum  of  the  various  observations 
by  the  total  number  of  observations — provided  all  the  observa- 
tions have  been  made  with  equal  care  and  that  their  deviations 
from  the  true  value  or  mean  are  purely  fortuitous  and  not  due  to 
any  extrinsic  cause  (such  as  error  in  arithmetical  work,  etc.).  The 
question  therefore  arises,  How  can  we  tell  whether  any  one  or 
more  of  the  errors  or  deviations  from  the  mean  are  probably  not 
fortuitous  and  are  therefore  to  be  rejected  ? The  simplest  test  is 
the  one  worked  out  by  Chauvenet  and  is  therefore  called  Chau- 
venet’s Criterion  for  the  rejection  of  observations  whose  devia- 
tions from  the  mean  are  too  great  to  be  merely  fortuitous. 

Let  Xi  be  the  magnitude  of  a given  error  a,  expressed  in  terms 
of  the  standard  deviation  <r,  so  that  a — xi<r. 

Then  the  probability  of  the  error  + xycr  or  any  smaller  error 
occurring  is  expressed  by  the  equation 


P - 


a 


V 2 


CXLcr 

TT  JO 


X 2 
'2a2 


dx. 


In  other  words,  the  'proportion  of  observations,  the  deviations 
of  which  from  the  mean  are  less  than  a or  Xyor , is 


‘X,  a 


X2 


Hence,  if 
then 


X.  e 2 a2  dx. 
o-y  27tJo 

N = total  number  of  observations. 


NP  = 


2 N 

o-y7  27rJo 


'X,  a 


x ^ 


e dx 


is  the  actual  number  of  observations  whose  deviations  from  the 
mean  are  less  than  « or  Xya. 
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number  of  observations  whose  deviations  from  the  mean 
are  greater  than  a or  xa  1 

= N — NP  = N (1  - P). 

Hence,  if  N(1  — P)  < then  the  probability  of  a deviation 

greater  than  a or  X\a  occurring  is  less  than  the  probability  that 
no  such  deviation  will  occur. 

We  may  therefore,  in  a limited  number  of  observations,  reject 
any  deviation  equal  to  or  greater  than  « as  being  probably  not 
fortuitous. 

Chauvenet’s  criterion  for  rejection  is  therefore  obtained  from 
the  equation  : 

N - NP  = t 


i.e., 

or 


N-I 

2N  - 1 
2N 


= NP 


= P = 


0"\/  2-7T 


e 


X 

2(T2dx, 


i.e. 


<j 


V 2 


_ x 

e 2cr~  dx 


TV 


J 0 


2N  -1 
2N  ' 


EXAMPLES. 


(l)In  a series  of  251  observations  on  the  duration  of  pregnancy,  the  standard 
deviation  from  the  mean  (282)  has  been  found  to  be  15-2  days.  The  obser- 
vations gave  values  ranging  from  190  to  340  days.  Find  what  values  may 
be  excluded  as  improbably  fortuitous  ( e.g .,  due  to  pathological  causes,  errors 
in  dating  the  beginning  of  pregnancy,  etc.). 

Applying  Chauvenet’s  criterion  we  have 


2 x 251  - 1 
2 X 251 


=-  0-99801, 


e~^dx  = -99801  X 

J 0 


= 99801  X 


V/27T 

“2^ 

2-506 

~2 “ 


= 1-250. 


Using  the  same  method  as  in  example  (3),  p.  261,  or  by  referring  to  a 
special  integral  table,  we  find  aq  = 3-09. 

a — o-aq  = 15-2  X 3-09, 

= 47. 
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all  observations  which  give  a deviation  from  282  greater  than  47 
must  be  rejected,  so  that  any  period  of  gestation  greater  than  329  (=  282 
-j-  47)  days  or  less  than  235  (==  282  — 47)  days  must  be  rejected  as  probably 
not  fortuitous. 

Hence  a first  application  of  Chauvenet’s  criterion  gives  the  probable 
range  of  duration  of  pregnancy  as  235  to  329  days. 

[Note. — By  applying  Chauvenet’s  criterion  to  the  observations  remaining 
after  excluding  those  whose  duration  is  less  than  235  or  more  than  329  days, 
Robertson  found  that  the  probable  duration  of  pregnancy  ranged  between 
242  and  322  days.  A third  application  of  the  criterion  narrows  down  the 
limits  to  243  to  321  days.  After  this,  no  further  rejections  are  allowable.] 

(2)  A.  J.  Clark  found  the  following  to  be  the  rates  of  the  rabbit’s  excised 
heart  at  the  corresponding  temperatures.  Find  whether  these  figures  are 
in  agreement  with  the  Yan’t  Hoff -Arrhenius  formula,  viz,, 


K2 

Ki 


Q (To-Tfi 
e2  T/J’2 


(p.  237). 


15°  C?  - 25 
25°  C.  - 64 


30°  C.  - 82 
34°  C.  - 120 


38°  C.  - 170. 


K25 


Q 10 

64  2 ' 298  X 288  . . 

= 2-5b  = e , giving 


Applying  the  formula  we  obtain  ^ 

Q = 16130.  Similarly  gives  Q = 13730  ; gives  Q = 14600,  and 
gives  Q = 14880.  Therefore  mean  Q = 14835. 

Kis 


i.e 


standard  deviation  = y/giggS  + <^35  - 13730)2  + . 

,9  <r  = 860. 

Applying  Chauvenet’s  criterion,  we  get  maximum  deviation  probable  is  x\, 


where 


2 

O'  V 2tt 


J 0 


X*_ 

2as  dx 


2x4-1 

2x4 


= -875. 


Probability  integral  table  gives  xi  — 1-55. 

Hence  a deviation  of  1-55  X 860  or  1333  may  still  be  considered  fortuitous. 
As  the  maximum  deviation  in  the  given  cases  is  only  1295,  it  is  quite  a 
probable  one.  Hence  the  figures  are  in  agreement  with  the  Van’t  Hoff- 
Arrhenius  law. 

The  following  are  the  observed  and  calculated  results  : 

Observed  K25  = 64-0  K30  = 820  K34  — 120  K38  = 170 

Calculated  K25  = 59  5 K30  = 896  K34  = 1234  K38  = 1743 


EXERCISE. 


In  a series  of  twenty -eight  observations  in  a certain  psychological 
experiment,  the  mean  was  found  to  be  55  and  a — 6'98.  Find  the  limit  (aq) 
of  allowable  deviation  from  the  mean,  it  being  given  that  when 


e 


x 2 

2*2dx  = -49107, 


<r  V 2ir 
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then  xi  — 2-37. 

rIT  2 X 28  — 1 0 

Here  — o"0~oo — ' = ”49107.  . . xl  = 2-37. 

a = 6-98  X 2-37  = 17. 

all  observations  greater  than  72  and  less  than  38  must  be  rejected.] 

[Note. — The  propriety  of  rejecting  observations  on  theoretical  grounds 
has  not  been  admitted  by  a consensus  of  trained  workers.  See  Brunt's 
“The  Combination  of  Observations,”  Cambridge,  1917,  pp.  130 — 132.] 

Curve  Fitting. — We  have  seen  in  Chapter  XX,  that  having 
obtained  a number  of  laboratory  results  in  a particular  investiga- 
tion, we  plot  a graph  from  the  corresponding  pairs  of  values  of  the 
two  variables  and  then  endeavour  not  only  to  determine  the  class 
of  curves  (straight  line,  parabola,  hyperbola,  exponential,  etc.)  to 
which  this  particular  graph  belongs,  but  also  by  evaluating  the 
constants  in  the  general  equation  of  the  curve,  establish  the  par- 
ticular equation  connecting  the  two  variables  in  the  curve  so 
plotted,  and  thus  determine  the  “ law  ” of  the  phenomenon 
under  investigation.  When  we  have  to  deal  with  masses  of  statis- 
tical data  we  are  confronted  with  similar  tasks,  viz.  : 

(1)  We  have  to  decide  whether  the  particular  distribution 
agrees  with  that  of  a normal  frequency  group,  and,  if  not,  which 
of  the  other  types  of  frequency  curves  best  agrees  with  the  dis- 
tribution under  consideration. 

(2)  Having  found  the  nature  of  the  curve  which  best  fits  in 
with  our  data,  we  set  out  to  determine  the  constants  of  the  curve 
from  the  observed  statistics.  The  process  of  finding  which 
particular  class  of  frequency  curves  best  agrees  with  the  parti- 
cular distribution  and  then  of  evaluating  the  constants  so  as  to 
determine  the  equation  of  the  particular  curve,  constitutes  what 
is  called  curve-fitting. 

The  process  of  curve-fitting  will  be  best  understood  by  working 
out  an  actual  numerical  example  (after  Caradog  Jones,  “ A First 
Course  in  Statistics  55 ). 

The  table  on  p.  362  illustrates  the  distribution  of  marks 
obtained  by  514  candidates  in  a certain  examination. 

Find  (a)  what  type  of  curve  will  best  agree  with  this  distri- 
bution. 

( b ) What  is  the  exact  equation  of  the  curve  so  found. 

(c)  How  far  the  given  frequency  data  correspond  with  the  fre- 
quencies calculated  from  the  equation,  i.e.,  what  is  the  “ good- 
ness of  the  fit  ” ? 

(a)  To  find  the  type  of  curve  suitable  for  any  distribution  it  is 
necessary  to  evaluate  from  the  given  data  the  magnitude  of  A, 
and  B and  C in  the  denominator  Ax2  + Bx  + C of  the  general 
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Marks  obtained. 

(x) 

Number  of  Candidates. 
(/) 

1—5 

5 

6—10 

9 

11—15 

28 

16—20 

49 

21—25 

58 

26—30 

82 

31—35 

87 

36—40 

79 

41—45 

50 

46—50 

37 

51—55 

21 

56—60 

6 

61—65 

3 

Total 

514 

differential  equation  for  a frequency  curve  (p.  352).  When  the 
numerical  values  of  these  coefficients  are  known,  then  the  type 
of  curve  is,  as  we  have  seen,  established.  Now,  we  have  seen  that 
these  coefficients  can  be  expressed  in  terms  of  the  various  moments 
(about  the  mean)  of  the  observed  distribution,  hence  by  finding 
these  moments  we  can  at  once  establish  the  type  of  curve  which 
will  best  suit  the  given  distribution. 

The  first  thing,  therefore,  which  we  must  proceed  to  do  is  to 
evaluate  the  various  moments  of  the  distribution,  and  to  do  this 
we  must  find  the  mean. 

(i.)  To  find  the  Mean  of  the  Given  Distribution. — Since  the  x’s 
vary  discretely  or  discontinuously,  i.e.,  at  definite  and  fixed 
intervals  of  five  marks  (which  we  may  call  the  unit)  and  not  con- 
tinuously (i.e.,  by  infinitesimal  increments),  we  must  take  the 
mid- value  of  each  interval  to  represent  the  average  values  of  the 
particular  interval  (e.g.,  3 in  the  “ 1 — 5 ” interval ; 8 in  the  “ 6 — 
10  ” interval,  and  so  on),  and  treat  each  of  the  candidates  of  any 
particular  group  as  though  he  received  the  number  of  marks 
corresponding  to  the  mid-value  of  the  class-interval  of  his  group. 
Thus  each  of  the  5 candidates  of  the  class-interval  “ 1 — 5 ” is 
considered  as  having  received  3 marks  ; each  of  the  9 candidates 
with  the  class-interval  of  “ 6 — 10  ” is  considered  as  having 
received  8 marks,  and  so  on.  This  assumption  is,  of  course,  not 
quite  correct,  and  certain  adjustments  will  be  necessary  to  elimi- 
nate the  concomitant  errors.  With  these  we  shall  deal  later  (see 
p.  364).  If  now  we  take  some  arbitrary,  but  convenient,  number 
such  as  33  marks  (which  is  the  mid-value  of  the  class-interval 
“ 31 — 35,”  i.e.,  the  interval  lying  midway  between  the  2 extreme 
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class-intervals)  as  the  origin , and  the  number  of  marks  in  each 
class-interval  (i.e.9  3)  as  the  unit,  we  get  the  following  table  : 


Mean  No. 
of  Marks. 

Deviation 
from  33. 

Fre- 

quency. 

First 

Moment. 

Second 

Moment. 

Third 

Moment. 

Fourth 

Moment. 

x ( = 5 
marks  as 

/ 

(fx) 

(/^2) 

(U3) 

(/a4) 

3 

unit) 

- 6 

5 

- 30 

180 

- 1080 

6480 

8 

- 5 

9 

— 45 

225 

- 1125 

5625 

13 

- 4 

28 

- 112 

448 

- 1792 

7168 

18 

- 3 

49 

- 147 

441 

- 1323 

3969 

23 

- 2 

58 

- 116 

232 

- 464 

928 

28 

- 1 

82 

- 82 

82 

- 82 

82 

33 

0 

87 

. , 

# . 

, , 

38 

T 1 

79 

+ 79 

+ 79 

+ 79 

+ 79 

43 

+ 2 

50 

100 

200 

400 

800 

48 

+ 3 

37 

111 

333 

999 

2997 

53 

+ 4 

21 

84 

336 

1344 

5376 

58 

+ 5 

6 

30 

150 

750 

3750 

63 

+ 6 

3 

18 

108 

648 

3888 

— 

— 

514 

“110 

2814 

- 1646 

41142 

w 

II 

& 

: 

3 

H- 

^ ! 

M 

N21==2.r2/ 

N8l=2  xs  f 

N 41=2.T4/ 

The  arithmetic  mean  of  the  distribution  is  (see  p.  337)  : 


33  -f  5x  = 33  + 5 


- SV 9 299 6 


(ii.)  The  next  step  is  to  calculate  directly  from  the  statistics  the 
values  of  : 

(а)  N (total  frequency)  =/1  +f2  +/8  + . . . +/„  = £/. 

= 514. 

(б)  Ni1  (ls£  moment  about  the  fixed  value,  33,  as  origin) 

= x f + +...+»/=  2/a;  = — 110. 

(c)  N21  {2nd  moment  about  fixed  value  as  origin) 

= V/l  + X22f-2  + ■ ■ ■ +xnfn  = S/*2  = 3’8U • 

(d)  N31  {3rd  ?noment  about  fixed  value  as  origin) 

= V/i  + +/2  + • • ■ + +/„  = 2/^  = - 1,646. 

(e)  N41  (4 th  moment  about  fixed  value  as  origin) 

= +/x  H-  +/2  + • ■ • + xnifn  = ZJ'x*  = 41,142. 
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(iii.)  Having  found  N,  Ni1,  N21,  N31,  N41,  we  evaluate  the  follow- 
ing ratios  (i.e.,  the  moment  coefficients),  viz.  : 


W 


I/O  = 


l'3 


Vi1 


NN 

110 

- ~ 

514 

N2i 

2814  r 

N ” 

514  “ ° 

N31 

1646 

“ N “ 

514  " 

N41 

41142 

5-4747 


N 


514 


- 3-2023 


8-004. 


(iv.)  Now  transfer  the  origin  from  the  fixed  arbitrary  value  33 
to  the  mean  31*92996  ; the  Ns  then  become  v\,  V2,  vs  and  7/4. 

But  we  have  seen  that  when  the  deviations  are  measured  from 
the  mean  as  origin,  the  first  moment  vanishes  (see  p.  338). 

7T  = 0. 

We  have  also  seen  that 


^2  = C21  — x2  (see  p.  339) 

2814  / HOW 

514  “ \514/ 

= 5-4747  - 0-0458  = 5-4289. 


Similarly,  it  can  be  shown  that 
V3  — rs1  — Sv2X  — X 3 


1646 
~ 514 

= 0-39296, 


— 3 x 5-4289  x 


no\  _ mo\» 

514 ) ~ \514/ 


and 


in  = vj}  — iv$x  — 6i/2^2  — x4 


41142 

514 


-4  x -29296  x 


- 6 x 5-4289 


= 78-79964. 


110\  4 

514/ 


110\2 

514/ 


so  that  we  have  arrived  at  the  numerical  values  of  the  various 
moments  measured  from  the  arithmetic  mean  as  origin. 

(v.)  Sheppard’s  Adjustments. — But  all  the  above  moments  have 
been  calculated  on  the  assumption,  only  approximately  correct, 
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that  each  of  the  candidates  in  any  particular  group  has  received  a 
number  of  marks  corresponding  to  the  mid-value  of  the  class- 
interval  of  that  group.  We  must  therefore  try  and  make  certain 
corrections  for  the  fact  that  the  number  of  marks  actually  re- 
ceived was  not  constant  for  each  candidate  in  the  group.  These 
corrections  have  been  worked  out  by  Dr.  W.  F.  Sheppard  and  are 
known  as  Sheppard's  adjustments.  It  is  not  necessary  to  enter 
into  the  detailed  working  out  of  these  adjustments,  for,  although 
the  requisite  mathematics  is  not  at  all  difficult,  it  is  rather  com- 
plicated and  tedious  ; but  it  will  be  sufficient  if  we  only  give  the 
results.  They  are  as  follows  : 

1st  adjusted  moment  coefficient  m —1st  unadjusted  moment 

i’i  — 0. 

2nd  adjusted  moment  coefficient /X2  = 2nd  unadjusted  moment 

1 

V2  ~ 12 

- 542891  - -0833 

- 5-34558 

3rd  adjusted  moment  coefficient  ^ = 3rd  unadjusted  moment 

= 0-29296. 

17 

4th  adjusted  moment  coefficient  ^ = V4  — ^ V2  + 

= 78-79964  - ~ x 5-42891  + -02917 
= 76-11436. 

[Note. — For  cases  in  which  these  corrections  are  not  adequate  see 
“ Biometrika,1’  xii.,  1909,  231 — 258.] 

(vi.)  If  we  call  the  ratio  — 3 = 0i 


and  the  ratio 

then,  we  get 

Pi  = 

and 

02  = 

M22 

(•29296)2 

(5-34558)3 

76-11436 


= 0-00056 


2-66365. 


(5-34558)2 

But  the  various  coefficients  A,  B,  C,  in  the  denominator  Ax2  + 
Bx  + C of  the  general  differential  equation 

dy  y (x  + b) 
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for  a frequency  curve  can  be  expressed  in  terms  of  (3i  and  02 
as  follows  : 


(202  - 30i  - 6)  (2  x 2-66365  - 3 x 0-00056  - 6) 

2(502  - 60i  -9)  “ 2(5  x 2-66 365  — ( 6'  x 0 - 0005 6 — 9 ) 


•6744 

8-63 


■\J  /X201  • (02  + 3) 
2(502  - 60i  - 9)  _ 


^2(402  — 301 ) 
2(502  - 60i  - 9) 


Hence  k, 


which  — 


B2  _ 0i(02  + 3)2 

4AC  4(4/32  -300  (202  - 30i  - 6) 
0-00056  x (5-66365)2 
4(10-65292)  ( - 0-67438) 

- 0-00063. 


As  k is  very  small  and  A and  B are  also  small, 

the  curve  best  agreeing  with  this  distribution  is  the  normal 
frequency  curve  (see  p.  353), 


viz., 


y = 


N 


(T 


A/2 


e 


7T 


£2 

27s. 


Note. — From  the  above  formulas  for  A it  is  seen  that  if  /Q1  is  very  small, 
and  /39  does  not  differ  much  from  3,  then  A is  very  small.  Also  formula  for 
B shows  that  when  >3^  is  very  small,  then  B is  very  small.  Therefore  if  in 
any  distribution  fi1  is  found  to  be  very  small  and  approximately  equal 
to  3,  and  if  also  k is  small,  then  a normal  curve  may  be  fitted  to  it. 

(6)  If  in  the  equation  y = - 

a 

we  pur  N = 514 

and  <t  — -\J  [x~2  — \/5-3456  = 2-312, 

the  equation  for  the  curve  representing  the  distribution  in  ques- 
tion becomes 

514  - 2 x 5-35  _ 514  ~ 2 x 5-35 

y ~ 2-312\/27t  - 2-312  x 2-506 

X 2 

= 88-69  e 10  7 


N 


X 2 
0^.2 


\ / 277 


(88-69  being  the  value  of  y at  the  mean  31*93.) 

From  this  equation  we  are  able  to  draw  the  curve  by  calculating 
the  value  of  y for  the  various  given  values  of  x.  E.g.,  to  find  the 
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theoretical  value  of  (Ce.,  at  the  point  where  x = 28),  we  sub- 
tract 31-92996  (the  mean)  from  28,  getting  — 3-92996  as  the  dis- 
tance (in  number  of  marks)  from  the  mean  as  origin. 

Dividing  — 3-92996  by  5 (which  is  the  unit)  we  get 


a?28  — — -786. 


(_  -786)2 
~ 10-7 


y28  = 88-69  e 
= 88-69  e~  '058 

logio  y 28  = logio  88-69  - -058  logi0e 

= logio  88-69  - -4343  x -058 
= 1-94788  - -02519 
- 1-92269 
y-28  — 83-7. 


Similarly,  for  any  other  ordinate  (see  table,  p.  368).  The 
formula  for  the  curve  now  enables  us  to  calculate  the  area  of  a 
portion  of  curve  corresponding  to  any  given  class-interval.  As 
area  in  a frequency  curve  represents  frequency  we  can  in  this  way 
evaluate  the  theoretical  frequencies  for  the  various  given  class- 
intervals,  as  well  as  for  any  class-interval  not  given  in  the  data. 

An  example  will  make  this  clear. 

Find  the  theoretical  frequency  for  the  class-interval  11 — 15. 

The  area  of  the  portion  of  the  curve  lying  between  x — — oo 
and  CC15.5  = 16*42996  (see  below)  gives  the  frequency  of  candidates 
with  marks  lying  between  0 and  15-5.  Call  this  A. 

[Note. — Xw  does  not  represent  the  number  of  marks,  but  the  deviation 
from  the  mean  number  of  marks.] 

Similarly,  the  area  of  the  portion  of  the  curve  lying  between 
X-ao  = — go  and  aqo-5  = 21-42996  gives  the  frequency  of  candi- 
dates with  marks  lying  between  -0  and  10-5.  Call  this  B. 

Therefore  frequency  of  candidates  with  marks  lying  between 
10  and  15  inclusive  = A — B. 


Nov/  a?i5-5  = 31-92996  — 15-5  ==  16-42996 


O-  = 5\/5-34558  = 11-56025 


/»£l5-5 


= 514  x -177632. 
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Similarly,  scio-s 
£10-5 


31-92996  - 10-5  = 
2142996  = 1-8538 


21-42996 


B = 


11-36025 

/vl-8538 

514 


V2 


7 r 


£2 


e 


J — CO  . 

= 514  x -131896 

A - B = 514  (-177632  - -131896) 
- 23-5, 


i.e.,  the  theoretical  frequency  should  be  23-5  (as  compared  with 
the  observed  frequency  of  28). 

This  leads  us  to  a consideration  of  the  third  portion  of  our 
question,  viz.,  the  test  for  “ goodness  of  fit.” 

(c)  Goodness  of  Fit. — Having  calculated  the  theoretical  fre- 
quencies, construct  a table  showing  both  the  observed  and  cal- 
culated frequencies  for  each  class-interval  as  follows  : 


Mean 

Number  of 
Marks. 

Frequency. 

Deviation 

Square  of 

d 2 

(d) 

Deviation  ( d 2). 

fc 

Observed 

Calculated. 

= ( fc-fo ). 

fo ■ 

/c. 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

Q 

O 

5 

5-7 

+ 0-7 

0-49 

0-09 

8 

9 

10-7 

+ 1-7 

2-89 

0-27 

13 

28 

23-5 

- 4-5 

20-25 

0-86 

18 

49 

43  1 

- 5-9 

34-81 

0-81 

23 

58 

65-6 

+ 7-6 

57-76 

0-88 

28 

82 

83-1 

+ M 

1-21 

001 

33 

87 

87-6 

+ 0-6 

0-36 

0-00 

38 

79 

76-8 

- 2-2 

4-84 

0-06 

43 

50 

56-0 

+ 6-0 

36-00 

0-69 

48 

37 

34-0 

- 3-0 

9-00 

0-26 

53 

21 

17-1 

- 3-9 

15-21 

0-89 

58 

6 

7-2 

+ 1-2 

1-44 

0-20 

63 

3 

3-9 

+ 0-5 

0-25 

0-70 

514 

513-9 

184-51 

x2  = 5-04 

In  order  to  test  whether  the  correspondence  between  the 
observed  and  calculated  values  is  as  good  as  can  be  expected  in 
any  random  sample,  and  is  not  due  to  the  non-obeyance  by  the 
distribution  of  the  normal  frequency  law,  we  take  the  square  of 
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each  deviation  as  in  column  5,  i.e.,  ( fc  — fo )2,  and  divide  it  by  the  cal- 

✓ r ^ o 

culated  frequency  fc.  We  then  get  an  expression  - — j1 — , relating 

,/c 


each  deviation  to  the  calculated  frequency  of  its  own  group. 


The  sum  of  these  expressions,  viz.,  S 


(fc  -fo)2 

f° 


, is  called  y2,  and  is 


given  at  the  bottom  of  column  6.  From  the  value  of  y2  so  found  it 
is  possible  to  estimate  the  probability  (P)  that  the  distribution  in 
question  is  a true  example  of  the  type  of  curve  applied  to  it.  A table 
has  been  constructed  (see  Palin  Elderton,  “ Biometrika,”  Vol.  I.), 
giving  the  values  of  P corresponding  to  different  values  of  y2  and 
to  values  of  n',  the  total  number  of  frequency  groups  (13  in  this 
case).  From  such  table  we  learn  that  when  n'  — 13  and  y2  = 5-04 
then  P = 0-956,  so  that  the  chances  are  nearly  0-96  to  0-04,  or  24 
to  1,  that  the  differences  between  the  calculated  and  observed  fre- 
quencies are  no  greater  than  can  be  expected  from  random 
sampling.  Hence  the  fit  is  excellent. 


Example . 


3,404  boys  between  fourteen  and  fifteen  years  old  were  weighed,  and  it  was 
found  that  the  following  were  the  frequencies  for  the  various  weight 
intervals  : 


Weight. 

05—  70 

Number  of 
3 

70—  75 

9 

75—  80 

. . 142 

80—  85 

. . 301 

85- 

- 90 

. . 289 

90—  95 

. . 380 

95—100 

. . 416 

100—105 

. . 404 

105—110 

. . 315 

110—115 

. . 320 

115—120 

. . 262 

120—125 

. . 221 

125—130 

. . 131 

130—135 

76 

135—140 

. . 52 

140—145 

20 

145—150 

. . 29 

150—155 

14 

155—160 

10 

160—165 

2 

165—170 

2 

170- 

-175 

5 

175—180 

1 

B. 
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Calculate  the  mean  weight  and  standard  deviation  and  ascertain  whether 
a normal  curve  will  fit  the  given  distribution  ? 

Taking  102-5  as  the  origin,  then 

874 

1st  moment  coefficient  about  origin  = ^7  — -2568» 


A.M. 


3404 

102-5  -f  -2568  X 5 = 103-784  lb. 


37492  » 

2nd  moment  coefficient  about  origin  — ^ = 11-014. 

2nd  moment  coefficient  about  mean  = 11-014  — (-2568)"  = 10-948. 
Applying  Sheppard’s  adjustment,  we  get 

<r2  = 10-948  - ~ = 10-865. 


a = v7  10-865  = 3-296,  i.e.,  3-296  x 5 = 16*48  lb. 


107110 

3404 


31-466. 


3rd  moment  coefficient  about  origin  = 

3rd  moment  coefficient  about  mean  = 31-466  — 3 X (-2568)  X 

11-014  + 2 x (’2568)2  = 23-01. 

Adjusted  3rd  moment  coefficient  = 23-01. 

, , . . 1502932 

4th  moment  coefficient  about  origin  = - — - ==  441-519. 

4th  moment  coefficient  about  mean  = 441-519  — 4 X (-2568)  X 31-466 

+ 6 X (-2568)2  X 11-014  - 3 
X (-2568)4  = 413-542. 

Adjusted  4th  moment  coefficient,  413-542  — ■ ~ X 10-865  + — 408-10. 


*1  = 


(23-01)' 


413-542 

•4134  ; 02  = = 3-457. 


(10-865)4  ’ M (10-865)' 

Since  J31  is  not  small,  therefore  a normal  curve  will  not  fit  the  distribution. 


Correlation  and  Regression. 

The  reader  is  asked  to  consider  the  following  cases  : 

(1)  The  cubical  expansion  of  a metal  with  heat. 

(2)  The  cubical  contraction  of  ice  with  heat  (between  — 4°  and 

0°  C.). 

(3)  The  relation  between  the  volume  of  a gas  and  the  pressure 
to  which  it  is  subjected  (at  constant  temperature). 

(4)  The  relation  between  the  height  of  a person  and  his  weight. 

(5)  The  relationship  between  the  height  of  a person  and  his 
susceptibility  to,  say,  heart  disease. 

(6)  The  relationship  between  a history  of  rheumatic  fever  and 
the  presence  of  heart  disease. 

(7)  The  relation  between  overcrowding  and  infantile  mortality. 
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(8)  The  relation  between  the  vaccinal  condition  of  a person  and 
his  susceptibility  to  small-pox. 

In  each  of  the  first  three  cases  there  is  a constant  and  perfectly 
definite  relationship  between  the  two  measurements — although 
the  nature  of  the  relationship  is  different  in  each  case,  as  we  shall 
see  presently — so  that  when  the  temperature  of  the  metal  is 
increased  or  diminished  by  a fixed  amount  there  is  a concomitant 
perfectly  fixed  increase  or  diminution  in  the  volume  of  the  metal ; 
when  the  temperature  of  the  ice  is  increased  or  diminished  by  a 
fixed  amount  (between  — 4°  and  0°  C.)  there  is  a corresponding 
fixed  diminution  or  increase  in  the  volume  of  the  ice ; and  when  the 
pressure  of  the  gas  is  increased  or  diminished  by  a fixed  amount 
there  is  a corresponding  fixed  diminution  or  increase  in  the  volume 
of  the  gas.  In  each  of  these  cases,  therefore,  in  virtue  of  the  per- 
fect correspondence  between  the  measurements,  we  can  predict 
with  absolute  certainty  the  size  of  one  variable  when  that  of  the 
other  is  known.  When  there  is  such  perfect  correspondence 
between  two  sets  of  measurements  we  say  that  there  is  complete  or 
perfect  correlation  between  them. 

Now  take  the  relationship  between  the  height  of  a person  and 
his  susceptibility  to,  say,  heart  disease.  As  far  as  we  know  there 
is  absolutely  no  relationship  at  all  between  the  two,  so  that  we 
cannot  in  any  way  guess  the  condition  of  the  heart  from  the  per- 
son’s height  and  vice  versa.  In  such  a case,  therefore,  there  is  no 
concomitant  variation  between  the  two  conditions,  and  we  say 
that  there  is  no  correlation  or  there  is  zero  (0)  correlation  between 
height  and  the  condition  of  the  heart. 

Again,  let  us  take  the  relationship  between  height  and  weight, 
or  the  relationship  between  rheumatic  fever  and  heart  disease,  or 
that  between  overcrowding  and  infantile  mortality.  We  know 
from  statistics  and  general  experience  that,  although  we  cannot 
predict  with  certainty  the  weight  of  a person  from  his  height,  the 
condition  of  his  heart  from  a past  positive  or  negative  history  of 
rheumatic  fever,  or  the  extent  of  the  infantile  mortality  in  a given 
district  from  a knowledge  of  the  density  of  population  in  that  dis- 
trict, yet  there  is  a certain  greater  or  lesser  tendency  to  concomi- 
tant variation  between  the  corresponding  pairs  of  measurements 
in  each  of  the  three  cases,  so  that  on  the  average  a tall  person  will 
be  heavier  than  a short  one  ; a person  with  a history  of  rheu- 
matic fever  will  be  more  likely  to  have  heart  disease  than  one  in 
whom  there  has  been  no  such,  history  ; and  a district  in  which 
there  is  considerable  overcrowding  is  likely  to  have  a higher 
infantile  mortality  than  one  in  which  the  density  of  the  popula- 
tion is  very  low.  In  these  cases,  therefore,  where  there  is  only  a 
tendency  to  concomitant  variation,  but  there  is  no  absolute 
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correspondence  between  the  pairs  of  measurements,  we  say  there 
is  imjperfect  correlation  between  them.  And  as  the  correspondence 
is  such  that  an  increase  in  one  measurement  leads  us  to  expect 
an  increase  in  the  other  measurement  and  vice  versa,  we  say  the 
correlation  between  them  is  of  a positive  kind. 

Lastly,  consider  the  relationship  between  vaccination  and 
small-pox.  It  has,  of  course,  been  abundantly  proved  that 
vaccinated  persons  have  a smaller  susceptibility  to  small-pox 
than  non-vaccinated,  so  that  communities  with  a higher  percent- 
age of  vaccination  will,  on  the  average,  have  smaller  small-pox 
mortality  and  vice  versa.  Here,  then,  we  have  a case  of  imperfect 
correlation  again,  but  of  a negative  kind,  or  we  can  say  there  is 
imperfect  positive  correlation  between  vaccination  and  immunity 
against  small-pox.  In  the  case  of  ice  we  can  say  that  there  is 
perfect  negative  correlation  between  the  expansion  of  the  ice  and 
its  temperature. 

Measurement  of  Correlation. — Perfect  positive  correlation,  as 
in  the  case  of  thermal  expansion  of  metals,  is  indicated  by  + 1. 
Absence  of  correlation,  as  in  the  case  of  height  and  heart  disease, 
is  indicated  by  zero  (0),  whilst  perfect  negative  correlation,  as  in 
the  case  of  thermal  contraction  of  ice,  or  the  relation  between 
pressure  and  volume  of  a gas,  is  indicated  by  — 1.  Hence 
we  see  that  when  the  correlation  is  imperfect,  as  in  the  cases  of 
the  other  examples  which  we  considered  in  the  preceding  para- 
graph, it  must  be  represented  by  some  decimal  fraction  ranging 
between  0 and  + 1 in  the  case  of  positive  correlation  and  between 
— 1 and  0 in  the  case  of  negative  correlation.  This  number  lying 
between  the  limits  ± 1,  which  measures  the  degree  of  correlation 
between  two  sets  of  measurements,  is  called  a correlation  co- 
efficient or  correlation-ratio,  according  as  the  nature  of  the  graph 
representing  the  correlation  is  rectilinear  (as  in  the  ideal  case  of, 
say,  thermal  expansion,  or  any  other  example  of  simple  interest 
law)  or  curvilinear,  as  in  the  ideal  case  of  pressure- volume  law  of  a 
gas  that  we  considered  above. 

In  what  follows,  we  shall  only  consider  cases  in  which  the  rela- 
tionship can  be  expressed  by  a straight  line  graph,  and  where, 
therefore,  the  correlation  coefficient  is  the  constant,  which  we 
shall  endeavour  to  find.  Those  cases  of  imperfect  correlation, 
where  the  graph  is  not  a straight  line,  are  beyond  the  scope  of  an 
elementary  book  like  this. 

Method  of  Finding  a Correlation  Coefficient. — In  the  domain  of 
physics  it  is  perfectly  easy  to  determine  the  correlation  coefficient, 
because  whether  we  plot  y against  x or  x against  y,  the  result  will 
always,  in  the  case  of  a simple  interest  law,  be  the  same  straight 
line  (but,  of  course,  for  errors  of  observation).  Hence,  when 
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these  two  lines  coincide,  the  correlation  is  always  perfect  and  the 
correlation  coefficient  is  unity.  Similarly,  in  cases  of  zero  corre- 
lation, if  we  plot  y against  x we  shall  get  a line  parallel  to  the 
x axis,  and  if  we  plot  x against  y our  graph  will  be  a line  parallel 
to  the  y axis.  In  other  words,  we  shall  get  two  lines  at  right 
angles  to  each  other  in  cases  of  zero  correlation  and  two  coincident 
lines  in  cases  of  perfect  correlation.  In  cases  of  imperfect  corre- 
lation we  shall  get  two  lines  inclined  to  each  other  at  an  acute 
angle,  and  hence  we  see  that  the  angle  between  the  two  lines  is 
in  some  way  a measure  of  the  degree  of  relationship  between  the 
two  sets  of  measurements. 

Example  on  Correlation. 

A close  study  of  the  following  example  will  illustrate  the  method  of 
finding  the  correlation  coefficient  between  two  sets  of  measurements. 

The  Census  Report  of  1911  gives  the  percentage  of  overcrowding  (i.e.,  the 
percentage  of  the  population  which  has  less  than  one  room  per  two  persons) 
in  each  of  twenty-nine  metropolitan  boroughs,  together  with  the  infantile 
mortality  in  each  borough.  It  is  required  to  find  the  correlation  coefficient 
between  overcrowding  and  infantile  mortality. 

The  procedure  is  as  follows  : 

(1)  Draw  up  a table  of  double  entry  showing  the  frequencies  of  given 
mortality  intervals  for  the  various  percentage  intervals  of  overcrowding 
(see  table,  p.  374).  The  middle  unbracketed  figure  in  each  square  denotes 
the  frequency  or  number  of  boroughs  having  a percentage  xn  of  overcrowding, 

and  yn  mortality.  Thus  four  boroughs  have  10  to  15  per  cent,  overcrowding 
and  120  to  130  infant  mortality. 

(2)  Treat  each  x interval  as  if  its  value  were  located  at  its  mid-value 
(compare  p.  362).  Thus  the  aq  interval,  0 — 5,  is  to  be  taken  as  2-5  ; the  x2 

interval,  5 — 10,  is  to  be  taken  as  7-5,  etc.  The  error  involved  in  this 
assumption  will  be  later  corrected  by  means  of  Sheppard’s  adjustments 
(compare  p.  364). 

(3)  Deal  with  the  y intervals  in  the  same  way.  Thus  the  interval  y l 
(70 — 80)  is  to  be  taken  as  75  ; the  yo  interval  (80 — 90)  is  to  be  taken  as 

85,  etc.,  and  the  necessary  corrections  will  be  made  later. 

(4)  Find  what  mean  value  of  y (infant  mortality)  is  associated  with  any 
x (percentage  of  overcrowding).  Thus  the  mean  value  of  y associated  with 
x = 5 — 10  is 

(75  X 1 + 95  X 1 + 105  X 1 + 125  X 1 ) _ 400  __ 

4 ~ 4 ' — J > 

that  associated  with  x = 10 — 15  is 

(105  X 3 + H5  X 1 + 125  X 4 + 135  X 1 + 145  X 2)  100  ir 

22  — 1231  /, 

and  so  on.  Enter  these  values  under  the  appropriate  x columns  as  shown 
in  the  table. 

(5)  Similarly,  find  what  mean  value  of  x is  associated  with  any  ?/.  Thus 
the  mean  value  of  x (percentage  of  overcrowding)  associated  with  infantile 
mortality  y ==  100 — 110,  is 

2-5  X 1 + 7*5  X 1 -f  12  5 X 3 + 22-5  X 1 4-  27-5  x 1 97-5  10  no 
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and  so  on  for  the  others.  Enter  these  at  the  end  of  the  appropriate  rows, 
as  shown  in  the  table, 

16)  Plot  (a)  the  various  actual  values  of  x,  and  corresponding  average 
y\  viz.,  (2-5,  105),  (7-5,  100),  (12-5,  123-17),  etc.  (PQ  in  Fig.  125). 


Percentage  of  Population  Overcrowded. 


Infant 

Mortality. 

%x 

0—5 

(-3) 

1 1 

ISo 

x3 

10—15 

(-D 

*4 

15—20 

(0) 

*5 

20—25 
( + 1) 

x6 

25—30 
( + 2) 

x7 

30—35 
( + 3) 

x8 

35—40 
( + 4) 

Total. 

Aver- 
age X. 

Vi 

(10) 

70—80 

— 

1 

— 

— 

— 

— 

— 

— 

1 

7-5 

(-5) 

(10) 

y-z 

80—90 

— 

— 

— 

— 

— 



— 

0 

0 

(-4) 

y3 

(6) 

90—100 

— 

1 

— 

— 

— 

— 

— 

— 

1 

7-5 

(-3) 

(6) 

y± 

(6) 

(4) 

(2) 

(-2) 

(-4) 

100—110 

1 

1 

3 

— 

1 

1 

— 

— 

7 

13-93 

(-2) 

(0) 

(4) 

(6) 

(-2) 

(-4) 

ys 

(1) 

(-2) 

110—120 

— 

— 

1 

— 

— 

1 

— 

— 

2 

20 

(-D 

(1) 

(-2) 

ye 

(0) 

(0) 

(0) 

(0) 

120—130 

— 

1 

4 

1 

1 

— 

— 

— 

7 

13-93 

(0) 

(0) 

(0) 

(0) 

(0) 

y7 

(-D 

(0) 

130—140 

— 

— 

1 

1 

— 

— 

— 

— 

2 

15 

(+1) 

(-D 

(0) 

• 

Vs 

(-2) 

0 

( + 4) 

( + 6) 

140—150 

— 

— 

2 

— 

— 

1 

1 

— 

4 

21-25 

( + 2) 

(-  4) 

0 

( + 4) 

( + 6) 

y9 

( + 3) 

(-9) 

(12) 

150—160 

— 

— 

— 

— 

2 

— 

1 

1 

4 

28-75 

( + 3) 

( + 6) 

(9) 

(12) 

y±0 

(16) 

160—170 

— 

— 

— 

— 

— 

— 

— 

1 

1 

37-5 

( + 4) 

(16) 

Totals 

1 

4 

11 

2 

4 

3 

1 

2 

29 

— 

Average  y 

105 

100 

123-17 

130 

135 

121-67 

150 

160 

— 

.fby  • 

6 

20 

o 

i-J 

0 

4 

2 

15 

1 

28 

— 

— 

(b)  The  various  actual  values  of  y and  corresponding  average  values  of 
xt  viz.  (75,  7-5),  (85,  0),  (95,  7-5),  (105,  13-93),  etc.  (RS  in  Fig.  125).  It 
will  be  found  that  the  graphs  best  fitting  these  values  is  a straight  line  in 
each  case  (Fig.  125,  RS).  These  lines  intersect  at  a point  whose  x can  be 
proved  to  be  the  mean  of  all  the  ads,  and  whose  y is  the  mean  of  all 
the  y’s. 
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(7)  To  find  the  mean  of  all  the  jc’s  and  that  of  all  the  y's,  we  proceed  as 
on  p.  362,  viz.,  we  take  some  arbitrary  but  convenient  mid- value  of  x such 
as  12-5  (i.e.,  mid-value  of  15 — 20  interval)  as  the  origin,  and  the  value  of 
the  interval,  viz.,  5,  as  the  limit ; also  some  arbitrary  but  convenient  mid- 
value of  y,  such  as  125  (i.e.,  mid-value  of  120 — 130  interval)  as  the  origin, 


and  the  value  of  the  interval,  viz.,  10,  as  the  unit,  we  then  get  the  tables 
given  on  p.  376. 


v f ^ 

Arithmetic  mean  of  all  #’s  = 17-5  -j-  X 5 (see  p.  337) 


= 17-5  + 


2 

29 


X 5 


i.e.,  x = 17-85, 

2 

and  arithmetic  mean  of  all  y’ s = 125  + x 10, 


i.e.,  y = 125  63. 

Hence  the  point  of  intersection  of  the  two  lines  is  the  point  (17-85,  125-7). 
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(8)  We  shall  want  the  standard  deviations  of  the  x's  and  of  the  y’s. 
These  can  easily  be  evaluated  from  the  tables. 

rg1*  (in  the  case  of  x)  = 

= 3-517. 


"2 


* - - (|)2  = 


3-5170  - -0048 
= 3-5122. 


Over- 

crowding. 

Deviation  from 
chosen  Mean 
(17-5) 

(£) 

Frequency 
(Number  of 
Boroughs) 

(/) 

(f£) 

(/n 

0-5 

- 3 

1 

- 3 

9 

5-10 

- 2 

4 

- 8 

16 

10-15 

- 1 

11 

- 11 

11 

15-20 

0 

2 

0 

0 

20-25 

+ 1 

4 

+ 4 

4 

25-30 

+ 2 

3 

+ 6 

12 

30-35 

+ 3 

2 

+ 6 

18 

35-40 

+ 4 

2 

+ 8 

32 

29 

24  - 22 

102 

- 2 

Infant 

Mortality. 

Deviation  from 
chosen  Mean 
(125) 

Frequency 

(/> 

fv 

fv2 

V 

70-80 

- 5 

1 

- 5 

25 

80-90 

- 4 

0 

0 

0 

90-100 

- 3 

1 

- 3 

9 

100-110 

- 2 

7 

- 14 

28 

110-120 

- 1 

2 

- 2 

2 

120-130 

0 

7 

0 

0 

130-140 

+ 1 

2 

+ 2 

o 

w 

140-150 

+ 2 

4 

+ 8 

16 

150-160 

+ 3 

4 

+ 12 

36 

160-170 

+ 4 

1 

+ 4 

16 

29 

26  - 24 

134 

— 9 

XJ 

* See  p.  364  for  the  meaning  of  these  letters. 
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^2*  = 3*512  - 12  = 3-512  - 083 

= 3-429. 

<rx*  = 5 ^3429  = 5 X 1-85 
= 9-25. 

Similarly,  ay  = 10  \/^  _ ^ = 10  4-6209  - 0048  - -083 

= 10  \/  4-5328. 

- 21-29. 

(9)  Consider  the  line  PQ.  Let  its  equation  be  y — mx  -j-  b. 


Now  we  have  seen  (p.  346)  that  the  best  value  of  m is  given  by 
the  equation  • 

t{x)t{y)  - nt{xy) 


m 


[^(x)]2  — n%(x 2) 

and  that  when  6=0,  that  is,  when  we  take  the  means  of  all  the 
x’s  and  of  all  the  y’ s as  the  origin,  then 

t(xy) 


m = 


2(x2)’ 

where  x and  y now  represent  the  deviations  of  x and  y respec- 
tively from  the  means  as  origin. 


But 


2 (xy) 


n 


mean  of  all  the  products  of  corresponding  pairs 


of  deviation  = p (say) 

%(xy)  = np 
2(x2) 


Also 


n 

2(x2) 


cr2x  (where  crx  = S.D.  of  ail  x’s). 


m = 


n<j2x. 

np 

na2x 


V__ 

0-y 


hence  equation  of  the  line  y = mx  becomes 

p 

y =-2-x, 

<r  x 

which  tells  us  that  for  each  unit  deviation  of  x from  the  mean  of 

p . 

all  the  x’s,  there  is  an  average  deviation  of  -s-  m y from  the  mean 

& x 

of  all  the  y’ s. 


* See  p.  364  for  the  meaning  of  these  letters 
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But,  in  order  to  make  the  two  deviations  comparable,  we  must 
express  them  in  terms  of  their  respective  standard  deviations  as 
units  (see  p.  353) ; for  the  standards  of  variability  of  x and  y not 
being  the  same  (except  when  their  standard  deviations  happen  to 
be  the  same),  the  two  deviations  can  only  be  made  comparable 
when  they  are  each  expressed  in  terms  of  their  standard  deviations 

as  unit.  Now  y measured  in  terms  of  cry  as  unit  becomes  — ; and 

CTy 

x measured  in  terms  of  ax  as  unit  becomes  — . 

O'  X 

V 

equation  y = -N>  x becomes 


1 

ay 


&x 

V 

Vx2(Ty 

V 


X 


X 


Crx(Ty  (T  X 

This  equation  tells  us  that  for  each  unit  deviation  of  x from  the 
mean  (in  terms  of  its  own  standard  deviation)  there  is  an  average 

deviation  of  y from  the  mean  of  — — units  (in  terms  of  its  own 


standard  deviation  as 


(TX(Jy 

unit).  The  coefficient 


V 


ax(Ty 


which  is 


written  r,  is  called  the  coefficient  of  correlation,  since  it  measures 
in  terms  of  their  respective  standard  deviations  as  units,  the 
average  change  in  one  variable  corresponding  to  a unit  change 
in  the  other  variable.  Hence,  in  the  problem  under  consideration, 


we  have 


z.e., 


r = 


r = 


JP_ 

<T%(Ty 

%xy 


^ xy 


29  x 9*25  x 21-29'- 


29  O’  X0~  y 

In  order  to  find  %xy  (where  x and  y are  the  respective  devia- 
tions from  the  true  means  as  origin)  we  must  first  find  the  value 
of  S(^),  where  £ and  y are  the  deviations  of  each  x and  y from 
the  arbitrarily  chosen  means  17-5  and  125  as  origins.  This  is 
easily  done  by  entering  just  above  the  frequency  number  in  each 
square  the  particular  product  £y,  and  just  below  the  frequency 
number,  the  particular  product  where  f is  the  frequency 

number.  E.g.,  row  (100 — 110)  is  two  class  intervals  less  than  the 
row  containing  the  origin  (120 — 130),  and  column  (10—15)  is  one 
class  interval  less  than  the  column  containing  the  origin  (15 — 20). 
Therefore  the  square  common  to  row  100 — 110  and  to  column 
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10 — 15  has  a product  deviation  +7  of  — 2 x ( — 1)=2  (shown  in 
brackets  above  the  frequency  number  3)  and  a product  f£rj  of 
3x2=6  (shown  in  brackets  below  the  frequency  number  3), 
and  so  on  for  the  others.  Therefore  %f{£rj)  is  obtained  by  adding 
all  the  products  in  each  column  (or  row)  and  then  summing 
these  results  together.  Thus, 

f£rj  in  column  1=6  =6 

„ „ 2 = 10  + 6 + 4 = 20, 

and  so  on,  as  shown  in  the  lowest  row  of  the  correlation  table, 

= sum  of  all  the  numbers  in  the  bottom  row 
= 6 + 20  + 2 + 0 + 4-  2 + 15  + 28 
= 73. 

%xy  (referred  to  the  means  as  origin) 

= 73  - mxd„  = 73  - 29  . gg  . ~ 

= 72-862. 

But  since  each  x interval  is  5 and  each  y interval  is  10,  therefore 
the  value  of  each  xy  must  be  multiplied  by  5 X 10,  i.e.,  by  50. 

%xy  = 72-862  x 50  = 36431. 

36431 

r ” 29  x 9-25  x 21-29  ” '65, 

i.e.,  there  is  a very  marked  correlation  between  infant  mortality 
and  overcrowding. 

V 

Note. — Now  that  we  know  that  = r (the  correlation  coefficient), 

( 7oc<Jy 

V rD  X V X 

we  can  write  the  equation  — = — =-~  • — in  the  form  --  = r — , 

<T  y (Tx<5y  crx  o'  y O X 

or  y — r ~~  . x (1) 


Similarly,  if  we  had  plotted  the  various  values  of  y and  the 
corresponding  mean  values  of  x (line  RS)  we  would  have  arrived 
at  the  equation 


(Tx 

x = r — . y 

a y 


(2) 


Each  of  these  two  equations  expresses  the  fact  that  the  deviation 
from  the  mean  in  the  case  of  one  of  two  correlated  quantities 
is  never  the  same  as.  that  in  the  case  of  the  other  of  the  two 
quantities. 

The  two  lines  represented  by  equations  1 and  2 are  called  regres- 
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sion  lines,  and  the  coefficients  r 

coefficients. 


— and  r — are  called  regression 

°x  vy 


Example  on  Regression. 


The  mean  height  of  1,000  fathers  is  67-68  in.,  with  S.D.  =2-70  ins. 
The  mean  height  of  all  the  sons  of  these  fathers  is  68-65  in.,  with  S.I).  = 
2-71  in.  If  r for  stature  between  fathers  and  sons  = 0-514,  find  the 
average  height  of  sons  whose  fathers  are  70  ins.  tall. 


From  equation 


y = r — . x we  get 
ox 


2-71 

y — -514  x x — -516#. 


But  x in  case  of  fathers  70  ins.  high 

= 70  — 67-68  - 2-32. 
y = -516  X 2-32  - 1-197. 
height  of  sons  = 68-65  + 1-2  = 69-85  ins., 

i.e.,  fathers  whose  height  is  2-32  ins.  above  the  average  have  sons  whose 
height  is  on  the  average  only  1*2  ins.  above  the  general  average. 


Similarly,  fathers  whose  height  is  60  ins.,  or  7-68  ins.  below 
the  average  height  of  all  fathers,  have  sons  whose  height  is  on 
the  average  — *516  X 7*68,  or  only  3-96  ins.  below  the  general 
average  height  of  all  sons  (i.e.,  68-65  — 3-96  = 64-69  ins.).  Hence 
we  see  that  in  the  case  of  hereditary  transmission  of  height  there 
is  a tendency  on  the  part  of  the  offspring  to  go  back  or  regress 
from  the  condition  of  the  fathers  towards  the  general  average  of 
the  population,  so  that  children  of  very  tall  or  very  short  parents 
are  on  the  average  neither  so  tall  nor  so  short  as  their  respective 
parents,  but  approximate  more  to  the  average  height  of  the  race. 
This  is  Galton’s  law  of  filial  regression,  and  explains  the  origin  of 
the  term  regression  line,  since  the  law  of  regression  holds  good  for 
any  pair  of  correlated  variables. 


Properties  of  Regression  Lines. — The  lines 

y — r—  . x and  x = r—y 

<j  x Vy 

teach  us  that : 

(1)  When  r = 0,  i.e.,  when  correlation  is  zero,  these  lines  are 
coincident  with  the  axes. 

(2)  When  r — + 1,  the  two  regression  lines  coincide. 

(3)  When  r = + 1 and  ox  = cry  (i.e.,  the  two  characters  are  also 
equally  variable),  the  regression  lines  not  only  coincide,  but  also 
bisect  the  angle  between  the  axes. 

(4)  Since  rTy  = tan  01,  where  6\  = angle  made  by  the  line 
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y — r~x  with  the  x axis,  and  r°x  — tan  62,  where  O2  = angle 

(Ty  ay 

made  by  line  x = r°^y  with  the  y axis. 

ay 

.*.  r—  X r—  = tan  6h  tan  62- 

i.e.,  r 2 = tan  61  tan  62- 

Hence  if  we  can  plot  the  two  regression  lines  from  a few  given 
data  we  can  find  r roughly  by  measuring  the  angles  ffi  and  62- 
Thus,  in  Fig.  125,  tan  61  and  tan  02  are  seen  by  inspection  to  be 

11  . 11 

p^_  and  pg  respectively,  so  that  r2  = pj  x pg  = 0-4. 

r = O’ 63  approximately. 

An  interesting  application  of  the  method  of  correlation  has  been 
made  by  C.  Powel  White,  who,  from  a study  of  the  percentage  com- 
position of  urine  in  53  specimens  taken  from  cancer  patients, 
found  that — 

(i.)  The  correlation  coefficient  between  Na,  K and  Cl,  and  the 
amount  of  urine  (H2O)  ranged  between  0-598  and  0-669,  showing 
that  NaCl  and  KC1  probably  pass  through  the  glomeruli. 

(ii.)  The  correlation  coefficient  between  Ca,  Mg,  and  P2O5  and 
H2O  ranged  between  0-161  and  0-317,  suggesting  that  earthy 
phosphates  are  not  so  closely  associated. 

(iii.)  The  correlation  coefficient  between  H20  and  SO3  is  nega- 
tive (—  0-0878),  and  that  between  nitrogen,  urea,  and  uric  acid 
and  water,  is  negligibly  small,  suggesting  that  they  are  excreted 
by  the  tubules.  Hence,  statistical  evidence  seems  to  favour  the 
secretory  rather  than  the  filtration  theory. 

(iv.)  Correlation  of  Na  with  Cl,  and  of  P2O5  with  Mg,  is  very 
marked,  but  is  negligible  with  uric  acid,  showing  that  the  salts  are 
excreted  as  NaCl  and  MgHP04,  rather  than  as  MgCl2  and  Na^PCM. 

In  the  examples  we  have  chosen,  and,  indeed,  in  most  of  the 
examples  met  with  in  biometrical  work,  the  regression  curves  arc 
rectilinear  (i.e.,  are  straight  lines).  In  these  cases  r measures 
the  correlation  coefficient.  Sometimes,  however,  the  regression 
curve  is  not  rectilinear,  but  forms  some  more  or  less  complicated 
curve.  In  such  cases  of  skew  correlation,  correlation  is  measured 
by  what  is  called  the  correlation  ratio,  which  is,  however,  beyond 
the  scope  of  this  book. 

Note. — The  probable  error  of  the  correlation  coefficient  can  be  shown  to 

1 — r 2 
0-6745  ~~ 

v n 


be 

provided  n >-  30. 
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EXAMPLES. 

(1)  From  a table  giving  the  heights  and  weights  of  a number  of  boys  the 
following  results  w'ere  found  : 

2xy  — 1630-49 

2a:2  = 644-77  (x  = deviation  in  height). 

2 y2  = 14642-06  ( y = deviation  in  weight). 

Find  the  correlation  coefficient  between  height  and  weight. 

2(32/)  _ AXV) 


r = 


naX(Ty 


2a; 

n 


2 


2r 

72 


2(a;y) 


V 2a;2  . 2y2 

1630-49 

V 644-77  X 14642-00 
1630-49 


3073 
= -53. 

(2)  The  correlation  coefficient  for  cephalic  index  between  either  parent  and 
child  should  be  0-33,  but  in  the  case  of  American  Indians  (in  whom  the 
family  relations  are  somewhat  loose)  the  coefficient  was  found  to  be  0-33 
between  mother  and  child  and  only  0-14  between  the  mother’s  husband 
and  child.  Find  the  proportion  of  children  not  due  to  the  reputed  father. 
(Udny  Yule.) 

Let  the  total  number  of  pairs  of  observations  between  reputed  father  and 
child  = n ; with  r — 0-14.  Let  of  these  pairs  be  in  the  true  relationship 

of  father  and  child,  with  = 0-33,  and  72.-,  pairs  be  those  between  whom 
there  is  no  blood  relationship,  and  r0  — 0. 

assuming  that  the  mean  and  standard  deviation  of  the  cephalic  index 
are  the  same  in  both  sets  of  observations,  we  have  (since  n = n-^  + ^2) 


r = 


. ^2  xy 


(72-1  + 722)  axa y 


0-14, 


A, 


and 


7h 


2 xy 
n^axoy 

r 0-14 


= 0-33. 


72 1 


+ 

72. 


1 - 


72. 


+ 

7in 


r-, 


1 - 


0-33' 

•14 

•33’ 


2.e. 


72. 


72, 


•33  - -14 
: -33  * 

1 z 

19 

= V3  = °'68- 

proportion  of  children  not  due  to  reputed  father  = 58  per  cent. 
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Table  I. — Table  of  Logarithms  of  Numbers  from  1 to  1000. 


0 

1 

2 

3 

4 

G 

0 

7 

8 

9 

1 

2 3 

4 5 6 

7 8 9 

10 

0000 

0043 

0086 

0123 

0170 

0212 

0253 

0294 

0384 

0374 

4 

8 12 

17  21  25 

29  33  37 

11 

0414 

0453 

0492 

0531 

0569 

0607 

0645 

0682 

0719 

0755 

4 

8 11 

15  19  23 

26  30  34 

12 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

3 

7 

10 

14  17  21 

24  28  31 

13 

1139 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

3 

6 10 

13  16  19 

23  26  29 

14 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1732 

3 

6 

9 

12  15  18 

21  24  27 

15 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

3 

6 

8 

11  14  17 

20  22  25 

16 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

8 

5 

8 

11  13  16 

18  21  24 

17 

2304 

2330 

2355 

2380 

2405 

2430 

2455 

2480 

2504 

2529 

2 

5 

7 

10  12  15 

17  20  22 

18 

2553 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2765 

2 

5 

7 

9 12  14 

16  19  21 

19 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 

2 

4 

7 

9 11  13 

16  18  20 

20 

3010 

3032 

3054 

3075 

3096 

3118 

3139 

3160 

3181 

3201 

2 

4 

6 

8 11 13 

15  17  19 

21 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

2 

4 

6 

8 10  12 

14  1618 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3541 

3560 

3579 

3598 

2 

■4 

C 

8 1012 

14  15  17 

23 

3617 

3636 

3655 

3674 

3692 

3711 

3729 

3747 

3766 

3784 

2 

4 

6 

7 9 11 

13  1517 

21 

3802 

3820 

3S38 

3856 

3874 

3892 

3909 

3927 

8945 

3962 

2 

4 

5 

7 9 11 

12  14  16 

25 

3979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

2 

3 

5 

7 9 10 

12  14  15 

26 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

4265 

4281 

4298 

2 

s 

5 

7 8 10 

11  13  15 

27 

4314 

4330 

4346 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

2 

3 

5 

6 8 9 

11  13  14 

28 

4472 

4487 

4502 

4518 

4533 

4548 

4564 

4579 

4594 

4609 

2 

*> 

O 

5 

6 8 9 

1 1 12  14 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4742 

4757 

i 

3 

4 

6 7 9 

10  12  13 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

1 

3 

4 

6 7 9 

10  11 13 

31 

4914 

4928 

4942 

4955 

4969 

4983 

4997 

5011 

5024 

5038 

l 

3 

4 

6 7 8 

10  11  12 

32 

505J. 

5065 

5079 

5092 

5105 

5119 

5132 

5145 

5159 

5172 

l 

3 

4 

5 7 8 

9 11  12 

33 

5185 

5198 

5211 

5224 

5237 

5250 

5263 

5276 

5289 

5302 

l 

3 

4 

5 6 8 

9 10  12 

34 

5315 

5328 

5340 

5353 

5366 

5378 

5391 

5403 

5416 

6428 

1 

3 

4 

5 6 8 

9 10  11 

35 

5441 

5453 

5465 

5478 

5490 

5502 

5514 

5527 

5539 

5551 

l 

2 

4 

5 6 7 

9 10  11 

38 

5563 

5575 

5587 

5599 

5811 

5623 

5635 

5647 

5658 

5670 

l 

2 

4 

5 6 7 

8 10  11 

37 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

5763 

6775 

5786 

l 

2 

3 

5 6 7 

8 9 10 

38 

5798 

5809 

5821 

5832 

5843 

5855 

5S66 

5877 

5888 

5899 

l 

2 

3 

5 6 7 

8 9 10 

39 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

59S8 

5999 

6010 

l 

2 

3 

4 5 7 

8 9 10 

40 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

l 

2 

3 

4 6 6 

8 9 10 
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Table  I. — Table  of  Logarithms  of  Numbers  from  1 to  1000. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

2 3 

4 5 6 

7 

8 9 

41 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

1 

2 

3 

4 

5 

6 

7 

8 

9 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6325 

1 

2 

3 

4 

5 

6 

7 

8 

9 

43 

6335 

6345 

6355 

6365 

6375 

6385 

6395 

6405 

6415 

6425 

1 

2 

3 

4 

5 

6 

7 

S 

9 

44 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6522 

1 

2 

3 

4 

5 

6 

7 

8 

9 

45 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

6599 

6609 

6618 

1 

2 

3 

4 

5 

6 

7 

8 

9 

46 

6628 

6637 

6646 

6656 

6605 

G675 

6684 

6693 

6702 

6712 

1 

2 

3 

4 

5 

6 

7 

7 

8 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

1 

2 

3 

4 

5 

5 

6 

7 

8 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6S93 

1 

2 

3 

4 

4 

5 

6 

7 

8 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

1 

2 

3 

4 

4 

5 

6 

7 

8 

50 

6990 

j 6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

1 

2 

3 

3 

4 

6 

6 

7 

8 

51 

7076 

70S4 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

1 

2 

3 

3 

4 

6 

6 

7 

8 

52 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

1 

2 

2 

3 

4 

5 

6 

7 

7 

53 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

1 

2 

2 

3 

4 

5 

6 

6 

7 

54 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 

1 

2 

2 

3 

4 

5 

6 

6 

7 

55 

7404 

7412 

7419 

7427 

7435 

7443 

7451 

7459 

7466 

7474 

1 

2 

2 

3 

4 

5 

5 

6 

7 

56 

7482 

7490 

7497 

7505 

7513 

7520 

7528 

7536 

7543 

7551 

1 

2 

2 

3 

4 

5 

5 

6 

7 

57 

7559 

7568 

7574 

7582 

7589 

7597 

7604 

7612 

7619 

7627 

1 

2 

2 

3 

4 

5 

5 

6 

7 

58 

7634 

7642 

7649 

7657 

7664 

7672 

7679 

7686 

7694 

7701 

1 

1 

2 

3 

4 

4 

5 

6 

7 

59 

7709 

7716 

7723 

7731 

7738 

7745 

7752 

7760 

7767 

7774 

1 

1 

2 

3 

4 

4 

5 

6 

7 

60 

7782 

77S9 

7796 

7803 

7810 

7818 

7825 

7832 

7839 

7846 

1 

1 

2 

3 

4 

4 

5 

6 

6 

61 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

1 

1 

3 

3 

4 

4 

5 

6 

6 

62 

7924 

7931 

7938 

7945 

7952 

7959 

7966 

7973 

7980 

7987 

1 

1 

2 

3 

3 

4 

5 

6 

6 

63 

7993 

8000 

8007 

8014 

8021 

8028 

8035 

8041 

8018 

8055 

1 

1 

2 

3 

3 

4 

5 

5 

6 

64 

8062 

8069 

8075 

8082 

80S9 

8096 

8102 

8109 

8116 

8122 

1 

1 

2 

3 

3 

4 

5 

5 

6 

65 

8129 

8136 

8142 

8149 

8156 

8162 

8169 

8176 

8182 

8189 

1 

1 

2 

3 

3 

4 

5 

5 

6 

66 

8195 

8202 

8209 

8215 

8222 

8228 

8235 

8241 

8248 

8254 

1 

1 

2 

3 

3 

4 

5 

6 

6 

67 

8261 

8267 

8274 

82S0 

8287 

8293 

8299 

8306 

8312 

8319 

1 

1 

2 

3 

3 

4 

5 

5 

6 

68 

8325 

8331 

8338 

8344 

8351 

8357 

8363 

8370 

8376 

8382 

1 

1 

2 

3 

3 

4 

4 

5 

6 

69 

8388 

8395 

8401 

8407 

8414 

8420 

8426 

8432 

8439 

8445 

1 

1 

2 

2 

3 

4 

4 

5 

6 

70 

8451 

8457 

8463 

8470 

8476 

8482 

8488 

8494 

8500 

8506 

1 

1 

2 

2 

3 

4 

4 

5 

6 

71 

8513 

8519 

8525 

8531 

8537 

8543 

8549 

8555 

8561 

8567 

1 

1 

2 

2 

3 

4 

4 

5 

6 
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Table  I. — Table  of  Logarithms  of  Numbers  from  1 to  1000. 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

2 3 

4 5 

6 

7 

8 

9 

72 

8573 

8579 

8585 

8591 

8597 

8603 

8609 

8615 

8621 

8627 

1 

l 

2 

2 

3 

4 

4 

6 

5 

73 

8633 

8639 

8645 

8651 

8657 

8663 

8669 

8675 

8681 

8686 

1 

1 

2 

2 

3 

4 

4 

6 

6 

74 

8692 

8698 

8704 

8710 

8716 

8722 

8727 

8733 

8739 

8745 

1 

1 

2 

2 

3 

4 

4 

5 

5 

75 

8751 

8756 

8762 

8768 

8774 

8779 

87S5 

8791 

8797 

8802 

1 

1 

2 

2 

3 

3 

4 

5 

5 

76 

8808 

8814 

8820 

8825 

8831 

8837 

8842 

8848 

8854 

8859 

1 

1 

2 

2 

3 

3 

4 

5 

6 

77 

8865 

8871 

8876 

8882 

8887 

8893 

8899 

8904 

8910 

8915 

1 

1 

2 

2 

3 

3 

4 

4 

5 

78 

8921 

8927 

8932 

8938 

8943 

8949 

8954 

8960 

8965 

8971 

1 

1 

2 

2 

3 

3 

4 

4 

6 

79 

8976 

8982 

8987 

8993 

8998 

9004 

9009 

9015 

9020 

9025 

1 

1 

2 

2 

3 

3 

4 

4 

5 

80 

9031 

9036 

9042 

9047 

9053 

9058 

9063 

9069 

9074 

9079 

1 

1 

2 

2 

3 

3 

4 

4 

5 

81 

9085 

9090 

9096 

9101 

9106 

9112 

9117 

9122 

9128 

9133 

1 

1 

2 

2 

3 

3 

4 

4 

6 

82 

9138 

9143 

9149 

9154 

9159 

9165 

9170 

9175 

9180 

9186 

1 

1 

2 

2 

3 

3 

4 

4 

6 

83 

9191 

9196 

9201 

9206 

9212 

9217 

9222 

9227 

9232 

9238 

1 

1 

2 

2 

3 

3 

4 

4 

5 

84 

9243 

9248 

9253 

9258 

9263 

9269 

9274 

9279 

9284 

9289 

1 

1 

2 

2 

3 

3 

4 

4 

5 

85 

9291 

9299 

9304 

9309 

9315 

9320 

9325 

9330 

9335 

9340 

1 

1 

2 

2 

3 

3 

4 

4 

6 

86 

9345 

9350 

9355 

9360 

9365 

9370 

9375 

9380 

9385 

9390 

1 

1 

2 

2 

3 

3 

4 

4 

6 

87 

9395 

9400 

9405 

9410 

9415 

9420 

9425 

9430 

9435 

9440 

0 

1 

1 

2 

2 

3 

3 

4 

4 

83 

9445 

9450 

9455 

9460 

9465 

9469 

9474 

9479 

9484 

9489 

0 

1 

1 

2 

2 

3 

3 

4 

4 

89 

9494 

9499 

9504 

9509 

9513 

9518 

9523 

9528 

9533 

9538 

0 

1 

1 

2 

2 

3 

3 

4 

4 

90 

9542 

9547 

9562 

9557 

9562 

9566 

9571 

9576 

9581 

9586 

0 

1 

1 

2 

2 

3 

3 

4 

4 

91 

9590 

9595 

9000 

9605 

9609 

9614 

9619 

9624 

9628 

9633 

0 

1 

1 

2 

2 

3 

3 

4 

4 

92 

9638 

9643 

9647 

9652 

9657 

9661 

9666 

9671 

9675 

9680 

0 

1 

1 

2 

2 

3 

3 

4 

4 

93 

9685 

96S9 

9694 

9699 

9703 

9708 

9713 

9717 

9722 

9727 

0 

1 

1 

2 

2 

3 

3 

4 

4 

94 

9731 

9736 

974i 

9745 

9750 

9754 

9759 

9763 

9768 

9773 

0 

1 

1 

2 

2 

3 

3 

4 

4 

95 

9777 

9782 

9786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

0 

1 

1 

2 

2 

3 

3 

4 

4 

96 

9823 

9827 

9832 

9836 

9841 

9845 

9850 

9854 

9859 

9863 

0 

1 

1 

2 

2 

3 

3 

4 

4 

97 

9808 

9872' 

9877 

9881 

98S6 

9890 

9894 

9899 

9903 

9908 

0 

1 

1 

2 

2 

3 

3 

4 

4 

98 

9912 

9917 

9921 

9926 

9930 

9934 

9939 

9943 

9948 

9952 

0 

1 

1 

2 

2 

3 

3 

4 

4 

99 

9956 

9961 

9965 

9969 

9974 

9978 

9983 

9987 

9991 

9990 

0 

1 

1 

2 

2 

3 

3 

3 

4 

B 


O 0 
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Table  II. — Natural  Sines  and  Cosines. 


Angle. 

Sine. 

D 1° 

Angle 

Cosine. 

D 1° 

0 

0-0000 



90 

1-0000 



1 

0-0175 

175 

89 

0-9998 

02 

2 

0-0349 

174 

88 

0-9994 

04 

3 

0-0523 

174 

87 

0-9986 

08 

4 

0-0698 

175 

86 

0-9976 

10 

5 

0-0872 

174 

85 

0-9962 

14 

6 

0-1045 

173 

84 

0-9945 

17 

7 

0-1219 

174 

83 

0-9925 

20 

8 

0-1392 

173 

82 

0-9903 

22 

9 

0-1564 

172 

81 

0-9877 

26 

10 

0-1736 

172 

80 

0-9848 

29 

11 

0-1908 

172 

79 

0-9816 

32 

12 

0-2079 

171 

78 

0-9781 

35 

13 

0-2250 

171 

77 

0-9744 

37 

14 

0-2419 

169 

76 

0-9703 

41 

15 

0-2588 

169 

75 

0-9659 

44 

16 

0-2756 

168 

74 

0-9613 

46 

17 

0-2924 

168 

73 

0-9563 

50 

18 

0-3090 

166 

72 

0-9511 

52 

19 

0-3256 

166 

71 

0-9455 

56 

20 

0-3420 

164 

70 

0-9397 

58 

21 

0-3584 

164 

69 

0-9336 

61 

22 

0-3746 

162 

68 

0-9272 

64 

23 

0-3907 

161 

67 

0-9205 

67 

24 

0-4067 

160 

66 

0-9135 

70 

25 

0-4226 

159 

65 

0-9063 

72 

26 

0-4384 

158 

64 

0-8988 

75 

27 

0-4540 

156 

63 

0-8910 

78 

28 

0-4695 

155 

62 

0-8829 

81 

29 

0-4848 

153 

61 

0-8746 

83 

30 

0-5000 

152 

60 

0-8660 

86 

31 

0-5150 

150 

59 

0-8572 

88 

32 

0-5299 

149 

58 

0-8480 

92 

33 

0-5446 

147 

57 

0-8387 

93 

34 

0-5592 

146 

56 

0-8290 

97 

35 

0-5736 

144 

55 

0-8192 

98 

36 

0-5878 

142 

54 

0-8090 

102 

37 

0-6018 

140 

53 

0-7986 

104 

38 

0-6157 

139 

52 

0-7880 

106 

39 

0-6293 

136 

51 

0-7771 

109 

40 

0-6428 

135 

50 

0-7660 

111 

41 

0-6561 

133 

49 

0-7547 

113 

42 

0-6691 

130 

48 

0-7431 

116 

43 

0-6820 

129 

47 

0-7314 

117 

44 

0-6947 

127 

46 

0-7193 

121 

45 

0-7071 

124 

45 

0-7071 

122 

Angle. 

Cosine. 

D 1° 

Angle. 

Sine. 

D 1° 
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Table  III. — Probability  Integral  Table  Giving  Value  of 


-f 


V 27 r 


1 t2 

e~2  * 


in  Terms 
(after 


of  Corresponding  Abscissa 
Sheppard). 


$ 

2 (1  + fl) 

a 

£ 

2 (1  + (*) 

a 

•00 

•50000 

•00000 

•76 

•77637 

•55274 

•10 

•53983 

•07966 

•77 

•77935 

•55870 

•20 

•57926 

•15852 

•78 

•78230 

•56460 

•30 

•61791 

•23582 

•79 

•78524 

•57040 

•40 

•65542 

•31084 

•80 

•78814 

•57628 

•45 

•67364 

•34728 

•85 

•80234 

•60468 

•50 

•69146 

•38292 

•90 

•81594 

•63188 

•55 

•70884 

•41768 

•95 

•82894 

•65788 

•60 

•72575 

•45150 

1-00 

•84134 

•68268 

•65 

•74215 

•48430 

105 

•85314 

•70628 

•70 

•75804 

•51608 

1-10 

•86433 

•72866 

•71 

•76115 

•52230 

1-50 

•93319 

•86638 

•72 

•76424 

•52848 

2-00 

•97725 

■95450 

•73 

•76730 

•53460 

2-50 

•99379 

•98758 

•74 

•77035 

•54070 

3-00  * 

•99865 

•99730 

•75 

•77337 

•54674 

3-50 

•99977 

•99954 

= — . (See  p.  355.) 

(T 


a represents  twice  the  area  of  the  portion  of  the  probability 
curve  enclosed  between  any  ordinate  and  the  ordinate  at  the 
mean.  E.g.,  in  Fig.  124  on  p.  357,  a represents  twice  the  area 


of  PQNO. 


1 


J 2 


\/  Z7T 


erf 'd(  = f . 

-I 


^ (1  + a)  represents  the  area  of  the  portion  PQNX  in  the 


same  figure. 
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INDEX 


A 

Abscissa,  98 
Accuracy,  2,  4 

Active  mass,  85.  See  Guldberg  and 
Waage’s  law. 

Adiabatic  expansion,  231 
Adjustments,  Sheppard’s,  364  et  seq. 
Agglutination,  velocity  of,  238 
Agglutinin,  destruction  of,  221 
Aids,  mechanical,  to  calculation,  19. 

See  Slide  rule. 

Air-cell,  diameter  of,  58 
Algebra,  a few  points  in,  Ch.  III., 
22-35 

Amphoteric  electrolyte,  170 
Amplitude,  43 
Amsler’s  planimeter,  264 
Analysis,  harmonic,  267  et  seq . See 
also  Fourier’s  theorem,  Ch. 
XVIII.,  265-273 
mathematical,  of  experimental 
results,  Ch.  XX.,  293-326 
Angle  between  blood  vessels,  172, 
173 

Angle  of  pull  of  muscle,  46 
Angular  velocity,  43 
Animal  mechanics,  problems  in, 
46-49,  158,  242-247 
Annulus,  area  of,  55 
Anthropometric  observations  and 
frequency  curve,  232 
Antilogarithms,  14 
Antitoxin,  rate  of  disappearance  of, 
in  the  body,  218 
Aortic  valves,  curvature  of,  181 

opening  time  in  mitral  regurgi- 
tation, 290,  292 
thickness  of,  181 

Approximate  integration,  260  et  seq. 
Approximation,  4,  23,  65-67.  See 
also  Simplified  methods  in  arith- 
metic, 6-21,  38,  39,  52. 

Arbitrary  mean,  337 
Arbitrary  origin,  339 
Arc,  length  of,  249 


Area  of  curve,  method  of  finding, 
248,  249 

Area  of  portion  of  probability  curve, 
353  et  seq. 

Areas  of  various  geometrical  figures, 
Ch.  V.,  54-61 

Arithmetic,  simplified  methods  in, 
6-21,  38,  39,  52 
Arithmetic  mean,  332 
Arithmetic  progression,  62 
Arrhenius,  287.  See  also  Van’t  Hoff 
and  Arrhenius. 

Asymptote,  113 

Autocatalytic  equation,  169,  295 
Auxiliary  equation,  283 
Average  rate  of  change,  128 
Average,  statistical,  232 
Avogadro’s  law,  226 
Axes,  coordinate,  98 
Axis  of  ellipse,  major  and  minor,  111 
Axon,  relation  between  radius  of, 
and  that  of  myelin  sheath,  177 


B 

/3j  and  /3„  curve  fitting  constants, 
365 

Bacillus,  accuracy  in  measuring  a, 
4 

cholerae,  multiplication  of,  93, 
155 

coli,  equation  of  growth  of,  289, 
290,  306 
Barcroft,  239 

Base,  logarithmic,  10,  11,  14,  80 
Bayliss,  228,  288,  300 
Bee-cell,  mathematics  of,  174 
Benedict  and  Talbot,  18 
Berthelot  and  St.  Giles,  223 
Bimolecular  reaction,  195,  218 
Binomial  expansion  and  probability 
curve,  331,  349 
Binomial  theorem,  23,  64 
Biomathematics,  definition  of,  1 
Biometrics,  Ch.  XXI.,  327-382 
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INDEX. 


Blood  counts,  mathematics  of,  349, 
355 

Blood  vessels,  angle  between,  172, 
173 

Bomstein,  218 
Boothby  and  Sandiford,  126 
Bose,  Sir  Jagadis,  3 
Boyle’s  law,  107,  113 
Briggsian  logarithms,  14.  See 
Common  logarithms. 

Brodie,  60 
Burns,  D.,  173 


C 

Calculating  machines,  18 
Calculations,  approximate.  See 
Approximation,  4,  23,  65-67 
mechanical  aids  to,  18 
of  logarithms,  79 

Cane  sugar,  inversion  of,  18,  90,  215, 
239 

Capillaries,  number  of,  in  body,  61 
tension  inside,  181 
Carnot’s  cycle,  233 
Carrell,  Hartmann,  Lecomte  du 
Nouy,  83,  84,  306 
Cartesian  coordinates,  98 
Catalase,  blood,  220,  310 
Catalysis,  90 

Centigrade  and  Fahrenheit  conver- 
sion scale,  106 
Cephalic  index,  382 
Characteristic,  12 
Chauvenet’s  criterion,  358  et  seq . 
Chemical  equilibrium,  222 
general  equation  of,  225 
Chemical  reaction,  order  of,  218,  221, 
222,  310  et  seq. 

Chick,  Miss,  93 

and  Professor  Martin,  314 
Cholera  bacillus,  multiplication  of, 
93,  155 

Cicatrisation  of  a wound,  rate  of, 
87,  305,  306 
Circle,  area  of,  55,  249 
sector  of,  56 
equation  of,  108 
moment  of  inertia  of,  251,  252 
Circular  functions,  116,  151,  157,  203 
Circular  measure  of  angle,  40 
Circular  muscle,  work  of,  242 
Circulation,  problems  in,  60,  61,  172, 
290 

Clark,  A.  J.,  360 


Coagulation,  mathematics  of,  314 
Coefficient,  differential,  128,  134 
of  correlation,  372  et  seq . 
of  regression,  380 
of  variation,  335 
Temperature,  15,  18,  238 
Cohn,  Ernst,  285 
Cohnheim,  91 

Coli-agglutinin,  destruction  of,  221 
Coli  bacillus,  multiplication  of,  289, 
290,  306 

Common  logarithms,  11 
Composition  of  simple  harmonic 
motion,  272 

Compound  interest  law,  64,  83-93, 
155,  303,  304,  306.  See  also 
Autocatalytic  equation,  Catalysis, 
Growth,  Influence  of  tempera- 
ture. 

Concavity  and  convexity,  184 
Cone,  area  of,  58 
volume  of,  58 
Constant,  definition  of,  96 
of  differentiation,  142 
of  increment,  76 
of  integration,  198 
evaluation  of,  199 
Constants,  evaluation  of  : 

in  formulae,  296  et  seq.,  361 
in  Fourier’s  series,  265-267 
Convergency  of  series,  70 
Convexity,  184 
Cooling,  law  of,  88 
Co-ordinate  axes,  98 
Co-ordinates,  Cartesian,  98 
polar,  98 

Co-ordination  of  experimental  re- 
sults, mathematical,  Ch.  XX., 
293-326 

Corpuscles  in  blood,  number  of,  3 
Correlation,  370  et  seq. 
coefficient,  372  et  seq. 
ratio,  372 
Cosecant,  37 
Cosine,  36 

function,  peculiarity  of,  157 
Cotangent,  37 
Crescograph,  3 
Criterion,  Chauveret’s,  358 
Euler’s,  276 
Pearson’s,  352 

Cube,  area  and  volume  of,  56 
Curvature,  178  et  seq. 
radius  of,  179 

Curve,  area  of,  248,  263,  264,  353  et 
seq. 
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Curve,  concavity  and  convexity  of, 
184 

fitting,  361 
length  of,  249 
of  probability,  331 
Curvilinear  correlation,  372 
Cushny,  61,  228 

Cylinder,  area  and  volume  of,  57 


D 

Damped  oscillations,  284 
Definite  integral,  210 
Degree  of  an  equation,  30,  274 
Dependent  variable,  95 
Derivative  curve,  141,  308  et  seq. 
Development,  influence  of  tempera- 
ture on,  15,  16,  241.  See  also 
Growth. 

Developmental  mechanics,  262 
Deviation.  See  Dispersion,  333  et 
seq. 

average  or  mean,  333 
quartile,  333 
standard,  333 

See  also  under  Standard 
deviation. 

Diet,  calculation  of,  34,  35 
Differential,  127 

coefficient,  128,  134 
complete,  194 
higher,  186 
partial,  194 
total,  194 

Differential  equations,  216,  274-292 
degree  of,  274 
exact,  275 

Euler’s  criterion  for,  276 
homogeneous,  275,  278 
linear,  281 

non-homogeneous,  275,  279 
order  of,  274 

solution  of,  275,  277  et  seq. 
Differentiation,  general  methods  of, 
137  et  seq. 
partial,  193 

successive,  Ch.  XI.,  182-196 
Digestion,  influence  of  heat  on,  81 
mathematical  law  of,  287,  299, 
300 

See  also  Enzymes  and  Schutz- 
Borissoff  law. 

Diphtheria  antitoxin,  rate  of  dis- 
appearance of,  in  the  body,  218 
Directrix,  110,  111 


Dispersion,  333  et  seq. 

Distribution,  curve  of.  See  Fre- 
quency curve,  331,  339  et  seq. 
Divergency  of  series,  71 
Dreyer,  G.,  16,  96 

Dubois’  formula,  17,  119,  123,  126, 
322 

Dynamics,  chemical,  Ch.  XIII.,  213 — 
225,  310  et  seq. 


E 

ev  See  Eccentricity,  111 
e or  e,  14,  67,  75 

e~\  81 

e,  numerical  value  of,  75 
e,  series,  71,  72,  75 
peculiarity  of,  77 

e±ix,  190 

ex,  78 

differential  coefficient  of,  152,  * 
153 

graph  of,  114,  115 
peculiarity  of,  152 

e dx,  integral  of,  204 

e~x  , graph  of,  114,  146 

e~x"dx,  integration  of,  257,  260,  261 
_ x 2 

e 2x2,  graph  of,  356 

points  of  inflection  of,  186, 
343 

e '2‘cr'2  dx,  integration  of,  354 
Ebbinghaus,  295 
Eccentricity  of  ellipse.  111 
Effect  of  heat  on  : 

development,  15,  241 
disinfection,  241 
dissociation  of  oxyhacmoglobin, 
239 

metabolism,  241 
rate  of  heart  beat,  241,  326 
of  phagocytosis,  241 
reaction  velocity,  81,  236  et  seq. 
Efficiency,  maximum,  232 
of  reversible  engine,  232 
Eggs,  development  of,  effect  of  heat 
on,  15 

Elderton,  Palin,  369 


392 


INDEX. 


Electrolytes,  concentration  of,  107, 
113,  171 

dissociation  of,  113,  170 
Ellipse,  area  of,  58 
equation  of,  112 
examples  of,  112,  113 
perimeter  of,  58,  167 
properties  of.  111 
solid  of  revolution  generated  by, 
258 

Elliptical  muscles,  242 
Elliptical  water  pipes,  167 
Empirical  formulae,  293,  298 
Enzymes,  mathematics  of,  285.  See 
also  Schutz-Borissoff  law. 
Equation  and  identity,  22 
Equations,  differential,  216,  274- 
292 

exponential,  14 
higher,  32,  117 
quadratic,  31 
simultaneous,  33 
solution  of,  30  et  seq.,  277  et 
seq. 

graphical,  117,  285 
trigonometrical,  44,  45,  46 
of  curves,  102  et  seq. 
Equilibrium,  chemical,  222 
Error.  See  deviation. 

normal  curve  of,  332,  339  et  seq. 
probable,  352  et  seq. 

Euler,  72 

Euler’s  criterion,  276 
Evaluation  of  constants  : 

in  formulae,  296  et  seq.,  361  et 
seq. 

in  Fourier’s  series,  265-267 
of  integration,  199 
Evaluation  of  e,  75 
Evaluation  of  t,  261,  262 
Evaluation  of  velocity  constants  (K), 
217  and  passim 

Events  in  probability,  328  et  seq. 
Exact  differential,  275 
Exact  equation,  275 

Euler’s  criterion  for,  276 
Expansion,  law  of,  107 

of  gases,  adiabatic,  231 
isothermal,  229 
work  done  by,  226  et  seq. 
of  series,  64,  186  et  seq. 

Explicit  functions,  97 
Exponent,  hydrogen.  See  PH,  106 
Exponential  equation,  14 
Exponential  series,  78 
Exponential  theorem,  78 


Exponential  value  of  sin  x and 
cos  x,  190 

Extrapolation,  118,  289,  300 


F 

f(x)  or  (p{x),  97 

'f'(x),  f"(x)  . . . fn(x),  182,  183 
Factor,  integrating,  276 
Factorial  notation,  65 
Factors,  law  of,  25 
Fahrenheit  and  Centigrade  tempera- 
tures, conversion  scale,  106 
Fan-shaped  muscles,  48,  242 
Feldman,  W.  M.,  61,  169,  170,  177, 
294,  330 

and  Umanski,  A.  J.,  126 
Ferment.  See  Enzyme. 

Fever,  effect  of,  on  metabolism, 
241 

Fibres,  arrangement  of  muscular, 
46  et  seq. 

Filial  regression,  law  of,  380 
Filtration  theory  of  urinary  secre- 
tion, 60,  381 
Fit,  goodness  of,  368 
Flow  of  liquid  through  tubes,  60, 
212 

Focus  of  ellipse.  111 
Focus  of  parabola,  110 
Foetus,  growth  of,  294 
Formula,  1 

Formulae,  approximation,  66 
empirical,  293  et  seq. 
evaluation  of  constants  in,  296 
et  seq. 

mensuration,  Ch.  V.,  54-61 
theoretical,  293  et  seq. 
trigonometrical,  Ch.  IV.,  36-53 
Fourier’s  series,  265 
Fourier’s  theorem,  Ch.  XVIII.,  265- 
273 

Fractions,  partial,  26,  148,  208 
Freezing  point,  depression  in,  228 
Frequency,  43 

curve,  normal,  331,  340  et  seq. 
surface,  112 
Function,  94 

of  a function,  148 
of  glomeruli  of  kidneys,  60, 
381 

of  myelin  sheath,  177 
Functions,  classes  of,  97 
algebraic,  97 
elliptical,  112,  113 
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Functions,  explicit,  97 

exponential,  114  et  seq. 
graphical  representation  of,  98- 
126 

hyperbolic,  113 
implicit,  97 
linear,  107 
parabolic,  111 
transcendental,  97 
Fundamental  formulae,  table  of,  203, 
204 


G 


Graphical  method : 

of  harmonic  analysis,  267  et 

seq. 

of  integration,  263 
of  solving  equations,  117,  285 
Graphical  representation  of  a func- 
tion, 98 

Gregory’s  series,  190 
Growth  of  bacteria,  equation  of,  93, 
155,  306 

Growth  of  foetuses,  equation,  294 
Growth  of  infants,  equation,  169 
Growth  of  rootlets,  15 
Guldberg  & Waage’s  law,  85,  215 


y (ratio  of  specific  heats),  230 
Galton’s  law  of  filial  regression, 

380 

Gas  constant,  226 
Gas  equation,  226 

Gases,  adiabatic  expansion  of,  231  et 
seq. 

isothermal  expansion  of,  226  et 
seq. 

specific  heats  of,  209  et  seq. 
Gauss-Laplace  curve,  332 
Geometrical  progression,  63 
Geometrical  representation  of  diffe- 
rential coefficient,  134 
Gillespie,  J.  R.,  181 
Glomeruli  of  kidneys,  function  of,  60, 

381 

Goodness  of  fit,  368 
Gradients,  135 

of  curved  graph,  135 
of  exponential  curve,  153 
of  linear  graph,  135 
of  parabola,  140,  141 
of  probability  curve,  340 
Graph,  100 

of  circular  functions,  116,  117 
of  exponential  functions,  114, 
115,  116 

of  hyperbolic  functions,  112, 
113 

of  linear  functions,  102  et  seq. 
of  logarithmic  functions,  109 
et  seq. 

of  parabolic  functions,  109  et 
seq.,  298 

of  trigonometric  functions.  See 
circular  functions,  116,  117 
Graphical  interpolation,  117 
Graphical  method  : 

of  differentiation,  134,  139-141, 
153 


H 


Haemose,  decomposition  of,  by 
H202,  220 

Haemoglobin,  dissociation  of,  113, 
224,  225,  239 

molecular  weight  of,  239-241 
Haemolysis,  a unimolecular  reaction, 
316 

velocity  of,  influence  of  tem- 
perature on,  238 

Harmonic  analysis  and  synthesis, 
267-273 


Harmonic  motion,  simple,  42 
Haughton,  S.,  113,  244 
Heart  beat,  rate  of,  influence  of 
temperature  on,  326,  360 
Heat,  inactivation  of  ferments  by, 
161 

influence  of,  on  disinfection, 
241 


on  dissociation  of  oxy- 
haemoglobin,  239 
on  growth,  15 
on  metabolism,  241 
on  phagocytosis,  241 
on  rate  of  heart  beat,  326, 
360 

on  reaction  velocity,  236, 
239 


on  respiration  of  plants, 


241 


on  rhythm  of  small  intes- 
tine, 241 
latent,  235 

of  dissociation  of  gases,  238 
of  solution,  238 
specific,  of  gases,  229 
Height  and  weight,  graph  showing 
relation  between,  102 
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Heights  of  parents  and  children, 
correlation  between,  380 
Henri,  Victor,  316 
Henry’s  law,  107,  240 
Heredity,  Mendelian,  330,  358 
Hess’  law,  172 
Hertwig,  15 
Hill,  A.  V.,  3,  225 
Leonard,  181 
H-ion  concentration,  171 
calculation  of,  229 
H-ion  and  Ph,  conversion  of  one  into 
the  other,  106 

H202,  decomposition  of,  by  hsemose, 
220 

Hufner’s  spectrophotometer,  50 
Hunter,  John,  172 
Hydrogen  ion  concentration.  See 
H-ion. 

Hydrolysis,  90,  109,  218,  219 
Hyperboles,  rectangular,  113 
Hypnosis,  16 

I 

i ( i.e .,  V — J),  30 
Identities,  algebraical,  23 

trigonometrical,  37-40,  50-53 
Identity,  property  of,  22,  23 
Imaginary  quantities,  30 
Immunity.  See  Agglutinin,  Anti- 
toxin, Hsemolysis,  Phagocytosis. 
Implicit  functions,  97 
Inactivation  of  ferment  by  heat,  161 
Indefinite  integral,  210 
Independent  variable,  95 
Indices,  7 

Inertia,  moment  of,  251,  252 
Infant  mortality  and  overcrowding, 
correlation  between,  373  el  seq. 
Infants,  growth  of,  169 
Infinite  series,  68 
Infinity,  70 

Inflexion,  points  of,  162.  184-186, 
343 

Inherent  work  of  muscle,  242  et  seq. 
Instantaneous  rate  of  change,  214 
Integral  calculus,  Ch.  XII.,  196-213 
Integrals,  table  of,  203,  204 
Integrand,  198 
Integrating  factor,  276 
Integration,  197 

approximate,  260 
between  limits,  211  et  seq. 
by  partial  fractions,  208,  254 


Integration  : 

by  parts,  255 
by  substitution,  253,  254 
by  trigonometrical  transforma- 
tion, 256 
constant,  198 
multiple,  256 

special  methods  of,  Ch.  XVII., 
253-264 
Intercept,  105 

Interest  law,  compound,  84  et  seq. 

simple,  83 
Interpolation,  117 

Interquartile  range,  semi-,  333,  334, 
355 

Inverse  trigonometrical  functions, 
38,  190 

differentiation  of,  157 
Inversion  of  cane  sugar,  18,  190,  215 
Ionic  concentration,  171 
Ionic  dissociation,  113 
Iris  diaphragm,  143 
Iris  muscle,  work  of,  243,  244 
Irrational  numbers,  30 
Irregular  figures,  areas  of,  263,  264 
Isochore  equation,  237 
Isoelectric  point,  171 
Isotherm,  reaction,  237 
Isothermal  expansion  of  gases,  226 

J 

Jones,  Caradog,  112,  327,  343,  361 
K 

k (velocity  constant),  76  et  seq.,  and 
passim 

k (Pearson’s  criterion),  352 
Kant,  2 

Kidneys,  function  of  glomeruli,  60, 
381 

work  of,  228 
Koch,  252 
Konig,  177 

L 

Latent  heat,  235 

Latissimus  dorsi  muscle,  work  of, 
243,  244 

Law  of  adiabatic  expansion,  231 
Law  of  Arrhenius  & Van’t  Hoff, 
237  et  seq.,  326,  360 
Law  of  Avogadro,  226 
Law  of  Boyle,  107,  113 
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Law  of  cooling,  88 
Law  of  error,  332 
Law  of  Fechner,  155 
Law  of  Henry,  107 
Law  of  Scbiitz-Borissoff,  111,  151, 
287  et  seq.,  325 
Law  of  Van’t  Hoff- Arrhenius,  237  et 
seq.,  326,  360 

Laws  of  probability,  327  et  seq . 

Laws  of  thermodynamics,  Ch.  XIV., 
226  et  seq. 

Least  square,  method  of,  345  et  seq. 

theorem  of,  344 
Leibnitz’s  theorem,  192 
Leitch,  Miss,  15 
Length  of  curve,  249,  250 
Light,  maximum  amount  through 
window  of  given  shape,  168 
relation  between  amount  of, 
and  radius  of  aperture  of 
iris  diaphragm,  143 
Limit,  70 

Limits  of  integration,  211 
Linear  correlation,  372 
Linear  equations,  105 
Lines  of  regression,  379,  380 
Logarithm,  definition  of,  11 
origin  of  term,  12 
Logarithms,  7-18 

advantages  of,  11 
common,  11 
Napierian,  14,  80 

Lung,  number  of  alveoli  in,  58,  59 
total  surface  of  alveoli  in,  58,  59 


M 

m (slope  of  line),  105  and  'passim 
fiv  V 2’  A* 3 • • • (adjusted  moments), 
365 

M’ Kendrick,  A.  J.,  289,  306 
Maclaurin,  177 
Maclaurin’s  theorem,  188 
McQueen,  181 
Madsen,  238,  241 

and  Famulener,  217,  316 
and  Walbum,  221,  317,  318 
Magnitude,  order  of,  127 
Major  axis,  111 
Mantissa,  12 
Maraldi,  177 
Martin,  Professor,  314 
Mass  action,  law  of,  215,  224 
Mathematical  analysis  of  experi- 
mental results,  Ch.  XX.,  293-326 


Maxima  and  minima,  Ch.  X.,  161-181 
Maximum  efficiency,  234 
Mean,  arithmetic,  332 
deviation,  333 
ordinate,  264 
Median,  332 

Medullary  sheath,  function  of,  177 
Meeh’s  formula,  18 
Mellor,  J.  W.,  89 
Memory  traces,  decay  of,  16 
Mendelian  expectation,  330 
Mensuration,  Ch.  V.,  54-61 
Metabolism,  effect  of  heat  on,  241 
Method  of  least  squares,  315 
Minor  axis.  111 
Mode,  332 

Modulus,  logarithmic,  80 
scale,  nomographic,  122 
Moments,  338 

coefficient,  338 
of  inertia,  251,  252 
Monomolecular  reaction.  See  Uni- 
molecular  reaction,  215,  311  et  seq. 
Motion,  harmonic,  42 
Movement,  muscular,  mathematics 
of,  46-49,  and  Ch.  XV.,  242-247 
Muscle,  kinds  of,  46-48 
fnrop  4Q 

work’ of,  49,  Ch.  XV.,  242-247 
iris,  244 

latissimus  dorsi,  244 
mylohyoid,  49 
pectoralis  major,  244 
temporalis,  242 
trapezius,  247 

Myelin  sheath,  function  of,  177 
Mylohyoid  muscle,  contraction  of 
49 

N 

v (unadjusted  moment),  365 
Napierian  logarithms,  14,  80 
Nernst,  313 

Nerve  current,  maximum,  177 
thermal  coefficient  of,  214 
Newton’s  binomial  theorem,  64 
Newton’s  law  of  cooling,  88 
Newton-Cotes’  rule,  264 
?i^-molecular  reactions,  225,  311,  312 
Nomography,  118-126 
Nomogram,  definition  of,  119 
Dubois’  formula,  123  et  seq. 
product-quotient,  122 
sum  and  difference,  119 
x = ymzn,  122 
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Normal  frequency  curve,  331 
Number  of  alveoli  in  lung,  58,  59 
Number  of  capillaries  in  body,  61 
Number  of  molecules  in  bacteria,  59, 
60 


0 

Optimum  temperature,  161 
Order  of  differential  equation,  274 
Order  of  magnitude,  127 
Order  of  reaction,  determination  of, 
310  et  seq. 

Ordinate,  98 
Organ  of  Corti,  265 
Origin,  98 

arbitrary,  337 

Oscillation  of  mercury  in  sphygmo- 
manometer, 384 
Osmotic  pressure,  237 
Overcrowding  and  infant  mortality, 
correlation  between,  373-379 
Oxyhsemoglobin,  dissociation  of, 
224,  225,  239 


P 

7T,  41,  72 

7r,  evaluation  of,  261,  262 
Pai,  M.  Kesava,  289,  306 
Parabola,  109 

Parallelism  of  lines,  condition  for, 
106 

Parallelogram,  area  of,  65 
Partial  differentiation,  193 
Partial  fractions,  26 
Parts,  integration  by,  255 
proportional,  15 

Pectoralis  major  muscle,  work  of, 
243-244 

Penniform  muscles,  48,  49,  50 
Pearson’s  criterion,  352 
Period,  43 

Periodic  motion.  See  Harmonic 
motion,  42 

PH,  graph  for  converting,  into 
log  CH,  106 
Phagocytosis,  241 
Planimeter,  263,  264 
Plotting  of  frequency  distribution, 
231 

Plotting  of  functions,  98 

Points  of  inflexion,  162,  184-186,  343 

Poisseuille’s  law,  60,  212 


Polar  co-ordinates,  98 
Polariscope,  90 
Population,  graph  of,  101 
growth  of,  17,  84 

Potential  work  of  muscle,  242  et  seq. 
Precipitation,  velocity  of,  238 
Pregnancy,  duration  of,  335,  360 
Prism,  area  and  volume  of,  57 
Prismatic  muscle,  46 
Probable  error,  353 
Probability  curve,  331,  341  et  seq. 
Progression,  arithmetical,  62 
geometrical,  63 

Proportional  parts,  method  of,  15 
Psychology,  mathematics  of,  16,  295 


Q 

Quantitative  work  in  biology,  im- 
portance of,  2 
Quartile,  333,  334 
deviation,  333 

its  relation  to  standard 
deviation,  334,  355 


R 

R (gas  constant),  226,  228,  229 
p (radius  of  curvature),  179 
Radian,  40 

Radioactive  substance,  emanation 
from,  92 

Rate,  average  and  true,  128.  See 
Differential  coefficient,  128 
Ratio  of  specific  heat  of  gases,  230 
Ratios,  statistical,  365 

trigonometrical,  36,  38 
Reaction,  chemical,  Ch.  XIII.,  214- 
225 

velocity,  215 
Reaumur,  177 
Rectilinear  correlation,  372 
Regression,  lines  of,  379 
Rejection  of  suspected  observation, 
Chauvenet’s  criterion  for,  358 
Representation,  scale  of,  100 
Reversible  cycle,  233 
Reversible  reaction,  222 
Rhomboid  muscles,  47 
Roaf,  H.  E.,  106 

Robertson,  H.  B.,  16,  169,  288,  295 
Root,  mean  square,  333 
Rose,  W.  N.,  267 
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s 

J (integration  sign),  68,  197,  and 
'passim 

2 (summation  sign),  68  and  passim 
<r  (standard  deviation),  333  and 
passim 

Salpeter,  J.,  173 
Scale  of  representation,  100 
Scales  in  nomography,  122 
Schiitz-Borissoff  law,  111,  151,  287, 
288,  299,  300,  310 
Schwartz,  Emil,  290 
S.D.  (standard  deviation),  333  and 
passim 
Secant,  37 

Semiaxes,  major  and  minor,  112 
Semi-interquartile  range,  334 
Senter,  220 

Separation  of  variables,  216,  277  et 
seq . 

Series,  Ch.  VI.,  62-82 
arithmetical,  62 
binomial,  64 
convergent,  70 
cos  x,  19 
divergent,  70 
e,  14,  67,  75 

e~\  81 

eix,  190 

ex,  78 

exponential,  78 
e*"*2,  260 
- 

e 2^2,  354 
finite,  68 
Fourier’s,  265 
Gregory’s,  190 
infinite,  68 

integration  by,  260  et  seq. 
Leibnitz’s,  192 
logarithmic,  79 
Maclaurin’s,  188 
Newton’s.  See  Binomial,  64 
tv,  262 
sin  x,  190 
Stirling’s,  188 
tan  x,  190 

tan'"1#,  190 

See  Gregory’s  series. 

Taylor’s,  188 
trigonometrical,  189 


Sheppard’s  adjustments,  364  et  seq. 
Simple  harmonic  motion,  42 
Simple  interest  law,  83 
Simplified  methods  in  arithmetic, 
Ch.  II.,  6-21,  23,  38,  39,  52,  65- 
67 

Simpson’s  rule,  264 
Sine,  36 

function  peculiarity  of,  156 
Sitting  height,  16,  46 
Sjoquist,  299 
Skewness,  351 

measurement  of,  352 
Slide  rule,  18  et  seq. 

Slope,  135 

Smart,  W.  A.  M.,  213,  225 
Soap  bubble,  rate  of  change  of 
volume,  143 

Solution  of  differential  equations, 
277  et  seq. 
graphical,  285 

Solution  of  ordinary  equations,  30 
graphical,  117 

Solutions,  application  of  gas  equa- 
tions to,  228 
Sorensen’s  notation,  106 
Specific  heats  of  gases,  229 
Spectrophotometer,  50 
principle  of,  87 

Sphere,  area  and  volume  of,  57 
Sphygmomanometer,  284 
Spohr,  239 

Squares,  method  of  least,  345 
theorem  of,  344 

Standard  deviation,  333  and  passim 
Statistics.  See  Biometrics,  Ch.  XXI. 
Stirling’s  theorem,  188 
Straight-line  graphs,  102  et  seq.  and 

passim 

Substitution,  differentiation  by,  148, 
149 

integration  by,  253 
Successive  differentation,  Ch.  IX., 
182-196 

Sum  of  geometrical  series,  67 
Summation  sign,  68 
Surds,  29 


T 

Tangent,  geometrical  and  trigono- 
metrical, 37.  See  also  Differential 
coefficient,  128,  134 
Taylor’s  theorem,  188 
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Temperature  coefficient,  18,  238 
influence  of.  See  Heat,  in- 
fluence of. 

Tetanolysin,  decomposition  of,  318 
Thermodynamic  equation,  Ch.  XIV., 
226-271 

Thickness  of  hollow  viscera  and  its 
relation  to  radius  of  curvature, 
181 

Thompson,  D’Arcy  W.,  15,  113,  173 
Transcendental  functions,  97 
Trapezius  muscle,  work  of,  276 
Triangle,  area  of,  57 
Triangular  muscles,  242,  244  et  seq. 
Trigonometric  ratio,  36 
Trigonometry,  a few  points  in,  Ch. 
IV.,  36-53 

Trypsin,  destruction  of  agglutinin 
by,  221 

Type  of  curve,  Pearson’s  criterion 
for,  352 


U 

Unimolecular  reactions,  215,  311 
Unit  of  variability,  353 
Urine,  composition  of,  381 
Uterus,  curvature  of,  181 

surface  and  volume  of,  259 


V 

Valves,  aortic,  curvature  of,  181 
Van’t  Hoff,  237 
Variability,  333 
unit  of,  353 

Variable,  dependent  and  indepen- 
dent, 95 


Variation,  coefficient  of,  335 
Velocity  of  nerve  impulse,  maxi- 
mum, 177 

thermal  coefficient  of,  241 
Velocity  of  reaction,  215  and  'passim 
Vibratory  motion.  See  Harmonic 
motion  and  Fourier’s  theorem. 
Vibriolysin,  loss  of  activity  of,  217 
Viscosity,  16 

Vital  processes,  influence  of  heat  on, 
241 

Vogt,  177 

Volume,  determination  of.  See 
Ch.  V.  and  Ch.  XVI. 


W 

Water  pipes,  elliptical,  167 
Weighted  mean,  335 
White,  C.  Powel,  381 
Winkelman,  88 
Work  of  gas,  226 
Work  of  kidney,  228 
Work  of  muscle,  44,  Ch.  XV.,  242- 
243 

Wound,  cicatrisation  of,  87,  305 


X 

X,  368,  369 

Y 

Yule,  Udny,  357,  358,  382 


Z 

Zero  power,  meaning  of,  80 
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CHARLES  GRIFFIN  & CO.’S  MEDICAL  SERIES. 

Standard  Works  of  Reference  for  Practitioners  and  Students > 

Issued  in  Library  Style,  large  8vo,  Cloth,  fully  Illustrated, 


Cloth.  With  Nearly  400  Illustrations.  Large  8vo.  36s. 

A TEXT-BOOK  OF 

HUMAN  PHYSIOLOGY. 

Including  Histology  and  Microscopical  Anatomy,  with  Special  Reference 
to  the  Requirements  of  Practical  Medicine. 

By  Dr.  L.  LANDOIS, 

Professor  of  Physiology  and  Director  of  the  Physiological  Institute  in  the 

University  of  Grief szvald. 

Translated  from  the  last  German  Edition  and  Edited  by  A.  P.  Brubaker,. 
M.D.,  Professor  of  Physiology  at  Jefferson  Medical  College,  Philadelphia, 
&c.,  and  Augustus  A.  Eshner,  M.D.,  Professor  of  Clinical  Medicine, 
Philadelphia  Polyclinic. 

“The  work  now  represents  all  that  is  best  in  this  vast  and  far-reaching  science.  As 
a work  of  reference,  and.  as  an  aid  to  daily  practice,  we  unhesitatingly  recommend  thi& 
encyclopaedic  treatise.” — Medical  Times. 


An  Introduction  to  EMBRYOLOGY. 

By  ALFRED  C.  HADDON,  M.A.,  M.R.I.A., 

Professor  of  Zoology  in  the  Royal  College  of  Science,  Dublin . 18s. 

* 

“ An  excellent  resume  of  recent  research,  well  adapted  for  self-study.” — The  Lancet 


FIFTH  ENGLISH  EDITION,  30s. 

Based  upon  the  Fifth  German  Edition,  but  containing  additional  matter  and  illustrations. 

CLINICAL  DIAGNOSIS. 

TEbe  Chemical,  fllMcroscoplcal,  anb  ^Bacteriological  lEvlbence  of  ©teease, 

By  Prof,  von  JAKSCH,  of  Prague. 

edited  by 

ARCHIBALD  E.  GARROD,  M.A.,  M.D.,  F.R.C.P. 

“A  Standard?  Text-Book,  fair  in  statement,  accurate  in  detail,  and  comprehensive  in 
scope.  . . . We  know  of  none  better,” — British  Medical  Journal. 

Third  Edition,  Revised  by  the  Author,  Assisted  by  A.  Ramsbottom, 

M.D.,  D.P.H.,  M.R.C.P. 

With  Numerous  Illustrations,  Several  in  Colours.  21s. 

CLINICAL  MEDICINE. 

A PRACTICAL  HANDBOOK  for  PRACTITIONERS  & STUDENTS. 
By  JUDSON  BURY,  M.D.,  F.R.C.P., 

Prof.  Clinical  Medicine , Manchester  University;  Examiner  in  Medicine, 

Royal  College  of  Physicians,  London. 

With  Additional  Chapters  on  Skin  Diseases,  Laryngoscopic  Examinations^ 

and  on  Rontgen  Rays  in  Surgery. 

“Wb  can  cordially  recommend  this  volume  to  our  readers,  and  congratulate  th» 
author  on  the  success  of  his  labours.” — The  Lancet. 
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Second  Edition,  Thoroughly  Revised.  In  Large  Svo.  Two  Volumes. 
Cloth.  With  numerous  Diagrams  and  Illustrations.  42s. 

DISEASES  OF  THE  ORGANS  OF  RESPIRATION. 

An  Epitome  of  the  Etiology,  Pathology,  Symptoms,  Diagnosis,  and 
Treatment  of  Diseases  of  the  Lungs  and  Air  Passages. 

By  SAMUEL  WEST,  M.A.,  M.D.,  F.R.C.P., 

Physician  and  Demonstrator  of  Practical  Medicine,  St.  Bartholomew's  Hospital ; 
Member  of  the  Board  of  Faculty  of  Medicine  in  the  University  of  Oxford  ; 

Senior  Physician  to  the  Royal  Free  Hospital ; Consulting  Physician 
to  the  New  Hospital  for  Women,  Ifc.,  bfc. 

“We  can  speak  in  the  highest  terms  of  praise  of  the  whole  work.” — The  Lancet. 

“We  have  much  pleasure  in  expressing  our  high  admiration  of  Dr.  West’s  work.”  — 
■Medical  Chronicle. 


With  Plates  (4  coloured),  Illustrations,  and  2 Folding  Diagrams.  30s, 

PERNICIOUS  ANAEMIA. 

ITS  PATHOLOGY,  INFECTIVE  NATURE,  SYMPTOMS,  DIAGNOSIS  AND 

TREATMENT. 

Including  investigations  on 
THE  PHYSIOLOGY  OF  HAEMOLYSIS. 

By  WILLIAM  HUNTER,  M.D.,  F.R.C.P.,  F.R.S.E., 

Physician  to  the  London  Fever  Hospital ; Assistant-Physician,  Charing  Cross  Hospital ; 

Examiner  in  Medicine,  Glasgow  University,  &c.,  &c. 

Contents.— Part  I.  Historical. — Part  II.  Morbid  Anatomy. — Part  III.  Experimental. — 
Part  IV.  The  Infective  Nature  of  Pernicious  Anaemia. — Part  V.  Etiology. — Part  VI. 
Symptoms. — Part  VII.  Treatment.— Part  VIII.  The  Physiology  of  Blood  Destruction. — 
Part  IX.  Haemolysis  and  Jaundice. — Index. 

“ We  can  speak  in  the  highest  terms  as  to  Dr.  Hunter  s investigations  on  Haemolysis, 
which  are  some  of  the  most  elaborate  and  instructive  yet  carried  out.  . . . He 

has  added  greatly  to  what  was  previously  known  as  to  the  nature  of  the  disease.” — The 
Lancet. 


With  Tables,  and  Eight  Plates  in  Colours.  21s. 

FIBROID  DISEASES  OF  THE  LUNG,  including 

FIBROID  PHTHISIS. 

BY 

Sir  ANDREW  CLARK,  Bart.,  M.D.,  LL.D.,  F.R.S., 

Late  President  to  the  Royal  College  of  Physicians.  London  ; Consulting  Physician  to  the 
London  Hospital,  and  to  the  City  of  London  Hospital  for  Diseases  of  the  Chest, 

AND 

W.  J.  HADLEY,  M.D.,  and  ARNOLD  CHAPLIN,  M.D., 

Assistant  Physicians  to  the  City  of  London  Hospital  for  , Diseases  of  the  Chest 

“ It  was  due  to  Sir  ANDREW  CLARK  that  a PERMANENT  RECORD  of  his  MOST  IMPORTANT  piece  ol 
■PATHOLOGICAL  AND  CLINICAL  WORK  should  be  published.  . . . A volume  which  will  be  HIGHLY 

VALUED  BY  EVERY  CLINICAL  PHYSICIAN.” — British  Medical  Journal. 
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In  Cloth.  28s. 

THE  DIAGNOSIS  OF 

DISEASES  OFTHE  HEART 

By  A.  ERNEST  SANSOM,  M.D.,  F.R.O.P., 

Physician  to,  and  Lecturer  on  Clinical  Medicine  at,  the  London  Hospital ; Examiner  in 
Medicine,  Royal  College  of  Physicians,  Royal  College  of  Surgeons,  <fcc.,  &c. 

“ Dr.  Sansom  has  opened  to  us  a treasure-house  of  knowledge.  . . . The 

originality  of  the  work  is  shown  on  every  page,  an  originality  so  complete  as  to  mark  it  out 
from  every  other  on  the  subject  with  which  we  are  acquainted.” — Practitioner. 


Second  Edition.  Revised  and  Enlarged.  With  four  Coloured  Plates.  25&« 

DISEASES  OF  THE  SKIN. 

By  Sir  T.  M‘CALL  ANDERSON,  M.D., 

Late  Professor  of  Systematic  Medicine  in  the  University  of  Glasgow  ; Examiner  in 
Medicine  and  Pathology,  H.M.  British  and  Indian  Army  Medical  Service. 

“Beyond  doubt,  the  most  important  work  on  Skin  Diseases  that  has  appeared  in 
England  for  many  years.” — British  Medical  Journal 


In  Cloth.  16s. 

THE  DISEASES  OF  CHILDHOOD 

(MEDICAL). 

By  Sir  H.  BRYAN  DONKIN,  M.A.,  M.D.Oxon.,  F.R.C.P. ; 

Physician  to  the  Westminster  Hospital  and  to  the  East  London  Hospital  for  Children  at 

Shad  well. 

“ In  every  sense  of  the  word  a fresh  and  original  work,  recording  the  results  of  the 
author’s  own  large  experience.” — The  Lancet. 


In  Cloth,  with  a'  Coloured  Plate.  25s. 

A TREATISE  ON  GOUT. 

By  Sir  DYCE  DUCKWORTH,  M.D.,  LL.D.,  F.R.C.P., 

Physician  to,  and  Lecturer  on  Clinical  Medicine  at,  St.  Bartholomew’s  Hospital. 

“ At  once  thoroughly  practical  and  highly  philosophical.  The  practitioner  will  find  in  it  aa 
enormous  amount  of  information.” — Practitioner . 


0 * 

Second  English  Edition,  Revised,  Enlarged,  and  almost  entirely 
Re-written.  With  additional  Illustrations.  30s, 

THE  ANATOMY  OF 

THE  CENTRAL  NERVOUS  ORGANS 

IN  HEALTH  AND  DISEASE. 

By  Professor  OBERSTEINER,  of  Vienna. 
Translated  by  ALEX  HILL,  M.A.,  M.D., 

Master  of  Downing  College,  Cambridge. 

“Dr.  Hill  has  enriched  the  work  with  many  Notes  of  his  own.  . . . Dr.  Obersteiner’s 

is  work  admirable.  . . . Invaluable  as  a Text-Book." — British  Medical  Journal. 
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In  Large  Crown  Svo,  Cloth,  pp.  i-xv  + 324.  With  6 Coloured  Plates  and 

82  other  Illustrations.  10s.  6d. 

A PRACTICAL  HANDBOOK  OF  THE 

TROPICAL  DISEASES  OF  ASIA  AND  AFRICA. 

By  H.  C.  LAMBART,  M.A.,  M.D.,  &c. 

Contents. — African  Trypanosomiasis,  Beri-beri,  and  other  Diseases. — Aids  to  Diagnosis. 
— Bacteriological  Methods. — Special  Diets  in  Fevers.— The  Dysenteries. — Eye  Diseases  and 
their  Treatment. — Fevers  and  their  Treatment. — Protozoology. — Skin  Disease^  — Thera- 
peutic Index. 

“As  a guide  to  the  practitioner  in  the  Tropics  it  would  be  difficult  to  find  a volume  of  the 
same  size  which  covers  exactly  the  same  ground,  or  which  does  so  in  quite  the  same  effective 
manner.” — Medical  Times. 


THE  STRUCTURE  AND  FUNCTIONS  OF 

THE  BRAIN  AND  SPINAL  CORD. 

By  Sir  VICTOR  HORSLEY,  F.R.S., 

Surgeon  to  University  College  Hospital,  and  to  the  National  Hospital  for  Paralysed 

and  Epileptic,  &c.,  &c.  10s.  6d. 

“We  heartily  commend  the  book  to  all  readers  and  to  all  classes  of  students  alike, 
as  being  almost  the  only  lucid  account  extant,  embodying  the  latest  researches  and  their 
conclusions." — British  Medical  Journal. 


Second  Edition,  Revised  and  in  part  Rewritten.  With  Additional 

Illustrations.  30s. 

MENTAL  DISEASES: 

With  Special  Reference  to  the  Pathological  Aspects  of  Insanity. 
By  W.  BEVAN  LEWIS,  L.R.C.P.,  M.R.C.S., 

Medical  Superintendent  and  Director  of  the  West  Riding  Asylum,  Wakefield  ; 
Examiner  in  Mental  Diseases,  Victoria  University. 

“Without  doubt  the  best  work  in  English  of  its  kind.” — Journal  of  Mental  Science. 


In  Large  8vo,  Cloth,  with  Illustrations  and  24  Plates.  25s. 

A TREATISE  ON  RUPTURES. 

By  JONATHAN  F.  C.  H.  MACREADY,  F.R.C.S. 

“ Certainly  by  far  the  most  complete  and  authoritative  work  on  the  subject.” — 
Edin.  Med.  Journal. 

In  Demy  Svo,  with  Illustrations,  Cloth,  5s. 

THE  SURGERY  OF  THE  KIDNEYS. 

Being  the  Harveian  Lectures  for  1889. 

By  J.  KNOWSLEY  THORNTON,  M.B.,  C.M. 

“The  name  and  experience  of  the  Author  confer  on  the  Lectures  the  stamp  of  authority.” 
— British  Medical  Journal. 

In  Cloth.  6s. 

RAILWAY  INJURIES: 

With  Special  Reference  to  those  of  the  Back  and  Nervous  System , in  their 

Medico-Legal  and  Clinical  Aspects. 

By  HERBERT  W.  PAGE,  M.A.,  M.C.  Cantab.,  F.R.C.S.  Eng. 

“A  work  invaluable  to  those  who  have  many  railway  cases  under  their  care  pending 
litigation.  ...  A book  which  every  lawyer  as  well  as  doctor  should  have  on  his  shelves  ' 
— British  Medical  Journal 
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CHARLES  GRIFFIN  & CO.’S  PUBLICATIONS . 


Fifth  Edi  tion,  Revised,  Enlarged,  and  Re-set.  In  Cloth.  With  Plates 

and  25  other  Illustrations.  21s. 

FORENSIC  MEDICINE  AND  TOXICOLOGY. 

By  J.  DIXON  MANN,  M.D.,  F.R.C.P., 

Late  Physician  to  the  Salford  Royal  Infirmary  ; and  Professor  of  Medicine  and  Toxicology, 

University  of  Manchester. 

Thoroughly  Revised  and  Enlarged  by  W.  A.  BREND,  M.A.,  M.B.,  B.Sc. , 

Of  the  Inner  Temple,  Barrister-at-Law  ; Lecturer  on  Forensic  Medicine,  Charing 

Cross  Hospital. 

“We  consider  this  work  to  be  one  of  the  best  text-books  on  forensic  medicine  and 
toxicology  now  in  print,  and  we  cordially  recommend  it  to  students  who  are  preparing 
for  their  examinations,  and  also  to  practitioners  who  may  be,  in  the  course  of  their 
professional  work,  called  upon  at  any  time  to  assist  in  the  investigations  of  a medico-legal 
case.” — The  ^Lancet  (on  the  Fourth  Edition). 

Fourth  Edition,  Revised  and  Enlarged. 

POISONS:  THEIR  EFFECTS  AND  DETECTION. 

By  A WYNTER  BLYTH,  M.R.C.S.,  F.C.S., 

Barrister-at-Law,  Public  Analyst  for  Devonshire,  and  Med.  Officer  of  Health  for 

St.  Marylebone. 


Sole  Authorised  English  Edition. 

Sf.cond  Edition,  Revised,  Greatly  Enlarged,  and  Re-Written. 

Pp.  i-xiv  + 266.  12s.  6d. 

THE  WORK  OF  THE  DIGESTIVE  GLANDS. 

By  the  late  Professor  I.  P.  PAVLOV,  of  Petrograd. 

TRANSLATED  INTO  ENGLISH  BY 

Sir  W.  H.  THOMPSON,  Sc.D.,  M.D.,  F.R.C.S., 

King’s  Professor  of  Institutes  of  Medicine,  Trinity  College,  Dublin  ; Examiner  in  Physiology 

R.C.S.  Eng.  and  Royal  University,  Ireland. 

“ Full  of  new  and  interesting  facts  that  should  be  read  and  reflected  upon  by  all  who 
practise  medicine.” — The  Lancet. 


Second  Edition.  In  Large  8vo.  Cloth.  Greatly  Enlarged,  Re-set 
on  larger  page  with  margin  index.  9s. 


MEDICAL  ETHICS. 

By  ROBERT  SAUNDBY,  M.D.,  M.Sc.,  LL.D.,  F.R.C.P., 

Professor  of  Medicine  in  the  University  of  Birmingham,  &c. 

“ Will  be  a valuable  source  of  information  for  all  who  are  uncertain  as  to  what  custom 
prescribes  and  what  it  prohibits.” — British  Medical  Journal. 

“ The  perusal  of  Dr.  Saundby’s  carefully-prepared  volume  is  surely  nothing  less  than  a 
duty — and  a very  essential  and  pressing  one — in  the  case  of  every  junior  diplomate.” — 
Dublin  Med.  Journal. 


MAMMALIAN  DESCENT:  Man’s  Place  in  Nature,  Being 

the  Hunterian  Lectures  for  1884.  Adapted  for  General  Readers.  By 
Prof.  W.  Kitchen  Parker,  F. R.S.,  Hunterian  Professor,  Royal 
College  of  Surgeons.  With  Illustrations.  In  8vo,  Cloth.  10s.  6d. 
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Beautifully  Illustrated,  with  176  Figures  and  Plates,  many  in  Colours.  36s. 

APPLIED  AmATOmVz 

A Treatise  for  Students,  House  Surgeons,  and  for  Operating  Surgeons. 
By  EDWARD  H.  TAYLOR,  M.D.  (Dublin),  F.R.C.S.,  I., 

Surgeon  to  Sir  Patrick  Dun’s  Hospital;  Examiner  and  late  Lecturer  in  Applied  Anatomy, 
Trinity  College,  Dublin  ; Examiner  in  Surgery,  Royal  College  of  Surgeons  in  Ireland 

Contents.— The  Anatomy  of  the  Head  and  Neck  : The  Scalp,  the 
Skull,  the  Membranes  of  the  Brain,  the  Brain,  the  Ear,  Face,  Eye,  Nose, 
Mouth,  &c.— The  Upper  Extremity:  Axilla,  Arm,  Elbow,  Forearm, 
Wrist,  and.  Hand.  — The  Thorax:  Neck  and  Chest.  — Abdomen. — 
Inguinal  Region.  — Organs  of  Reproduction.  — The  Lower 
Extremity  : Gluteal  Region,  Thigh,  Knee,  Leg,  Ankle,  Foot. — Index. 

“The  Illustrations  are  a distinct  feature  of  the  book  ; they  are  both  numerous  and 
excellent,  and  they  admirably  serve  their  purpose  of  making  still  more  clear  the 
already  lucid  text.  In  our  opinion  the  book  is  one  of  the  best  of  its  kind,  and  we 
can  cordially  recommend  it  for  accuracy,  clearness,  and  the  interesting  manner  in  which 
it  is  written.” — British  Medical  Journal. 


Second  Edition,  Thoroughly  Revised  and  Enlarged , 7s.  6d , 

THE  PHYSIOLOGY  AMO  PATHOLOGY  OF  THE  URINE. 

By  J DIXON  MANN,  M.D.,  F.R.C.P. 

Contents. — General  Characteristics  of  Urine. — Inorganic  Constituents. 
— Organic  Constituents. — Amido  and  Aromatic  Acids. — Carbohydrates. 
— Proteins.  — Nitrogenous  Substances.  — Pigments  and  Chromogens. — 
Blood-colouring  Matter.  — Bile  Pigments.  — Bile  Acids.  — Adventitious 
Pigmentary  and  other  Substances. —Special  Characteristics  of  Urine. — 
Urinary  Sediments. — Urinary  Calculi.  — Urine  in  its  Pathological  Rela- 
tions.— Index. 

“Dr.  Dixon  Mann  is  to  be  congratulated  on  having  produced  a work  which  cannot 
fail  to  be  of  inestimable  value  alike  to  medical  men  and  students,  and  which  is  in  every 
respect  worthy  of  his  high  reputation.”— Brit.  Med.  Journ. 


In  Cloth.  Pocket  Size.  is.  6d. 

THE  PREVENTION  AND  TREATMENT  OF 

DISEASES  IN  THE  TROPICS. 

By  E.  S.  CRISPIN,  M.R.C.S.,  L.E.C.P. 

A Handbook  for  Officials  and  Travellers. 

“ We  can  confidently  recommend  this  handy  little  volume,  which  is  written  in  a pre- 
eminently practical  manner.  ...  A very  full  index  renders  reference  to  any  disease 
a matter  of  the  greatest  simplicity.”— Medical  Times. 

“ His  book  is  very  short,  very  laconic  ; the  rules  which  he  gives  are  shrewd,  practical, 
and  accurate  . . . it  is  a good  little  book  ...  he  writes  of  what  he  knows  through 
and  through.  . . . The  book  gives  many  useful  hints  for  the  safeguarding  of  a man’s 
health  when  he  is  hopelessly  out  of  reach  of  medicahor?surgical2help.”— Nature. 
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GRIFFIN’S  “ POCKET  ” MEDICAL  SERIES  OF 

REFERENCE  BOOKS. 


Elegantly  Bound  in  Leather,  with  Rounded  Corners,  for  the  Pocket. 


A Medical  Handbook,  . 

A Surgical  Handbook,  . 

A Handbook  of  Hygiene, 
Medico-Tropical  Practice,  . 

The  Diseases  of  Children,  . 

A Handbook  of  Medical } 
Jurisprudence, . . . J 

Outlines  of  Bacteriology,  . j 

***  Other  Volumes 


PAGE 

R.  S.  Aitchison,  M D.,  . 11 

Caird  and  Oath  cart,  . .11 

Davies  and  Melville,  . 12 

Gilbert  E.  Brooke,  M.A., 

etc.,  . . . .13 

Elder  and  Fowler,  . .12 

W.  A.  Be  end,  M.A.,  M.B., 
B.Sc.,  . . . .13 

Thoinot,  Masselin,  and 
Prof.  Symmers,  . 12 

in  Active  Preparation, 


%*  The  aim  of  the  “Pocket”  Series  is  to  afford  to  the  reader  all 
that  is  essential  in  the  most  handy  and  portable  form.  Every 
aid  to  ready  Reference  is  afforded  by  Arrangement  and  Typography, 
so  that  the  volumes  can  be  carried  about  and  consulted  with  ease  by  the 
Practitioner  at  any  moment. 


OPINION  OF  “ THE  LANCET ” ON  ONE  OF  THE 
“POCKET"  SERIES. 

“ Such  a work  as  this  is  really  necessary  for  the  busy  practitioner.  The 
field  of  medicine  is  so  wide  that  even  the  best  informed  may  at  the  moment 
miss  the  salient  points  in  diagnosis  ...  he  needs  to  refresh  and  revise 
his  knowledge,  and  to  focus  his  mind  on  those  things  which  are  essential. 
. . . Honestly  Executed.  . . . No  mere  compilation,  the  scientific 

spirit  and  standard  maintained  throughout  put  it  on  a higher  plane.  . . . 

Excellently  got  up,  handy  and  portable,  and  well  adapted  for  ready  reference.” 
— The  Lancet. 
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Griffin’s  M Pocket-Book”  Series. 

Fourth  Edition,  Revised  and  Enlarged.  Pocket-Size,  Leather. 

A MEDICAL  HANDBOOK, 

For  the  Use  of  Practitioners  and  Students. 

By  R,  S.  AITCHISON,  M.D.Edin.,  F.R.C.P. 

With  Numerous  Illustrations. 

General  Contents. — Case-taking — Diseases  of  the  Circulatory  System — 
of  the  Respiratory  System— of  the  Renal  System — of  the  Digestive  System — 
of  the  Nervous  System — of  the  Hasmopoietic  System— Fevers  and  Miasmatic 
Diseases — Constitutional  Diseases — General  Information  and  Tables  Useful 
to  the  Practitioner— ■ Rules  for  Prescribing — Prescriptions — Appendix. 

“ Such  a work  as  this  is  really  necessary  for  the  busy  practitioner  The  field  of  medicine 
is  so  wide  that  even  the  best  informed  may  at  the  moment  miss  the  salient  points  in  diagnosis 
. . . he  needs  to  retresh  and  revise  his  knowledge,  and  to  focus  his  mind  on  those  things 

which  are  essential.  We  can  speak  highly  of  Dr.  Aitchison's  Handbook.  . 
Honestly  Executed.  . . .No  mere  compilation,  the  scientific  spirit  and  standard 

maintained  throughout  put  it  on  a higher  plane.  . . . Excellently  got  up,  handy  and 

portable,  and  well  adapted  for  ready  reference.” — The  Lancet. 

“We  strongly  recommend  this  little  work  as  a reliable  guide  for  medical  practice. 
Elegantly  got  up.” — Liverpool  Medico-Chirurgical  Review 

“ As  a means  of  ready  reference,  most  complete.  The  busy  practitioner  will  often 
turn  to  its  pages.” — Journ.  of  the  American  Med.  Association. 


Eighteenth  Edition  Pocket-Size , Leather.  With  208  Illustrations , aud  new 

Appendix.  85.  6d. 


A SURGICAL  HANDBOOK, 

for  practitioners,  Students,  IbouscsSuroeons,  an&  Dressers. 


F.  M.  CAIRD, 

M.B.,  F.R.C.S.  Ed., 

Prof,  of  Clinical  Surgery, 
Edinburgh  University. 


BY 

AND 


C.  W.  CATHCART, 

M.B.,  F.R.C.S.  Eng.  & Ed., 
Surgeon, 

Royal  Infirmary,  Edinburgh. 


GENERAL  CONTENTS. — Case-Taking— Treatment  of  Patients  before  and 
after  Operation — Anaesthetics : General  and  Local — Antiseptics  and  Wound- 
Treatment — Arrest  of  Haemorrhage — Shock  and  Wound  Fever — Emergency 
Cases — Tracheotomy:  Minor  Surgical  Operations  — Bandaging — Fractures  — 
Dislocations,  Sprains,  and  Bruises  — Extemporary  Appliances  and  Civil 
Ambulance  Work — Massage — Surgical  Applications  of  Electricity — Joint-Fixa- 
tion and  Fixed  Apparatus — The  Urine — The  Syphon  and  its  Uses - Trusses 
and  Artificial  Limbs — Plaster-Casting — Post-Mortem  Examination — Trans- 
fusion of  Blood — Micro  Examination  of  Secretions  and  Discharges —Anti- 
toxins— Instruments — Antiseptics  in  Time  of  War — Sterilising — Cystoscope — 
Sigmoidoscope — Sickroom  Cookery — Index. 

“Thoroughly  practical  and  trustworthy.  Clear,  accurate,  succinct.'’ — The  Lancet. 

“Admirably  arranged.  The  best  practical  little  work  we  have  seen.  The  matter  is  as 
good  as  the  manner,” — Edinburgh  Medical  Journal. 

“This  excellent  little  work.  Clear,  concise,  and  very  readable.  Gives  attention  to 
important  details,  often  omitted,  but  absolutely  necessary  to  success.”— A thenceum. 

“ A dainty  volume.” — Manchester  Medical  Chronicle. 
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CHARLES  GRIFFIN  <k  CO:S  PUBLICATIONS. 


Griffin’s  “ Pocket-Book  ” Series* 


Fourth  Edition,  Thoroughly  Revised.  Pocket-Size.  Leather 
Pp.  i-xii  + 719.  With  Illustrations.  l‘2s.  6d. 

A HANDBOOK  OF  HYGIENE. 

By  A.  M.  DAVIES,  M.E.C.S.,  L.S.A.,  D.P.H.Camb., 

Lt.-Col.  (Ret.),  Late  Professor  of  Hygiene,  Royal  Army  Medical  College; 

and  C.  H.  MELVILLE,  M.B.,  C.M.,  D.P.H.,  &c., 

Brev.-Col.,  R.A.M.C. 

General  Contents. — Air  and  Ventilation — Water  and  Water  Supply 
— Food  and  Dieting  - Beverages  and  Condiments — Bemoval  and  Disposal 
of  Sewage — Clothing — Habitations — Personal  Hygiene — Soils  and  Sites — 
Climate  and  Meteorology — Causation  and  Prevention  of  Disease — Disin- 
fection— Appendix — Index. 

“Those  of  our  readers  who  desire  a compact  and  at  the  same  time  a thoroughly 
reliable  manual  of  hygiene,  cannot  do  better  .’’—Medical  Times. 

“We  know  of  no  better  work  ; the  subject  matter  is  good,  . . . the  portability 
and  general  get-up  of  the  volume  are  likely  to  be  appreciated.” — The  Lancet. 


Pocket-Size.  Leather.  With  Illustrations,  Many  in  Colours.  10s.  6d. 

OUTLINES  OF  BACTERIOLOGY: 

A Practical  Handbook  for  Students. 

On  the  basis  of  the  Precis  de  Microbie  (Ouvrage  couronn6  par  la  Faculty 
de  Medecine  de  Paris).  By  Dr.  L.  H.  Thoinot  and  E.  J.  Masselin. 
Translated  by  Wm.  St.  Clair  Symmers,  M.B. 

“ The  information  conveyed  is  singularly  full  and  complete.  We  recommend 
the  book  for  its  accuracy,  clearness,  novelty,  and  convenient  size  ."—The  Lancet. 


Pocket-Si?,e.  Leather.  With  Illustrations.  10s.  Qd. 

THE  DISEASES  OF  CHILDREN: 

A CLINICAL  HANDBOOK. 

BY 

GEO.  ELDER,  J.  S.  FOWLER, 

M.D.,  F.R.C.P.Ed.,  M.B.,  F.R.C.P.Ed., 

Clinical  Tutors,  Royal  Infirmary,  Edinburgh;  Physicians  for  Out-patients,  Leith  Hospital. 

“Much  more  is  contained  in  it,  than  in  many  similar  books  professing  more.”— 
Bristol  Medical  Journal. 
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Griffin’s  “ Pocket-Book  ” Series. 


Third  Edition,  Thoroughly  Revised.  Pocket-Size.  Leather. 

With  Frontispiece.  10s.  6 d. 

A HANDBOOK  OF 

Medical  Jurisprudence  and  Toxicology, 

FOR  THE  USE  OF  STUDENTS  AND  PRACTITIONERS. 

By  WILLIAM  A.  BREND,  M.A.Cantab,  M.B.,  B.Sc.Lond., 

Late  Scholar  of  Sidney  Sussex  College,  Cambridge,  of  the  Inner  Temple,  Barrister- 
at-Law  ; Lecturer  on  Forensic  Medicine,  Charing  Cross  Hospital. 

Contents. — Part  I.  Medical  Jurisprudence.  Introduction.— Identification  of  the 
Living. — Identification  and  Examination  of  the  Dead. — The  Medico-Legal  Relations  of 
Death. — Signs  of  Death. — Death  from  Causes  usually  leading  to  Asphyxia. — Death  by 
Burning,  Sunstroke,  and  Electricity. — Death  from  Cold  and  Death  from  Starvation.— 
Wounds  and  Mechanical  Injuries. — Matters  Involving  the  Sexual  Functions. — Pregnancy 
and  Legitimacy. — Criminal  Abortion. — Birth. — Infanticide. — Forms  of  Insanity. — Legal 
Relationship  of  Insanity  and  other  Abnormal  States  of  Mind. — Medical  Examinations 
for  Miscellaneous  Purposes.  — Medical  Privileges  and.  Obligations.  — Evidence  and 
Procedure  as  regards  the  Medical  Man.  Pappt  II. — Toxicology.  General  Facts  with 
regard  to  Poisons. — Corrosive  Poisons. — Irritant  Poisons  (Metals  and  Non-Metals). — 
Gaseous  Poisons. — Poisonous  Carbon  Compounds. — Poisons  of  Vegetable  Origin. — 
Poisons  of  Animal  Origin. — Appendix. — Index. 

“ We  recommend  it  as  a trustworthy  work  . . . one  especially  suitable  for  students 
and  practitioners  of  medicine  . . . the  necessary  facts  only  are  stated.”— Lancet. 


Second  Edition.  In  Pocket  Size.  With  60  Illustrations,  several 

in  Colours. 


A Handbook  for  Medical  Practitioners  and  Students. 

By  GILBERT  E.  BROOKE, 

M.A.Cantab. ; L.R.C.P.Edin. ; D.P.H. ; Chief  Health  Officer,  Straits  Settlements  Govern- 
ment Medical  Service ; Fellow  of  The  Royal  Geographical  Society ; Lecturer  in 
Hygiene  to  the  Medical  School  of  the  Straits  Settlements  ; late  Government  Medical 
Officer  and  District  Commissioner,  Turks  Islands,  West  Indies. 

Contents. — Tropical  Environment. — Heat  and  Light  Effects. — The  Blood  and  its 
Morphology. — -Theory  of  Immunity,  Vaccines,  and  Sera. — Clinical  Dysentery  and  Liver 
Abscess. — The  Rhizopoda  and  Parasites  of  Dysentery. — Treponemal  Infections,  Syphilis 
and  Yaws. — Spirochajtal  Infections,  Relapsing  Fevers. — Herpetomonal  Infections, 
Kala  Azar,  etc.— Trypanosomal  Infections,  Sleeping  Sickness.- — Plasmodial  Infections, 
the  Malarial  Parasite. — Economics  of  Malaria,  Surveys,  Identification  of  Anophalines, 
etc. — Malaria,  Clinical  Course  and  Treatment. — Blackwater  Fever.— Trematode  In- 
fections, Bilharziosis. — Nematode  Infections,  Ankylostomiasis ; Quinca-worm,  etc.— 
Filariasis,  and,  other  Nematodes  of  Man. — Yellow  Fever  and  the  Stagomyia. — Plague, 
Clinical  Course  and  Treatment. — Plague  Economics  : Notes  on  Fleas,  Rats,  etc. — Cholera. 
— Undulant  (Malta)  Fever. — Enteric  Fevers  in  the  Tropics. — Beri-Beri. — Sprue.— 
Pallagra. — Leprosy. — Smallpox. — Cerebro -spinal  Fever.— Miscellaneous  Fevers. — Various 
Tropical  Skin  Diseases. — -Tropical  Toxicology. — Some  Public  Health  Notes. — The  Cir- 
cumvention of  the  House  Fly. — The  Collection  andfPreservatlon  of  Diphtheria,  etc. — 
Microscopy ; Preparation  and  Straining  of  Tissues. — Routine  Clinical  Pathology. — 
Appendix  : Miscellaneous  Date. — Index. 

“To  have  attained  to  such  excellence  must  have  meant*  an  enormous  amount  of 
reading  and  study  ...  it  forms  a valuable  reference  book.  ...  No  one  in 
the  Tropics  should  be  without  it.” — British  Medical  Journal. 

“ We  most  heartily  commend  the  work.” — Medical  Times. 
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STUDENTS'  TEXT-BOORS. 


In  Demy  8vo.  Cloth.  Pp.  i-vii  + 160.  8s.  6d. 

THE  WEW  JP  JSL  Y SIOLOG  Y 

AND  OTHER  ADDRESSES. 

By  J.  S.  HALDANE,  M.D.,  LL.D.,  F.R.S., 

Fellow  of  New  College,  Oxford. 

Contents. — Preface. — The  Relation  of  Physiology  to  Physics  and  Chemistry. — The 
Place  of  Biology  in  Human  Knowledge  and  Endeavour. — The  New  Physiology. — The 
Relation  of  Physiology  to  Medicine. — The  Theory  of  Development  by  Natural  Selection. 
— Are  Physical,  Biological,  and  Psychological  Categories  Irreducible  ? — Index. 

Extract  from  Preface  : — The  addresses  collected  in  this  volume  refer  to  different 
aspects  of  one  subject — -the  distinctive  character  of  biological  knowledge,  and  its  relation 
to  other  departments  of  knowledge.  ...  In  these  addresses  the  claims  of  biology 
to  an  independent  position  among  the  sciences  are  strongly  maintained  as  against  the 
current  belief  that  biology  is  only  applied  physics  and  chemistry. 

. . . “ This  book  is  one  of  considerable  interest  and  importance.  It  deserves  to 

be  widely  read  by  members  of  the  profession.” — Medical  World. 

“ . . . Open-minded  and  encouraging  as  it  is,  the  book  should  be  appreciated  by 

readers  who  wish  to  understand  how  doctrines  of  idealism  on  the  one  hand  and  of  natural 
sciences  on  the  other,  once  held  to  be  irreconcileable,  now  look  much  more  ready  to 
coalesce.” — Scotsman. 

“ . . . It  is  quite  refreshing  to  get  into  touch  with  such  clear,  original  thinking, 

and  logical,  critical  exposition.  . . .” — Glasgow  Herald. 


V 

Second  Edition.  With  Complete  Index-Glossary  and  128  Illustrations.  8s.  6d. 

Vegetable  Morphology  and  Physiology, 

By  J.  R.  AINSWORTH  DAVIS,  M.A.,  F.Z.S., 

PROFESSOR  OF  BIOLOGY,  UNIVERSITY  COLLEGE,  ABERYSTWYTH  ; 

EXAMINER  IN  ZOOLOGY,  UNIVERSITY  OF  ABERDEEN. 

General  Contents.— Unicellular  Plants  (Yeast-plant,  Germs  and 
Microbes,  White  Mould,  Green  Mould,  &c.,  &c.) — Simple  Multicellular 
Plants  (Wrack,  Stoneworts,  See.) — The  Moss— Pteridophytes  (Bracken 
and  Male  Shield  Feins,  &c.) — Plant  Cells  and  Tissues — Gymnosperms 
(the  Fir)— Angiosperms  (Buttercup,  Snowdrop) — Vegetative  Organs  of 
Spermaphytes— Reproductive  Organs  of  Angiosperms— Physiology 
of  Higher  Plants — Development  of  Angiosperms— Comparative 
Vegetable  Morphology  and  Physiology — Classification  of  Plants. 


In  Large  8vo.  With  36  Plates  and  Blank  Pages  for  MS.  Notes.  Cloth.  12s  6d. 

The  Physiologist’s  Note-Book  : 

A Summary  of  the  Present  State  of  Physiological  Science  for  Students. 

By  ALEX  HILL,  M.  A,  M.D, 

Master  of  Downing  College  and  formerly  Vice-Chancellor  of  the  University  of  Cambridge. 

The  Lancet  says  of  it : — “The  work  which  the  Master  of  Downing  College  modestly  compared 
to  a Note-book  is  an  admirable  compendium  of  our  present  information.  . . . Will  be  a real 
acquisition  to  Students.  . . . Gives  all  essential  points.  . . . The  typographical 

arrangement  is  a chief  feature  of  the  book.  . . . Secures  at  a glance  the  evidence  on  both 
sides  of  a theory.” 
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CHARLES  GRIFFIN  & CO.’S  PUBLICATIONS. 


In  Large  Crown  8vo.  Cloth.  Pp.  i-viii  + 194.  Illustrated.  4s.  6d. 

Elementary  Practical  Chemistry 

For  Medical  and  Other  Students. 

By  J.  E.  MYERS,  M.Sc.(Vict.),  & J.  B.  FIRTH,  M.Sc.(Vict.). 

Contents.— Part  I.— General  Methods  of  Manipulation  and  Prepara- 
tion of  Substances.  Part  II. — Qualitative  Analysis.  Part  II T.  — 
Quantitative  Analysis.  Part  IV.— Organic  Analysis.  Appendices. 
— Index. 

“ Deals  clearly  with  the  principles  upon  which  all  work,  whether  elementary  or 
advanced,  must  be  firmly  grounded.” — Chemical  Trade  Journal. 

“We  have  no  hesitation  in  recommending  the  book,  not  only  to  medical  students, 
but  to  any  class  of  beginners.” — Nature. 


Crown  8vo.  Cloth.  With  Diagrams.  9s. 

TOXINES  AND  ANTITOXINES. 

By  CARL  OPPENHEIMER,  Ph.D.,  M.D., 

Of  the  Physiological  Institute  at  Erlangen. 

Translated  by  C.  A.  MITCHELL,  B.A.,  F.I.C. 

Deals  with  the  theory  of  Bacterial , Animal,  and  Vegetable  Toxines,  such  as 
Tuberculin,  Ricin,  Cobra  Poison,  Ac. 

“ . . . Brings  together  within  the  compass  of  a handy  volume,  all  that  is  of 

importance.  . . . For  wealth  of  detail  we  have  no  small  work  on  toxines  which 
equals  the  one  under  review.” — Medical  Times. 


In  Large  Crown  8vo.  Cloth.  Beautifully  Illustrated.  7s.  6d. 


Its  Vital  Processes  and  Modifications. 

By  HAROLD  AXEL  HAIG,  M.B.,  B.S.,  M.R.C.S.,  L.R.C.P. 

This  volume  contains  a unique  and  beautiful  series  of  micro-photographs 
and  many  illustrations  from  drawings  by  the  author. 

For  Medical  Students  in  the  Branch  of  Botany,  and  Biology  generally. 


A ZOOLOGICAL  POCKET-BOOK;  Or, 

Synopsis  of  Animal  Classification.  Comprising  Definitions  of  the 
Phyla,  Classes,  and  Orders,  with  Explanatory  Remarks  and  Tables. 
By  Dr.  Emil  Selenka,  Professor  in  the  University  of  Erlangen. 
Authorised  English  translation  from  the  Third  German  Edition.  By 
Prof.  Ainsworth  Davis.  In  Small  Post  8vo,  Interleaved  for  the 
use  of  Students.  Limp  Covers,  4s. 

“ Dr.  Selenka’s  Manual  will  be  found  useful  by  all  Students  of  Zoology-  It  is  a compre- 
hensive  and  successful  attempt  to  present  us  with  a scheme  of  the  natural  arrangement  of 
the  animal  world.” — Edin.  Med.  Journal. 
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Pocket  Size.  Pp.  i-xii  -j-  134.  Cloth.  3s. 

HOW  TO  BECOME  A WOMAN  DOCTOR. 

By  EMILY  L.  B.  FORSTER, 

Late  Lecturer  to  the  Westminster  College  of  Pharmacy;  Late  Analyst,  Metallurgical 
Laboratory,  King's  College,  University  of  London. 

With  a Foreword  by  W.  J.  Fenton,  M.D.,  F.R.C.P., 

Lean  of  the  Charing  Cross  Hospital  Medical  School  (Men  and  Women). 

Dr.  Fenton  says  : — “.  . . In  a profession  practised  by  both  sexes  working  together 
under  similar  conditions,  it  has  come  to  be  realised  that  the  best  results  are  more  likely 
to  be  obtained  if  their  educational  opportunities  are  identical.  . . . The  suitability 
of  women  for  the  medical  profession  has  been  long  decided  in  the  affirmative,  but  hitherto 
it  has  not  been  so  clearly  appreciated  that,  where  there  is  no  distinction  in  practice,  there 
should  be  none  during  the  stage  of  preparation  for  it.  . . .” 

“ The  book  is  quite  as  useful  for  men  as  for  women  who  wish  to  take  up  the  study  of 
medicine.  It  contains  all  the  information  likely  to  be  required  by  anyone  taking  up  the 
study  of  medicine  for  the  first  time,  and  is  thoroughly  up-to-date  with  regard  to  the  advice 
contained  within  its  pages.  WTe  can  recommend  this  little  guide  with  every  confidence 
as  to  its  accuracy  and  merits.” — Medical  World. 


In  the  Press.  Uniform  with  the  above. 

ANALYTICAL  CHEMISTRY  AS  A PROFESSION  FOR  WOMEN. 

By  EMILY  L.  B.  FORSTER, 

Late  Lecturer  to  the  Westminster  College  of  Pharmacy  ; Late  Analyst,  Metallurgical 
Laboratory,  King’s  College,  University  of  London. 

With  a Foreword  by  WALTER  F.  REID,  F.I.C.,  F.C.S.,  Past  President  of  the 

Society  of  Chemical  Industry. 

Eighth  Edition,  Thoroughly  Revised.  With  New7  and  Specially 

Drawn  Illustrations. 

AN  INTRODUCTION  TO  THE 

STUDY  OF  MIDWIFERY. 

For  the  Use  of  Young  Practitioners.  Students,  and  Midwives. 

By  ARCHIBALD  DONALD,  M.A.,  M.D.,  C.M.Edin., 

Obstetric  Physician  to  the  Mancnester  Royal  Infirmary  ; II onorary  Surgeon  to  St-  Mary’s 

Hospital  for  Women.  Manchester. 

“ Highly  creditable  to  the  Author.  . . . Should  prove  of  great  value  to 

Midwifery  Students  and  Junior  Practitioners.” — British  Gy?uecological  Journal. 

“As  an  Introduction  to  the  study  of  Midwifery  no  better  book  could  be  placed  in  the 
hands  of  the  Student.” — Sheffield  M ed.  J oumal. 

Fourth  Edition,  Thoroughly  Revised.  With  Illustrations.  7s.  6d. 

OUTLINES  OF  THE 

OISEASFS  OF  WOMEN* 

A Concise  Handbook  for  Students. 

By  Sir  JOHN  PHILLIPS,  ALA.,  M.D.,  E.R.C.P., 

Professor  of  Obstetric  Medicine  and  the  Diseases  of  Women,  King's  College  Hospital; 
Senior  Physician  to  the  British  Lying-in  Hospital;  Examiner  in  Midwifery  and 
Diseases  of  Women,  University  of  London  and  Royal  College  of  Physicians. 

Dr.  Phillips’  work  is  essentially  practical  in  its  nature,  and  will  be 
found  invaluable  to  the  student  and  young  practitioner. 

“ Contains  a great  deal  of  information  in  a very  condensed  form.  . . . The 

value  of  the  work  is  increased  by  the  number  of  sketch  diagrams,  some  of  which  are  highly 
ingenious.” — Edin.  Med.  Journal. 

“Dr.  Phillips’  Manual  is  written  in  a succinct  style.  He  rightly  lays  stress  on 
Anatomy.  The  passages  on  cask-taking  are  excellent.  Dr.  Phillips  is  very  trustworthy 
throughout  in  his  views  on  therapeutics.  He  supplies  an  excellent  series  of  simple  but 
valuable  prescriptions,  an  indispensable  requirement  for  students.” — Brit.  Med. 
Journal. 

“This  excellent  text-book  . . . gives  just  what  the  student  requires.  . . . 

The  prescriptions  cannot  but  be  helpful.” — Medical  Press. 


LONDON : CHARLES  GRIFFIN  & CO.,  LTD.,  EXETER  ST.,  STRAND,  W.C.2. 


i8 


CHARLES  GRIFFIN  db  CO.’S  PUBLICATIONS 


“When  in  doubt,  look  in  ‘Humphry.’” — Nursing  Record. 

Thirty-Eighth  Edition,  Revised.  With  Numerous 
Illustrations,  3 s.  6d. 

A MANUAL  OF  NURSING: 

flDeMcal  anb  Surgical. 

By  LAURENCE  HUMPHRY,  M.A.,  M.D.,  M.R.C.S., 

Physician  arid  formerly  Lecturer  to  Probationers  at  Addenbrooke' s 

Hospital,  Cambridge. 

General  Contents. — The  General  Management  of  the  Sick  Room  in 
Private  Houses — General  Plan  of  the  Human  Body — Diseases  of  the  Nervous 
System — Respiratory  System — Heart  and  Blood-Vessels — Digestive  System — 
Skin  and  Kidneys — Fevers — Diseases  of  Children — Wounds  and  Fractures — 
Management  of  Child-Bed — Sick-Room  Cookery,  d:c.,  &c. 

“ In  the  fullest  sense  Dr.  Humphry’s  book  is  a distinct  advance  on  all  previous 
Manuals.” — British  Medical  Journal. 

“ We  should  advise  all  nurses  to  possess  a copy  of  the  work.  We  can  confidently  re- 
commend it  as  an  excellent  guide  and  companion." — Hospital. 


Second  Edition,  Revised  and  Enlarged.  In  Crown  8vo.  Pp.  i-xii  + 179. 

Cloth.  4s.  6 d. 

THE  TREATMENT  OF 

DISEASES  OF  THE  DIGESTIVE  SYSTEM. 

By  ROBERT  SAUNDBY,  M.D.,  M.Sc.,  LL.D.,  F.R.C.P., 
Professor  of  Medicine  in  the  University  of  Birmingham,  &c. 

General  Contents. — Introduction. — The  Influence  of  the  General  Mode 
of  Life  and  of  Diet  upon  the  Digestive  Organs. — Diseases  of  the  (Esophagus  : 
(a)  Organic;  ( b ) Functional. — Diseases  of  the  Stomach:  (ct)  Organic;  (b) 
Constitutional;  (c)  Functional. — Indications  for  Operative  Interference  in 
Diseases  of  the  Stomach. — Diseases  of  the  Intestines:  (a)  Organic;  (6; 
Functional ; (c)  Parasites ; (d)  Diseases  of  the  Rectum.  — Symptomatic 
Diseases. — Appendix. — Index. 

“The  book  is  written  with  fulness  of  knowledge  anti  experience,  and  is  inspired 
throughout  by  a sane  judgment  and  shrewd  common  sense.”  — Br itish  Medical  Journal. 


Fifth  Edition.  Large  Crown  8 vo.  Pp.  i-xii  + 204.  Thoroughly  Revised. 

Cloth.  4«. 

FOODS  AND  DIETARIES: 

H /IDanual  of  Clinical  Dietetics. 

By  Sir  R,  W.  BURNET,  K.C.V.O.,  M.D.,  F.R.C.P., 

Physician  to  the  Royal  Household;  Senior  Physician  to  the 
Great  Northern  Central  Hospital , dec. 

GENERAL  CONTENTS. — DIET  in  Diseases  of  the  Stomach,  Intes- 
tinal Tract,  Liver,  Lungs,  Heart,  Kidneys,  &c. ; in  Diabetes,  Scurvy,  Anae- 
mia, Scrofula,  Gout,  Rheumatism,  Obesity,  Alcoholism,  Influenza,  Nervous 
Disorders,  Diathetic  Diseases,  Diseases  of  Children,  with  a Section  on 
Predigested  Foods,  and  Appendix  on  Invalid  Cookery. 

“ The  directions  given  are  uniformly  judicious.  . . . May  be  confidently  taken 

as  a reliable  guide  in  the  art  of  feeding  the  sick.”— Brit.  Med,  Journal. 

“ Dr.  Burnet’s  book  will  be  of  great  use  . . . Deals  with  broad  and  accepted 

VIEWS  . . . TREATED  With  ADMIRABLE  SENSE  and  JUDGMENT.” — Lancet. 
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“ Should  be  in  the  hands  of  every  Mother  and  Nurse.”—  The  Nurse  (Boston). 


Fifth  Edition,  Revised.  Cloth.  Pricers. 

THE  WIFE  AND  MOTHER: 

A Medical  Guide  to  the  Care  of  Health  and  the 
Management  of  Children. 

By  ALBERT  WESTLAND,  M.A.,  M.D.,  C.M. 

GENERAL  CONTENTS  : — Part  I. — Early  Married  Life. 
Part  II. — Early  Motherhood.  Part  III. — The  Child,  in 
Health  and  Sickness.  Part  IV. — Later  Married  Life. 

“Well-arranged,  and  clearly  written.” — Lancet. 

“ The  best  book  I can  recommend  is  1 The  Wife  and  Mother,'  by  Dr.  Albert 
Westland,  published  by  Messrs.  Charles  Griffin  & Co.  It  is  a most  valuable 
work,  written  with  discretion  and  refinement.” — Hearth  and  Home. 


In  Crown  8vo.  Cloth.  With  nearly  200  pp.  Price  3s. 

THE  CHILD: 

A Medical  Guide  to  its  Care  and  Management. 

By  ALBERT  WESTLAND. 

Being  Part  III.  of  Dr.  Westland’s  book,  The  Wife  and  Mother,  issued 
separately  in  response  to  many  requests,  with  additions  to  the 
Section  upon  Physical  Exercises. 


Second  Edition,  Thoroughly  Revised  throughout. 

In  Large  Crown  8vo.  Cloth.  3s.  6d. 

INFANCY  AND  INFANT-REARING : 

A Guide  to  the  Care  of  Children  in  Early  Life. 

By  JOHN  BENJ.  HELLIER,  M.D., 

Surg.  to  the  Hosp.  for  Women  and  Children,  Leeds;  Lect.  on  Diseases  of  Women  and 
Children,  Yorkshire  College,  Leeds ; Examiner  in  the  Victoria  University. 

CONTENTS. — Normal  Growth  and  Development  in  the  first  Two  years 
of  Life. — Difficulties  and  Problems  of  Infant-Rearing. — Infant  Mortality. — 
Prevention  of  Infant  Mortality.  — Pure  Milk  Supply.  — Infant  Feeding. — 
Hygiene  of  Infancy.— Management  of  Newly  Born  and  Premature  Infants. — 
The  Significance  of  Certain  Conditions  Observed  in  Infancy.— The  Work  of 
the  Health  Visitor.— Appendices.— Index. 

‘‘Every  aspect  of  child  life  in  the  first  two  years  is  carefully  considered.” — 
Municipal  Journal. 

“Thoroughly  practicai A mine  of  information.”— Public 

Health. 
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GRIFFIN’S  “FIRST  AID”  PUBLICATIONS. 

©it  Xanfc. 


Sixth  Edition,  Thoroughly  Revised,  very  greatly  Enlarged.  Large  Crown 
8 vo.  Cloth.  Pp.  i-xvi  + 254,  with  36  Plates,  15  X-Ray  Plates,  and 
166  Figures  in  the  Text.  Is.  Qd. 

A MANUAL  OF  AMBULANCE. 

By  J.  SOOTT  RIDDELL,  M.V.O.,  C.M.,  M.B.,  M.A., 

Senior  Surgeon  and  Lecturer  on  Clinical  Surgery,  Aberdeen  Royal  Infirmary;  Examiner  in 
Clinical  Surgery  to  the  University  of  Edinburgh;  Examiner  to  tne  St.  Andrew’s 
Ambulance  Association.  Glasgow,  and  the  St.  John  Ambulance 
Association,  London. 

With  Numerous  Illustrations  and  6 Additional  Full  Page  Plates. 

General  Contents. — Outlines  of  Human  Anatomy  and  Physiology— 
The  Triangular  Bandage  and  its  Uses — The  Holler  Bandage  and  its  Uses 
— Fractures — Dislocations  and  Sprains — Haemorrhage — Wounds — Insensi- 
bility and  Fits — Asphyxia  and  Drowning  - Suflocation— Poisoning — Bums, 
Frost-bite,  and  Sunstroke — Removal  of  Foreign  Bodies  from  (a)  The  Eye; 
■\b)  The  Ear;  (c)  The  Nose;  {d)  The  Throat;  (e)  The  Tissues — Ambulance 
Transport  and  Stretcher  Drill — The  After-treatment  of  Ambulance  Patients 
— Organisation  and  Management  of  Ambulance  Classes— Appendix  : Ex- 
amination Papers  on  First  Aid. 

“This  manual  stands  unrivalled  . . . Only  one  of  the  author’s  knowledge  could 

have  produced  such  a practical  and  up-to-date  Text-book.’’ — Medical  Times, 

“ This  little  volume  seems  to  us  about  as  good  as  it  could  possibly  be.  . . . Contains 
practically  every  piece  of  information  necessary  to  render  First  aid.  . . . Should  find 
its  place  in  EVERY  household  library.5’— Daily  Chronicle. 

“So  admirable  is  this  work , that  it  is  difficult  to  imagine  how  it  could  be  better.”— 
Colhery  Guardian. 


Et  Sea, 

Fifth  Edition,  Revised.  Pp.  i-xviii  -f-  355.  With  Two  Plates, 

82  other  Illustrations,  and  the  Latest  Regulations  on  the 
Carriage  of  Medical  Stores.  6s. 

A MEDICAL  AND  SURGICAL  HELP 

FOR  SHIPMASTERS  AND  OFFICERS 

IN  THE  MERCHANT  NAVY. 

By  WM.  JOHNSON  SMITH,  F.B.C.S., 

Late  Principal  Medical  Officer,  Seamen’s  Hospital,  Greenwich. 

Revised  by  Arnold  Chaplin,  M.D.,  F.R.C.P..  Medical  Inspector  to 
the  Peninsular  and  Oriental  Steam  Navigation  Company. 

Contents. — Preservation  of  Health  on  Board  Ship.— Treatment  of  Illness  on  Board 
Ship. — The  Medicine  Chest. — Construction  of  the  Human  Body. — Clinical  Thermometer 
and  its  Use. — Fevers. — Cholera,  Beri-beri,  Scurvy,  Rheumatism. — Headache,  Sea  Sickness, 
Delirium  Tremens. — Throat,  Digestive  Organs,  Kidneys  and  Liver. — Lungs,  Heart,  and 
Blood-Vessels. — Abscesses,  Gangrene,  Erysipelas,  Blood  Poisoning. — Lock-Jaw. — Heat 
and  Cold. — Wounds. — Bites  and  Stings. — Bleeding. — Fracture  and  Dislocations. — 
“ First  Aid  ” — Removal  of  Foreign  Bodies. — Injuries  to  Head  and  Face. — Neck. — Upper 
Extremity. — Chest,  Back,  Abdomen. — The  Lower  Extremity. — The  Eyes. — Urinary 
Organs  and  Bowels. — Venereal  Diseases  and  Syphilis. — Skin  Eruptions. — Insensibility. — 
Poisoning. — Bandages  and  Appliances. — Cooking  on  Board  Ship. — Appendices. — Index. 

“ It  would  be  impossible  to  improve  upon  the  clear  description  and  admirable  advice 
contained  therein.” — Lancet. 
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Nineteenth  Edition,  Thoroughly  Revised.  Re-set.  7s.  6d. 

PRACTICAL  SANITATION: 

A HAND-BOOK  FOR  SANITARY  INSPECTORS  AND  OTHERS 

INTERESTED  IN  SANITATION. 

By  GEORGE  REID,  O.B.E.,  M.D.,  D.P.H. 
TOUtb  an  Bppen&ii  on  Santtarg  Xaw. 

General  Contents. — Introduction. — Water  Supply:  Drinking  Water,  Pollution  of 
Water. — Ventilation  and  Wanning. — Sewerage  and  Drainage. — Sanitary  and  Insanitary 
Appliances.— Details  of  Plumber's  Work. — Sewage  and  Refuse  Disposal. — House  Con- 
struction.— Infection  and  Disinfection. — Food , Inspection  of ; Characteristics  of  Good 
Meat ; Meat,  Milk,  Fish,  etc.,  unfit  for  Human  Food. — Appendix : Sanitary  Law ; 
Model  Bye-Laws,  etc. 

“ Dr.  Reid’s  very  useful  Manual  , . abounds  in  practical  detail.” — British 
Medical  Journal. 


In  Crown  8vo.  With  Illustrations.  6s. 

METHODS  AND  CALCULATIONS  IN 

HYGIENE  AND  VITAL  STATISTICS. 

By  H.  W.  G.  MACLEOD,  M.D.,  C.M.,  D.P.H. 

Arranged  on  the  Principle  of  Question  and  Answer. 

Abstract  of  Contents. — Chemistry. — Specific  Gravity. — Meteorology. 
— Ventilation.  — Water.  — Drainage  and  Sewage. — Diet  and  Energy. — 
Logarithms. — Population  (Vital  Statistics). 

<cDr.  Macleod’s  book  will  be  found  useful  to  a large  number  of  workers.”— Journal  of 
Army  Medical  Corps. 


In  Demy  8vo.  Cloth.  4s. 

AR  ENQUIRY  INTO  THE  STATISTICS  OF  DEATHS  FROM  VIOLENCE 
AND  UNNATURAL  CAUSES  IN  THE  UNITED  KINGDOM. 

With  special  Reference  to  Deaths  from  Starvation,  Overlying  of  Infants, 
Burning,  Administration  of  Anaesthetics,  and  Poisoning. 

By  WM.  A.  BREND,  M.A.  (Came.),  M.D.,  B.Sc., 

of  the  Inner  Temple,  Barrister-at-Law. 


In  Crown  8vo.  Cloth.  Pp.  i-vi  -f  353.  With  113  Illustrations  in  Text.  6s.. 

SIMPLE  EXPERIMENTAL  HYGiENE,  PHYSIOLOGY 
AND  INFANT  MANAGEMENT 

For  the  Use  of  School  Teachers, 

By  K.  M.  CUR  WEN,  Assoc.  Royal,  San.  Inst. 

Contents. — The  Body,  pp.  1 to  148. — Food  and  Clothing,  155  to  225. — The  House, 
pp.  235  to  280. — Some  Special  Points,  pp.  287  to  291. — The  Care  of  Infants,  pp.  295  to 
336. — Appendix. — Bibliography. — index. 

“ The  scientific  truths  are  taught  with  so  great  a charm  and  in  so  simple  a manner 
that  the  interest  of  pupils  and  teachers  will  be  secured  and  the  impression  made  will  be 
deep  and  lasting.  ...  It  would  make  an  excellent  text-book  on  physiology  and  hygiene 
for  elementary  and  preparatory  schools,  and  we  recommend  it  to  the  attention  of  the 
Education  Department.” — British  Medical  Journal. 

(For  further  particulars  see  page  86  General  Catalogue.) 
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In  Crown  Svo.  With  Frontispiece.  Cloth.  6s. 

THE  HYGIENIC  PREVENTION  OF 

CONSUMPTION. 

By  J.  EDWARD  SQUIRE,  M.D.,  D.P.H.Camb., 

Physician  to  the  North  London  Hospital  for  Consumption  and 
Diseases  of  the  Chest , t fee. 

“ We  can  safely  say  that  Dr.  Squire’s  work  will  repay  study  even  by  the  most  cultivated 
physician.” — The  Lancet. 


Price  7s.  6d.  Subscription  to  Volume.,  ,30s.,  Post  Free. 
Subscriptions  payable  in  advance. 


QUARTERLY  JOURNAL  OF 

EXPERIMENTAL  PHYSIOLOGY. 

EDITORS. 

Prof.  SHARPEY-SCHAFER  Prof.  STARLING  (London). 

(Edinburgh).  Pkof<  c>  g.  SHERRINGTON 
Prof.  GOTCH  (Oxford).  (Liverpool). 

Prof.  HALLIBURTON  (London).  Prof.  A.  D.  WALLER  (London). 


%*  Messrs.  Griffin  will  be  glad  to  receive  at  their  Office  Names  of  Sub- 
scribers to  this  Journal. 


With  Diagrams,  Demy  Svo,  472  pp.  12s.  6d. 

ESSAYS  IN  HEART  AND  LUNG  DISEASES. 

By  ARTHUR  FOXWELL,  M.A.,  M.D.Cantab.,  F.R.C.P.Lond. 

“These  admirable  Essays.” — Brit.  .1  led.  Journal. 


HINTS  ON  THE  PRESERVATION  OF  FISH,  in  reference 

to  Food  Supply.  By  J.  Cossar  Ewart,  M.D. , F.R.S. E.,  Regius 
Professor  of  Natural  History,  University  of  Edinburgh.  In  Crown  Svo. 
Wrapper,  6d. 
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TEXT-BOOKS  OF  INORGANIC  CHEMISTRY. 


In  Ten  Volumes.  Medium  8vo.  Cloth. 

A TEXT-BOOK  OF 


INORGANIC  CHEMISTRY. 


EDITED  BY 

J.  NEWTON  FRIEND,  D.Sc.,  F.I.C.,  Ph.D., 

Carnegie  Gold  Medallist. 


Volume  T. 
Second 
Edition. 

Pp.  i-xv-f  385. 
12s.  6d. 

Volume  II. 


f Part  I.  An  Introduction  to  Modern  Inorganic  Chemistry. 

By  J.  Newton  Friend,  D.Sc.(B’ham),  Ph.D.(Wurz.) ; 
H.  F.  V.  Little,  D.Sc. (Lond.),  A.R.C.S.,  Chief  Chemist 
to  Thorium,  Ltd. ; W.  E.  S.  Turner,  D.Sc.(Lond.). 

Part  II.  The  Inert  Gases  (Group  0 in  the  Periodic  Table), 
v By  H.  V.  A.  Briscoe,  D.Sc. (Lond.),  A.R.C.S. 

The  Alkali  Metals  and  their  Congeners  (Group  I.  of  the 
Periodic  Table).  By  A.  Jamieson  Walker,  Ph.D. 
(Heid.). 


Volume  III.  The  Alkaline  Earth  Metals  and  their  Associates  (Group  II. 

of  the  Periodic  Table).  By  H.  V.  A.  Briscoe,  D.Sc. 
(Lond.),  A.R.C.S.,  and  E.  Sinkinson. 


Volume  IV.  Aluminium  and  its  Congeners,  including  the  Rare  Earth 

Pp.  i-xx  + 485.  Metals  (Group  III.  of  the  Periodic  Table).  By  H.  F.  V. 

16s.  Little,  B. Sc. (Lond.),  A.R.C.S.,  Chief  Chemist  to 

Thorium,  Ltd. 

Volume  V.  Carbon  and  its  Allies  (Group  IV.  of  the  Periodic  Table). 
Pp.i-xxi.  + 468.  By  R.  M.  Caven,  D.Sc. (Lond.),  F.I.C. 

15s. 


Volume  VI.  Nitrogen  and  its  Congeners  (Group  V.  of  the  Periodic 

Table).  By  J.  C.  Withers,  Ph.DJWurz.),  and 
H.  F.  V.  Little,  B. Sc. (Lond.),  A.R.C.S.,  Chief  Chemist 
to  Thorium,  Ltd. 


Volume  VII.  Sulphur  and  its  Congeners  (Group  VI.  of  the  Periodic 

Table).  By  Douglas  F.  Twiss,  D.Sc. (Birmingham), 
F.I.C.,  and  Arthur  V.  Eldridge,  B.Sc.(Lond.),  F.I.C. 

Volume  VIII.  The  Halogens  and  their  Allies  (Group  VII.  of  the  Periodic 
Second  Table).  By  Geoffrey  Martin,  D.Sc.,  Ph.D.,  and 

Impression.  Ernest  A.  Dancaster,  B. Sc. (London). 

Pp.i-xviii  + 337. 

12s.  6d. 


Volume  IX. 


Volume  X. 


Part  I.  Cobalt,  Nickel,  and  the  Elements  of  the  Platinum 
Group.  By  J.  Newton  Friend,  D.Sc.(B’ham), 

Part  II.  Iron.  By  J.  Newton  Friend,  D.Sc.,  and  J. 
Lloyd  Bentley. 

The  Metal  Ammines,  with  a General  Introduction  to  the 
Theory  of  Complex  Inorganic  Substances.  By  H.  F.  V. 
Little,  B.Sc. 
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CHARLES  GRIFFIN  <b  CO.’S  PUBLICATIONS. 


A TEXT-BOOK  OF  PHYSICS. 

By  J.  H.  POYNTING,  Sc.D.,  F.R.S., 

Professor  of  Physics,  Birmingham  University, 

And  Sir  J.  J.  THOMSON,  O.M.,  M.A.,  F.R.S., 

Professor  of  Experimental  Physics  in  the  University  of  Cambridge. 

In  Five  Volumes.  Large  8vo.  Sold  Separately. 


Introductory  Volume.  Sixth  Edition,  Revised.  Fully  Illustrated. 

10s.  6d. 


Oontentb. — Gravita  tion. -- The  Acceleration  of  Gravity.  — Elasticity.  — Stresses  and 
Strains. — Torsion.— Bending  of  Rods. — Spiral  Springs  — Collision. — Compressibility  of 
Liquids. — Pressures  and  Volumes  of  Gases. — Thermal  Effects  Accompanying  Strain.— 
Capillarity. — Surface  Tension. — Laplace’s  Theory  of  Capillarity. — Diffusion  of  Liquids  — 
Diffusion  of  Gases — Viscosity  of  Liquids.— Index. 

“We  regard  this  book  as  quite  indispensable  not  merely  to  teachers  but  to  physicists  of  every 
grade  above  the  lowest.”—  University  Correspondent. 


Volume  II.  Sixth  Edition.  Fully  Illustrated.  8s.  6d. 

SOXJND. 

Contents.— The  Nature  of  Sound  and  its  chief  Characteristics.— The  Velocity  of  Sound 
In  Air  and  other  Media,— Reflect  ion  and  Rifraction  of  Sound. — Frequency  and  Pitch  of 
Notes,— Resonance  and  Forced  Oscillations.— Analysis  of  Vibrations. — The  Transverse 
Vibrations  of  Stretched  Strings  or  Wires  —Pipes  and  other  Air  Cavities. — Rods. — Plates, 
— Membranes. — Vibrations  maintained  by  Heat. — Sensitive  Flames  and  Jets. — Musical 
Sand. — The  Superposition  of  Waves.  Index. 

“ The  work  . . , may  be  recommended  to  anyone  desirous  of  possessing  an  east 

up-to-date  Standard  Treatise  on  Acoustics.” — Literature. 


Volume  III.  Fourth  Edition,  Revised.  Fully  Illustrated.  15s. 

HEAT. 

Contents.— Temperature.  — Expansion  of  Solids. — Liquids.  — Gases.  — Circulation 
and  Convection.— Quantity  of  Heat ; Specific  Heat.— Conductivity.— Forms  of  Energy ; 
Conservation ; Mechanical  Equivalent  of  Heat. — The  Kinetic  Theory  —Change  of  State  ; 
Liquid,  Vapour.  — Critical  Points.  — Solids  and  Liquids. — Atmospheric  Conditions.— 
Radiation. — Theory  of  Exchanges. — Radiation  and  Temperature.— Thermodynamics  - 
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